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Preface

This text contains a comprehensive discussion on continuous and discrete time signals and
systems with many MATLAB® and several Simulink® examples. It is written for junior and
senior electrical and computer engineering students, and for self-study by working professionals.
The prerequisites are a basic course in differential and integral calculus, and basic electric circuit
theory.

This book can be used in a two—quarter, or one semester course. This author has taught the
subject material for many years and was able to cover all material in 16 weeks, with 2% lecture
hours per week.

To get the most out of this text, it is highly recommended that Appendix A is thoroughly
reviewed. This appendix serves as an introduction to MATLAB, and is intended for those who
are not familiar with it. The Student Edition of MATLAB is an inexpensive, and yet a very
powerful software package; it can be found in many college bookstores, or can be obtained directly
from

The MathWorks™ Inc., 3 Apple Hill Drive, Natick, MA 017602098
Phone: 508 6477000, Fax: 508 647-7001

http: //www.mathworks.com

e-mail: info@mathworks.com

The elementary signals are reviewed in Chapter 1, and several examples are given. The purpose of
this chapter is to enable the reader to express any waveform in terms of the unit step function, and
subsequently the derivation of the Laplace transform of it. Chapters 2 through 4 are devoted to
Laplace transformation and circuit analysis using this transform. Chapter 5 is an introduction to
state—space and contains many illustrative examples. Chapter 6 discusses the impulse response.
Chapters 7 and 8 are devoted to Fourier series and transform respectively. Chapter 9 introduces
discrete—time signals and the Z transform. Considerable time was spent on Chapter 10 to present
the Discrete Fourier transform and FFT with the simplest possible explanations. Chapter 11
contains a thorough discussion to analog and digital filters analysis and design procedures. As
mentioned above, Appendix A is an introduction to MATLAB. Appendix B is an introduction to
Simulink, Appendix C contains a review of complex numbers, and Appendix D is an introduction
to matrix theory.

New to the Second Edition

This is an extensive revision of the first edition. The most notable change is the inclusion of the
solutions to all exercises at the end of each chapter. It is in response to many readers who
expressed a desire to obtain the solutions in order to check their solutions to those of the author
and thereby enhancing their knowledge. Another reason is that this text is written also for self—
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study by practicing engineers who need a review before taking more advanced courses such as
digital image processing.

Another major change is the addition of a rather comprehensive summary at the end of each
chapter. Hopefully, this will be a valuable aid to instructors for preparation of view foils for
presenting the material to their class.

New to the Third Edition

The most notable change is the inclusion of Simulink modeling examples. The pages where they
appear can be found in the Table of Contents section of this text. Another change is the
improvement of the plots generated by the latest revisions of the MATLAB® Student Version,
Release 14.

Orchard Publications
www.orchardpublications.com
info@orchardpublications.com
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Chapter 1

Elementary Signals

his chapter begins with a discussion of elementary signals that may be applied to electric
T networks. The unit step, unit ramp, and delta functions are then introduced. The sampling

and sifting properties of the delta function are defined and derived. Several examples for
expressing a variety of waveforms in terms of these elementary signals are provided. Throughout
this text, a left justified horizontal bar will denote the beginning of an example, and a right justi-
fied horizontal bar will denote the end of the example. These bars will not be shown whenever an
example begins at the top of a page or at the bottom of a page. Also, when one example follows
immediately after a previous example, the right justified bar will be omitted.

1.1 Signals Described in Math Form

Consider the network of Figure 1.1 where the switch is closed at time t = 0.

R t=20

MV f
+

-'> Vout open terminals

VS -

Figure 1.1. A switched network with open terminals

We wish to describe v, in a math form for the time interval —eo <t <+eo. To do this, it is conve-

nient to divide the time interval into two parts, —o<t<0,and 0 <t<oo.

For the time interval —eo <t <0, the switch is open and therefore, the output voltage v, is zero.
In other words,
Vot = 0 for —e<t<0 (1.1)

o

For the time interval 0 <t<eo, the switch is closed. Then, the input voltage vq appears at the
output, i.e.,

Vout = Vg for 0<t<eo (1.2)

out

Combining (1.1) and (1.2) into a single relationship, we obtain

0 —oco<t<O 13
Yout T ye 0<t<oo (1.3)
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Chapter 1 Elementary Signals

We can express (1.3) by the waveform shown in Figure 1.2.

A%
out
Vs

0

t

Figure 1.2. Waveform for v, as defined in relation (1.3)

The waveform of Figure 1.2 is an example of a discontinuous function. A function is said to be dis-
continuous if it exhibits points of discontinuity, that is, the function jumps from one value to
another without taking on any intermediate values.

1.2 The Unit Step Function u(t)

A well known discontinuous function is the unit step function u,(t) which is defined as

0 t<0
ug(t) = {1 < (1.4)

It is also represented by the waveform of Figure 1.3.

u(t)

1

0 t

Figure 1.3. Waveform for u,(t)

In the waveform of Figure 1.3, the unit step function u,(t) changes abruptly from 0 to 1 at
t = 0. Butifit changes at t = t, instead, it is denoted as uy(t-t,) . In this case, its waveform and

definition are as shown in Figure 1.4 and relation (1.5) respectively.

Figure 1.4. Waveform for u,(t—t;)

* In some books, the unit step function is denoted as u(t), that is, without the subscript O. In this text, however, we
will reserve the u(t) designation for any input when we will discuss state variables in Chapter 5.
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The Unit Step Function

0 t<t, L5
Uy(t—ty) = .
ot=t) =1, t>t, (1.5)
If the unit step function changes abruptly from 0 to 1 at t = —t,, it is denoted as uy(t+1t,). In

this case, its waveform and definition are as shown in Figure 1.5 and relation (1.6) respectively.

u,(t+t,)

~t; 0

t

Figure 1.5. Waveform for u,(t + t,)

0 t<—t,

uy(t+1y) = {1 - (1.6)

1 ——
Example 1.1
Consider the network of Figure 1.6, where the switch is closed at time t = T.
R t=T
W— 2
+
C_D Vout open terminals

VS -

Figure 1.6. Network for Example 1.1

Express the output voltage v, as a function of the unit step function, and sketch the appropriate

waveform.
Solution:

For this example, the output voltage v ,, = 0 for t<T, and v, = vg for t>T. Therefore,

Vour = VelUo(t—T) (1.7)
and the waveform is shown in Figure 1.7.
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Chapter 1 Elementary Signals

|
|
|

ol T
Figure 1.7. Waveform for Example 1.1

vsu,(t—T)

t

Other forms of the unit step function are shown in Figure 1.8.

T . -T
t - t
o @ N m Y ©
A -A —A—
—Au,(t) —Auy(t-T) —Auy(t+T)
Aug(-t) Auy(—t+T) Auy(-t-T)
t . t : t
0 (d) o T (e) -T O ®
T -T
t | t t
0 @ o0 m )
— 1A A — |-A
—Auy(-t) —Auy(-t+T) -Auy(-t-T)

Figure 1.8. Other forms of the unit step function

Unit step functions can be used to represent other time—varying functions such as the rectangular
pulse shown in Figure 1.9.

u(t)

1
(o)

——

—Ug(t—1)

(a) (b)

Figure 1.9. A rectangular pulse expressed as the sum of two unit step functions
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The Unit Step Function

Thus, the pulse of Figure 1.9(a) is the sum of the unit step functions of Figures 1.9(b) and 1.9(c)
and it is represented as uy(t) —uy(t—1).

The unit step function offers a convenient method of describing the sudden application of a volt-
age or current source. For example, a constant voltage source of 24 V applied at t = 0, can be
denoted as 24u,(t) V. Likewise, a sinusoidal voltage source v(t) = V coswt V that is applied to

a circuit at t = t,, can be described as v(t) = (V cosot)uy(t—t,) V. Also, if the excitation in a

circuit is a rectangular, or triangular, or sawtooth, or any other recurring pulse, it can be repre-
sented as a sum (difference) of unit step functions.

Example 1.2

Express the square waveform of Figure 1.10 as a sum of unit step functions. The vertical dotted
lines indicate the discontinuities at T, 2T, 3T, and so on.

v(t)
@

T

| |

: 2T 13T
0 | I

| I

@ @

-A

Figure 1.10. Square waveform for Example 1.2

Solution:

Line segment ® has height A, starts at t = 0, and terminates at t = T. Then, as in Example 1.1, this
segment is expressed as

Line segment @ has height A, starts at t = T and terminates at t = 2T. This segment is

expressed as
vy(t) = ~Alug(t—T) - uy(t—2T)] (1.9)

Line segment ® has height A, starts at t = 2T and terminates at t = 3T . This segment is expressed
as

Line segment @ has height A, starts at t = 3T, and terminates at t = 4T. It is expressed as

va(t) = —Aluy(t—3T) —uy(t—4T)] (1.11)
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Chapter 1 Elementary Signals

Thus, the square waveform of Figure 1.10 can be expressed as the summation of (1.8) through
(1.11), that is,

v(t) = v (t) +v,y(t) + V(L) + vu(t)
Aluy(t) —uy(t=T)]-Afluy(t—T) —uy(t-2T)] (1.12)

+Afug(t—2T) —uy(t—3T)]-Afug(t—3T) —uy(t—4T)]

Combining like terms, we obtain

V(1) = Alug(t) - 2ug(t—T) + 2ug(t—2T) — 2up(t = 3T) + ...] (1.13)
|
Example 1.3

Express the symmetric rectangular pulse of Figure 1.11 as a sum of unit step functions.

REG)

t

_T/2 0 T/2

Figure 1.11. Symmetric rectangular pulse for Example 1.3
Solution:

This pulse has height A, starts at t = ~T/2, and terminates at t = T/2. Therefore, with refer-
ence to Figures 1.5 and 1.8 (b), we obtain

i(t) = Auo(t+% )—Au0 (t—g) = A[uo(ug )—uo (t—% )] (1.14)

Example 1.4

Express the symmetric triangular waveform of Figure 1.12 as a sum of unit step functions.

v(t)
1

t
-T/2 0 T/2

Figure 1.12. Symmetric triangular waveform for Example 1.4

Solution:

1-6 Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition
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The Unit Step Function

We first derive the equations for the linear segments D and @ shown in Figure 1.13.

%t+l\ 1 V(tl)/—%tn
@ @)
/2 0 2

Figure 1.13. Equations for the linear segments of Figure 1.12

For line segment @

Vi = (3o 1) ug (14 ) —uyw] (1.15)
and for line segment @,

v, = (2 e+ 1) w0 -uy (-1 )] (1.16)
Combining (1.15) and (1.16), we obtain

v(t) = vi(t) +v,(t)

oo Dn]o e ifuon(D)] O

Example 1.5

Express the waveform of Figure 1.14 as a sum of unit step functions.

1 v

SN

T T

0 1 2 3
Figure 1.14. Waveform for Example 1.5

Solution:
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Chapter 1 Elementary Signals

As in the previous example, we first find the equations of the linear segments linear segments @

and @ shown in Figure 1.15.
v(t)

0 1 2 3

Figure 1.15. Equations for the linear segments of Figure 1.14
Following the same procedure as in the previous examples, we obtain
v(t) = 2t+ D)uy(t) —upg(t=1)]1 +3[uy(t—1) —uy(t—2)]
(= t+3)[ug(t—2) —ug(t—3)]
Multiplying the values in parentheses by the values in the brackets, we obtain
v(t) = (2t+ Dug(t) — (2t+ Dug(t— 1) + 3uy(t—1)
“3ug(t=2) + (= t+3)ug(t—2) — (= t+ 3)ug(t—3)
V(1) = (2t+ Dug(t) + [- (2t + 1) + 3Tuy(t— 1)
F =34 (—t+ 3)]ug(t—2) — (— t+3)ug(t—3)
and combining terms inside the brackets, we obtain

V() = (2t+ Dug(t)-2(t— Dug(t— 1)—tug(t—2) + (t— 3)uy(t - 3)

(1.18)

Two other functions of interest are the unit ramp function, and the unit impulse or delta function.

We will introduce them with the examples that follow.

Example 1.6

In the network of Figure 1.16 ig is a constant current source and the switch is closed at time

t = 0. Express the capacitor voltage v(t) as a function of the unit step.

1-8 Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition
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t=0
W g
+
C‘D T~ ve(D)
. C

Ig

Figure 1.16. Network for Example 1.6
Solution:

The current through the capacitor is i(t) = ig = constant, and the capacitor voltage v(t) is

ve(t) = éj ic(t)dt” (1.19)

where T is a dummy variable.

Since the switch closes at t = 0, we can express the current i(t) as
io(t) = i ug(t) (1.20)

and assuming that v(t) = 0 for t<0, we can write (1.19) as

ve(t) = éjt i ug(t)dt = CL“"(T) § +lasjtuo(r)dr (1.21)
oo 0
0
or
ve(t) = l%tuo(t) (1.22)

Therefore, we see that when a capacitor is charged with a constant current, the voltage across it is
a linear function and forms a ramp with slope ig /C as shown in Figure 1.17.

vel(t) j

slope = ig /C
t

0]

Figure 1.17. Voltage across a capacitor when charged with a constant current source

* Since the initial condition for the capacitor voltage was not specified, we express this integral with —e at the lower limit of
integration so that any non-zero value prior to t <0 would be included in the integration.
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1.3 The Unit Ramp Function u,(t)

The unit ramp function, denoted as u,(t), is defined as

t

u,(t) :j uy(t)dt (1.23)

where T is a dummy variable.

We can evaluate the integral of (1.23) by considering the area under the unit step function u,(t)

from — to t as shown in Figure 1.18.

Area = I Xt =1=1t

t

T

Figure 1.18. Area under the unit step function from —eo to t

Therefore, we define u,(t) as

0 t<0
u,(t) = {t >0 (1.24)

Since u,(t) is the integral of uy(t), then uy(t) must be the derivative of u,(t), i.e.,

(%ul(t) = uy(t) (1.25)

Higher order functions of t can be generated by repeated integration of the unit step function. For
example, integrating u,(t) twice and multiplying by 2, we define u,(t) as

0 t<0 t
u,(t) = { ) or () = 2] u, (t)dt (1.26)
t t=>0 —oo
Similarly,
0 t<0 t
uy(t) = { X or  uy(t) =3 j u,(1)dt (1.27)
t t=0 —eo
and in general,
0 t<0 t
u,(t) = { ) or u, (t) = nj u,_(t)dt (1.28)
t t=0 —oo

Also,
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u (1) = Illd%un(t) (1.29)

Example 1.7

In the network of Figure 1.19, the switch is closed at time t = 0 and i, (t) = 0 for t<0. Express

the inductor voltage v, (t) in terms of the unit step function.

R t=0
AN f l .
Cr) i (t) %_VL(t)

Figure 1.19. Network for Example 1.7

Solution:

The voltage across the inductor is

di,
vi(t) = L-dT (1.30)
and since the switch closesatt = 0,
(1) = igug(t) (1.31)
Therefore, we can write (1.30) as
. d
v (t) = Lig d—tuo(t) (1.32)

But, as we know, u,(t) is constant (0 or 1) for all time except at t = 0 where it is discontinuous.
Since the derivative of any constant is zero, the derivative of the unit step uy(t) has a non—zero

value only at t = 0. The derivative of the unit step function is defined in the next section.

1.4 The Delta Function d(t)

The unit impulse or delta function, denoted as 8(t), is the derivative of the unit step u,(t). It is also
defined as

t

[ 3(dr = uyt) (1.33)

and

5(t) = 0 forall t0 (1.34)
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To better understand the delta function 8(t), let us represent the unit step u,(t) as shown in Fig-
ure 1.20 (a).

1l /———
/ 0 : Figure (a)

t
—€ €

1
Area =1 I'__' D¢e

S

[ Figure (b)
[
—& 3

t

Figure 1.20. Representation of the unit step as a limit

The function of Figure 1.20 (a) becomes the unit step as € — 0. Figure 1.20 (b) is the derivative of
Figure 1.20 (a), where we see that as ¢ — 0, 1/2¢ becomes unbounded, but the area of the rect-
angle remains 1. Therefore, in the limit, we can think of §(t) as approaching a very large spike or
impulse at the origin, with unbounded amplitude, zero width, and area equal to 1.

Two useful properties of the delta function are the sampling property and the sifting property.

1.4.1 The Sampling Property of the Delta Function 5(t)

The sampling property of the delta function states that

f(1)8(t—a) = f(a)d(t) (1.35)

or,whena = 0,

f()8(t) = £(0)8(t) (1.36)

that is, multiplication of any function f(t) by the delta function 8(t) results in sampling the func-
tion at the time instants where the delta function is not zero. The study of discrete—time systems is
based on this property.

Proof:
Since 8(t) = 0 for t<0 and t>0 then,

f(t)d(t) = 0 for t<0 and t>0 (1.37)
We rewrite f(t) as
f(t) = £(0) + [£(t) - £(0)] (1.38)

Integrating (1.37) over the interval — to t and using (1.38), we obtain
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t

t t
j f(1)8(t)dt = j £(0)5(t)dt +j [f() - £(0)18(1)dt (1.39)
The first integral on the right side of (1.39) contains the constant term f(0); this can be written
outside the integral, that is,

jt £(0)5(t)dt = f(())jt S(1)dt (1.40)

The second integral of the right side of (1.39) is always zero because

d(t) = 0 for t<0 and t>0
and
[f(t) - £(0)1|,_, = f(0)-£(0) = O
Therefore, (1.39) reduces to

jt f(1)8(t)dt = f(0)jt §(1)dt (1.41)

Differentiating both sides of (1.41), and replacing T with t, we obtain

F(0)3(t) = F(0)3(1) (142
Sampling Property of d(t) ’
1.4.2 The Sifting Property of the Delta Function d(t)
The sifting property of the delta function states that
jw f(1)8(t— a)dt = () (1.43)

that is, if we multiply any function f(t) by 8(t— o), and integrate from —oo to +oo, we will obtain
the value of f(t) evaluated at t = a.

Proof:

Let us consider the integral

b
I f(t)d(t— o )dt where a<a<b (1.44)

a

We will use integration by parts to evaluate this integral. We recall from the derivative of prod-
ucts that

d(xy) = xdy +ydx or xdy = d(xy)-ydx (1.45)

and integrating both sides we obtain
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J-Xdy = Xy — Iydx (1.46)

Now, we let x = f(t); then, dx = f'(t). We also let dy = 8(t-a); then, y = uy(t— o). By sub-
stitution into (1.44), we obtain

b b b
j f(1)8(t— a)dt = f(t)uo(t—oc)‘a—j up(t—o)f (t)dt (1.47)

We have assumed that a < o <b; therefore, uy(t— o) = 0 for o< a, and thus the first term of the
right side of (1.47) reduces to f(b). Also, the integral on the right side is zero for ot < a, and there-

fore, we can replace the lower limit of integration a by o.. We can now rewrite (1.47) as

b b
j f(1)S(t— o)dt = f(b)—j £'(t)dt = f(b) - f(b) + f(cr)

and letting a-— —e and b— e for any |0 <o , we obtain

fi - = f

L ()8(t — a)dt = f(ar) 149
Sifting Property of d(t)

1.5 Higher Order Delta Functions
An nth-order delta function is defined as the nth derivative of u(t), that is,

n 3"

8°(t) = lue(t)] (1.49)

The function 8'(t) is called doublet, §"(t) is called triplet, and so on. By a procedure similar to the
derivation of the sampling property of the delta function, we can show that

f(1)8'(t—a) = f(a)d'(t—a)—f'(a)d(t—a) (1.50)

Also, the derivation of the sifting property of the delta function can be extended to show that

jmf(t)Sn(t—oc)dt - (—l)nd—I;[f(t)] (1.51)
- dt

t=a
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Example 1.8

Evaluate the following expressions:

a. 3t'8(t-1) b j £8(t—2)dt c. £98'(t=3)
Solution:

a. The sampling property states that f(t)8(t—a) = f(a)8(t) For this example, f(t) = 3t* and
a = 1. Then,

368(t-1) = {3t"] _ 38(t-1) = 38(1)

b. The sifting property states that I f(t)d(t— a)dt = f(a). For this example, f(t) =t and
o = 2. Then,

jth(t—Z)dt=f(2) =t _,=2

c. The given expression contains the doublet; therefore, we use the relation
()8 (t—a) = f(a)d'(t—a)—f'(a)d(t—a)
Then, for this example,
1 1 d 1
£8(t-3) = €| _,8(t-3) —&tz‘t: S(t=3) = 98'(t-3) - 68(t-3)
1 ——
Example 1.9

a. Express the voltage waveform v(t) shown in Figure 1.21 as a sum of unit step functions for the
time interval -1 <t<7 s.

b. Using the result of part (a), compute the derivative of v(t) and sketch its waveform.
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vty (V)

O

2T |

i+ / : . .
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Figure 1.21. Waveform for Example 1.9
Solution:

a. We begin with the derivation of the equations for the linear segments of the given waveform as
shown in Figure 1.22.

V(D] (V) v(t)
FYS S — —/t+5
o Y A —t+6
it/ —
1y \Ilz :!2 s 4 NG 7
| \l £ (s)
N CCTCCETEEEERERREE
2t
-- -2

Figure 1.22. Equations for the linear segments of Figure 1.21

Next, we express v(t) in terms of the unit step function u,(t), and we obtain

v(t) = 2t[ug(t+ 1) —ug(t— 1)1 +2[ug(t— 1) —uy(t - 2)]
F(=t+5)[uy(t—2) —uy(t—4)] + [uy(t—4) —uy(t-5)] (1.52)
+(=t+6)[uy(t—5)—uy(t-7)]

Multiplying and collecting like terms in (1.52), we obtain

1-16 Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition
Copyright © Orchard Publications

JIUNGITENE V.|


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Higher Order Delta Functions

v(t) = 2tug(t+1) —2tuy(t—1) = 2uy(t—1) = 2uy(t—2) —tuy(t-2)
+ 5uy(t—2) +tuy(t—4)—Suy(t—4) +uy(t—4) —uy(t-95)
—tuy(t—35) + 6uy(t—35) +tuy(t—7) - 6uy(t—7)

of V(1) = 2tup(t+ 1)+ (= 2t + 2)ug(t— 1) + (= t+ 3)ug(t—2)

+(t=4uy(t—4)+(=t+5)uy(t=5) + (t-6)uy(t-7)

b. The derivative of v(t) is

AV dug(t+ 1) +268(t+ 1) = 2up(t— 1) + (= 2t +2)8(t - 1)

dt
Cup(t—2) + (= t+3)8(t—2) + ug(t—4) + (t—4)3(t - 4) (1.53)
Cug(t=5)+ (—t+5)3(t=5) +ug(t—7) + (t— 6)3(t—7)
From the given waveform, we observe that discontinuities occur only at t = -1, t = 2, and

t = 7. Therefore, §(t—1) = 0, §(t—4) = 0, and §(t-5) = 0, and the terms that contain
these delta functions vanish. Also, by application of the sampling property,

268(t+1) = {2t __ 38(t+1) = -28(t+1)
(~t+3)8(t-2) = {(~t+3)] _, }8(t-2) = 8(t-2)
(t-6)8(t—7) = {(t-6)[ _, }8(t-7) = 8(t-7)

and by substitution into (1.53), we obtain

AV g+ 1)=28(t+ 1) — 2up(t— 1) — up(t—2)

dt (1.54)

+8(t—2) +up(t—4) —uy(t—5) +up(t—7) + 8(t—7)

The plot of dv/dt is shown in Figure 1.23.
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dv

av V/s

i ( )
2

S(t—2) d(t-7)

1 A

a0 LoJ2 3 4 5 6 7

t(s)

1+

Vv

28(t+ 1)

Figure 1.23. Plot of the derivative of the waveform of Figure 1.21

We observe that a negative spike of magnitude 2 occurs at t = -1, and two positive spikes of

magnitude 1 occur at t = 2, and t = 7. These spikes occur because of the discontinuities at
these points.

It would be interesting to observe the given signal and its derivative on the Scope block of the
Simulink® " model of Figure 1.24. They are shown in Figure 1.25.

E Signal 1 L. I:l

Signal Builder dusdt

Scope

Dervative
Figure 1.24. Simulink model for Example 1.9
The waveform created by the Signal Builder block is shown in Figure 1.25.

* A brief introduction to Simulink is presented in Appendix B. For a detailed procedure for generating piece-wise

linear functions with Simulink’s Signal Builder block, please refer to Introduction to Simulink with Engineering
Applications, ISBN 0-9744239-7-1

1-18 Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition

. Copyright © Orchard Publications


http://mohandesyar.com/
http://mohandesyar.com/

WAV MOHANDESYAR. COM

Higher Order Delta Functions

@ ¢ m@[o o[~ I @ FREE a7

{ Group 1}

Time (sec)
Left Point Hight Point Signal 1
Hame:s i T
Index: ¥ ¥: b

L >
Adjust =egment ¥ position |

Figure 1.25. Piece—wise linear waveform for the Signal Builder block in Figure 1.24

The waveform in Figure 1.25 is created with the following procedure:

1.

We open a new model by clicking on the new model icon shown as a blank page on the left cor-
ner of the top menu bar. Initially, the name Untitled appears on the top of this new model. We
save it with the name Figure_1.25 and Simulink appends the .mdl extension to it.

. From the Sources library, we drag the Signal Builder block into this new model. We also drag

the Derivative block from the Continuous library, the Bus Creator block from the Com-
monly Used Blocks library, and the Scope block into this model, and we interconnect these
blocks as shown in Figure 1.24.

. We double—click on the Signal Builder block in Figure 1.24, and on the plot which appears as a

square pulse, we click on the y—axis and we enter Minimum: —2.5, and Maximum: 3.5. Like-
wise we right—click anywhere on the plot and we specify the Change Time Range at Min time:
-2, and Max time: 8.

. To select a particular point, we position the mouse cursor over that point and we left—click. A

circle is drawn around that point to indicate that it is selected.

. To select a line segment, we left—click on that segment. That line segment is now shown as a

thick line indicating that it is selected. To deselect it, we press the Esc key.
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6. To drag a line segment to a new position, we place the mouse cursor over that line segment and
the cursor shape shows the position in which we can drag the segment.

7. To drag a point along the y—axis, we move the mouse cursor over that point, and the cursor
changes to a circle indicating that we can drag that point. Then, we can move that point in a
direction parallel to the x—axis.

8. To drag a point along the x—axis, we select that point, and we hold down the Shift key while
dragging that point.

9. When we select a line segment on the time axis (x—axis) we observe that at the lower end of
the waveform display window the Left Point and Right Point fields become visible. We can
then reshape the given waveform by specifying the Time (T) and Amplitude (Y) points.

Figure 1.26. Waveforms for the Simulink model of Figure 1.24

The two positive spikes that occur at t = 2, and t = 7, are clearly shown in Figure 1.26.
MATLAB" has built-in functions for the unit step, and the delta functions. These are denoted by

the names of the mathematicians who used them in their work. The unit step function ug(t) is

referred to as Heaviside(t), and the delta function §(t) is referred to as Dirac(t). Their use is illus-
trated with the examples below.

symskat; % Define symbolic variables
u=k*sym('Heaviside(t—-a)') % Create unit step function att=a
u =

k*Heaviside(t-a)
d=diff(u) % Compute the derivative of the unit step function

d =
k*Dirac(t-a)

* An introduction to MATLAB® is given in Appendix A.
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int(d) % Integrate the delta function

ans =
Heaviside(t-a) *k
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1.6 Summary

The unit step function uy(t) is defined as

0 0 t<0
u =
0 1 t>0

The unit step function offers a convenient method of describing the sudden application of a
voltage or current source.

The unit ramp function, denoted as u,(t), is defined as

t

u, (1) =j up(t)dt

The unit impulse or delta function, denoted as §(t), is the derivative of the unit step u,(t). Itis

also defined as
t

j S(T)dr = uy(t)

and
d(t) = 0 for all t=0

The sampling property of the delta function states that
f(1)8(t—a) = f(a)d(t)
or,when a = 0,
f()3(t) = £(0)d(t)
The sifting property of the delta function states that

Imf(t)S(t—oc)dt = (o)

The sampling property of the doublet function &'(t) states that

f(1)8'(t—a) = f(a)d'(t—a)—f'(a)d(t—a)
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1.7 Exercises

1. Evaluate the following functions:

a. sintﬁ(t - Té) b. cosZtS(t - g) c. cosztS(t - g)

d. tanZtS(t—g) e. j:tze_t5(t—2)dt f. sinztSI(t—@

2.
a. Express the voltage waveform v(t) shown below as a sum of unit step functions for the time
interval 0<t<7s.

v(t) | (V) v(t)
20

10 7
0

i
4 5 6 7 s)

b. Using the result of part (a), compute the derivative of v(t), and sketch its waveform. This
waveform cannot be used with Sinulink’s Function Builder block because it contains the
decaying exponential segment which is a non-linear function.
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1.8 Solutions to End-of-Chapter Exercises
Dear Reader:
The remaining pages on this chapter contain the solutions to the exercises.

You must, for your benefit, make an honest effort to solve the problems without first looking at
the solutions that follow. It is recommended that first you go through and solve those you feel that
you know. For the exercises that you are uncertain, review this chapter and try again. If your
results do not agree with those provided, look over your procedures for inconsistencies and com-
putational errors. Refer to the solutions as a last resort and rework those problems at a later date.

You should follow this practice with the exercises on all chapters of this book.
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1. We apply the sampling property of the 8(t) function for all expressions except (e) where we
apply the sifting property. For part (f) we apply the sampling property of the doublet.

We recall that the sampling property states that f(t)8(t—a) = f(a)d(t). Thus,

. n . . T
a. smtf)(t—(—) = sint| __ 8(t) = smES(t) = 0.59(t)
o T
b. cos2t6(t—z) = cos2t|, _,8(t) = cosES(t) =0

c. cosztS(t—g) = (1 + cos2t) d(t) = %(1 + cosm)d(t) = %(1— 1)d(t) = 0

1
2 t=mn/2

d. tan2t8(t—g) = tan2t|, __ 8(t) = tangﬁ(t) = 3(1)
We recall that the sampling property states that I f(t)d(t— a)dt = f(a). Thus,

e. [ fels-2)dt= e, =4e7 = 054

f. We recall that the sampling property for the doublet states that

(1) (t—a) = f(a)d'(t—a)—f'(a)d(t—a)
Thus,

L2 Ty _ .2 , b d .2 b
sin“td (t—z) = sin t|t:n/26 (t_i) —asm t|t:n/28(t—§)
1 , T . T
= E(l—cosZt)|t:n/26(t—§)—sm2t|t:n/28(t—§)

= %(1 + 1)8’(t_ ’5‘) - sinns(t— ’5‘) = 8'(‘[— ’5‘)

LV = e 2 Tug(t) — ug(t—2)] + (10t — 30) [uy(t - 2) — up(t - 3)]
' +(=10t + 50) [uy(t = 3) — uy(t = 5)] + (10t = 70)[uy(t— 5) — uy(t—7)]

V() = e ug(t) — e tug(t—2) + 10tuy(t - 2) — 30uy(t— 2) — 10tuy(t - 3) + 30u,(t - 3)
— 10tuy(t - 3) + 50uy(t - 3) + 10tuy(t— 5) — 50uy(t—5) + 10tuy(t - 5)
~70u,(t - 5) — 10tuy(t—7) + 70uy(t - 7)
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v(t) = ¢ tug(t) + (—¢ '+ 10t = 30)up(t— 2) + (=20t + 80)uy(t— 3) + (20t — 120)uy(t — 5)
+(=10t + 70)uy(t - 7)

2

AV _ ey () + e 28 (1) + (2 2 4 10)ug(t—2) + (¢ 2 + 10t - 30)3(t - 2)

dt
20uy(t-3) + (= 20t + 80)8(t - 3) + 20ug(t— 5) + (20t - 120)5(t=5) (1)

“10ug(t—7) + (= 10t + 70)3(t - 7)
Referring to the given waveform we observe that discontinuities occur onlyatt = 2, t = 3,

and t = 5. Therefore, §(t) = 0 and 8(t—7) = 0. Also, by the sampling property of the delta
function

(-e 2 +10t-30)3(t—2) = (—e '+ 10t - 30)| _,8(t-2) =—-108(t-2)
(-20t+80)3(t—3) = (- 20t +80)|, _,8(t-3) = 203(t-3)
(20t - 120)8(t - 5) = (20t - 120)| _ 8(t-5) = -208(t~5)

and with these simplifications (1) above reduces to

dv/dt = —2e uy(t) +2¢ > tuy(t—2) + 10u,(t —2) — 108(t - 2)

~20uy(t—3) +208(t— 3) + 20uy(t— 5) — 208(t — 5) — 10u,(t— 7)
~2e > Tuy(t) = ug(t—2)]1-108(t — 2) + 10[uy(t - 2) — uy(t - 3)] +208(t - 3)
—10[ug(t—3) —uy(t—5)] —208(t— 5) + 10[up(t— 5) —uy(t—7)]

The waveform for dv/dt is shown below.

dv/dt (V/s)
208(t-3
0 L (t-3)
10 +
| | |
/T I T
3 5
~10 ——\1 2 4 6 7 t(s)
~108(t-2)
-20 —
e ~208(t-5)
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Chapter 2

The Laplace Transformation

his chapter begins with an introduction to the Laplace transformation, definitions, and

properties of the Laplace transformation. The initial value and final value theorems are also

discussed and proved. It continues with the derivation of the Laplace transform of common
functions of time, and concludes with the derivation of the Laplace transforms of common wave-
forms.

2.1 Definition of the Laplace Transformation

The two-sided or bilateral Laplace Transform pair is defined as

LIf(t)}= F(s) = jw f(t)e *'dt (2.1)
< F(s)l= f(1) = 5;—11 (H_JwF(s)eStds 2.2)
c-jo

where £ {f(t)} denotes the Laplace transform of the time function f(t), £ ' {F(s)} denotes the
Inverse Laplace transform, and s is a complex variable whose real part is ¢, and imaginary part
o, thatis, s = o +jo.

In most problems, we are concerned with values of time t greater than some reference time, say
t = t, = 0, and since the initial conditions are generally known, the two-sided Laplace trans-

form pair of (2.1) and (2.2) simplifies to the unilateral or one—sided Laplace transform defined as

L{f(t)}= F(s) = j (et = j " (tyedt (2.3)
to 0
. | (oo st
£ F(s)}= f(t) = E—Ta‘fc—jw F(s)e''ds (2.4)

The Laplace Transform of (2.3) has meaning only if the integral converges (reaches a limit), that
is, if

j f(t)e *'dt
0

<oo (2.5)
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Chapter 2 The Laplace Transformation

To determine the conditions that will ensure us that the integral of (2.3) converges, we rewrite

(2.5) as

j f(t)e e 'dt| < oo (2.6)

0

The term e ' in the integral of (2.6) has magnitude of unity, i.e., le?®Y = 1, and thus the con-
dition for convergence becomes

J.wf(t)e_mdt <oo (2.7)

0

Fortunately, in most engineering applications the functions f(t) are of exponential order . Then,
we can express (2.7) as,

j f(t)e °'dt
0

< (2.8)

ot _
J. ke “e °'dt
0

and we see that the integral on the right side of the inequality sign in (2.8), converges if 6> g, .

Therefore, we conclude that if f(t) is of exponential order, < {f(t)} exists if
Re{s} = 0>0, (2.9)

where Re{s} denotes the real part of the complex variable s.

Evaluation of the integral of (2.4) involves contour integration in the complex plane, and thus, it
will not be attempted in this chapter. We will see in the next chapter that many Laplace trans-
forms can be inverted with the use of a few standard pairs, and thus there is no need to use (2.4)
to obtain the Inverse Laplace transform.

In our subsequent discussion, we will denote transformation from the time domain to the com-
plex frequency domain, and vice versa, as

f(t) © F(s) (2.10)

2.2 Properties and Theorems of the Laplace Transform

The most common properties and theorems of the Laplace transform are presented in Subsec-
tions 2.2.1 through 2.2.13 below.

* A function f(t) is said to be of exponential order if |f(t)| < ke®" for all £20.
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Properties and Theorems of the Laplace Transform

2.2.1 Linearity Property

The linearity property states that if
f,(0), £(1), ..., £,(t)
have Laplace transforms
F,(s), Fy(s), ..., F (s)
respectively, and
Cps Coy eves

are arbitrary constants, then,

oy fi()+cy () +...+c ()& c) Fi(s)+cy Fy(s)+...+c F (s) (2.11)

Proof:

L {c, £,(t) +cy (1) + ... +¢, (1)} jm[c1 £,(t) + ¢y Fy(1) + ... + ¢, £,(t)]dt

to

¢, j fl(t)e*“duczj fz(t)e*“dt+...+cj £ (t)e 'dt
to to ! to !

c; Fi(s)+c, Fy(s)+...+¢c, F (s)

Note 1:

[t is desirable to multiply f(t) by the unit step function uy(t) to eliminate any unwanted non-
zero values of f(t) for t<0.

2.2.2 Time Shifting Property

The time shifting property states that a right shift in the time domain by a units, corresponds to

multiplication by ¢ in the complex frequency domain. Thus,

f(t—a)uy(t—a) = e “F(s) (2.12)

Proof:

a oo
&L {f(t—a)uy(t-a)} = j 0e™'dt + j f(t—a)e 'dt (2.13)
0 a

Now, we let t—a = 7; then, t = T+a and dt = dt. With these substitutions and with a— 0,
the second integral on the right side of (2.13) is expressed as

=S oo

j f(r)e V4t = e‘asj f(t)e "dt = e “F(s)
0 0
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Chapter 2 The Laplace Transformation

2.2.3 Frequency Shifting Property

The frequency shifting property states that if we multiply a time domain function f(t) by an expo-

nential function ¢ ' where a is an arbitrary positive constant, this multiplication will produce a
shift of the s variable in the complex frequency domain by a units. Thus,

e 'f(t) © F(s +a) (2.14)
Proof:
£ {e (1)} = j T R()edt = j TR St = F(s +a)
0 0
Note 2:

A change of scale is represented by multiplication of the time variable t by a positive scaling fac-
tor a. Thus, the function f(t) after scaling the time axis, becomes f(at).

2.2.4 Scaling Property

Let a be an arbitrary positive constant; then, the scaling property states that

flat) < iF( ) (2.15)

S
a

Proof:

<L {f(at)} = jmf(at)e_Stdt
0

and letting t = t/a, we obtain

< [f(at)} = j:f('c)e_s(r/a)d(;—i) - ﬂ:f(r)e‘“/a”d(r) - iF(i)

Note 3:

Generally, the initial value of f(t) is taken at t = 0~ to include any discontinuity that may be
present at t = 0. If it is known that no such discontinuity exists at t = 0~ , we simply interpret
£(07) as £(0).

2.2.5 Differentiation in Time Domain Property

The differentiation in time domain property states that differentiation in the time domain corre-
sponds to multiplication by s in the complex frequency domain, minus the initial value of f(t) at

t = 0 . Thus,
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£1(t) = (% f(t) & sF(s) - £(0)

Proof:
L)} = j £(t)e'dt
0
Using integration by parts where

Ivdu = UV—J.udV

we let du = f'(t) and v = ¢ ™. Then, u = f(t), dv = —se "', and thus

L ')} = f(t)e ™ w_+sj mf(t)e_Stdt = lim [f(t)e_St
0 0" a— oo

Z_ }+ sF(s)

lim [e **f(a) — f(07)] + sF(s) = 0 — f(0") + sF(s)

a— oo

The time differentiation property can be extended to show that

d_22 f(t) & s2F(s) —sf(07) - £'(07)
dt

d—z f(t) & s>F(s) — s2£(07) = s£'(07) = £"(0")
dt

and in general

dl’l

n

f(t) & s"F(s) —s" f(07) =s" 2 '(0) = ...~ £ 1(0")

To prove (2.18), we let

_ = 4
g(t) = f'(t) = It f(t)
and as we found above,

LA{g' ()} = sL{g(t)} -g(0)
Then,

L A{f"()}

sLA{f' (1)} —£'(07) = s[s<L [f(t)] -f(0)]-£'(0")
$2F(s) —sf(07) = f'(0")

Relations (2.19) and (2.20) can be proved by similar procedures.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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Chapter 2 The Laplace Transformation

We must remember that the terms f(07), £'(07), f"(0"), and so on, represent the initial condi-
tions. Therefore, when all initial conditions are zero, and we differentiate a time function f(t) n
times, this corresponds to F(s) multiplied by s to the nth power.

2.2.6 Differentiation in Complex Frequency Domain Property

This property states that differentiation in complex frequency domain and multiplication by minus
one, corresponds to multiplication of f(t) by t in the time domain. In other words,

tf(t) = -3 F(s) 2.21)
ds

Proof:

L (1)} = F(s) = jmf(t)e*“dt
0

Differentiating with respect to s and applying Leibnitz’s rule  for differentiation under the integral,
we obtain

d _dr” sty [0 st N _ [ sty
TF) = o 0 f(t)e 'dt = e f(t)dt = IO te S'f(t)dt = jo [tf(t)]e St = —<£ [tf(1)]

In general,

t"f(t) & (-1 )nd—I:lF(s) (2.22)
ds

The proof for n>2 follows by taking the second and higher—order derivatives of F(s) with
respect to s.
2.2.7 Integration in Time Domain Property

This property states that integration in time domain corresponds to F(s) divided by s plus the ini-
tial value of f(t) at t = 07, also divided by s. That is,

b
*  This rule states that if a function of a parameter o. is defined by the equation F(a) = I f(x, o)dx where f is some known
a

function of integration x and the parameter o, a and b are constants independent of x and o, and the partial derivative

b
of/0a. exists and it is continuous, then df _ j de‘
do 3, o)
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t

j f(r)dr(:)F(s) £(0) (2.23)

N

Proof:

We begin by expressing the integral on the left side of (2.23) as two integrals, that is,

t 0 t
j f(t)dt =j f(t)dt + j f(t)dt (2.24)
—oo —oo 0

The first integral on the right side of (2.24), represents a constant value since neither the upper,
nor the lower limits of integration are functions of time, and this constant is an initial condition

denoted as £(07). We will find the Laplace transform of this constant, the transform of the sec-
ond integral on the right side of (2.24), and will prove (2.23) by the linearity property. Thus,

oo

oo oo —st
j £(07)e 'dt = £(07) j e dt = f(07)S—
0 0 ~Slo (2.25)
(0 x0-(-102) - {0

S

L A0}

This is the value of the first integral in (2.24). Next, we will show that

[ f(r)du:)F(s)
0
We let
t
g(t) = j f(t)dt
0
then,
g'(t) = f(7)
and
0
2(0) = j f(t)dt = 0
0
Now,

L{gM)} = G(s) = s£L{g()}-g(0) = G(s)-0
sZLA{g(t)} = G(s)

< {g(} = L
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Chapter 2 The Laplace Transformation

= {Itf(r)dt} = E@) (2.26)
S

0

and the proof of (2.23) follows from (2.25) and (2.26).

2.2.8 Integration in Complex Frequency Domain Property
This property states that integration in complex frequency domain with respect to s corresponds to

division of a time function f(t) by the variable t, provided that the limit lim %Q exists. Thus,
t—0

f(-tQ @J.wF(s)ds (2.27)

Proof:

F(s) = J.oof(t)e_Stdt
0

Integrating both sides from s to <, we obtain

J.NF(s)ds = J-m

S

[ j: f(t)e_Stdtst

Next, we interchange the order of integration, i.e.,

T st
L F(s)ds = jo DS e dsJ f(t)dt

and performing the inner integration on the right side integral with respect to s, we obtain

rF(s)ds = jw[—%e‘“m f(tydt = rﬂt—t—)e_“dt - %{ﬂ:—)}
0

S 0

oo

2.2.9 Time Periodicity Property

The time periodicity property states that a periodic function of time with period T corresponds to
T

the integral J f(t)e 'dt divided by (1 - ¢ in the complex frequency domain. Thus, if we let
0

f(t) be a periodic function with period T, that is, f(t) = f(t+nT), forn = 1,2, 3, ... we obtain
the transform pair
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T —st
j f(t)e S'dt

f(t+nT) & =
1-e¢

(2.28)

—sT

Proof:
The Laplace transform of a periodic function can be expressed as

2 3

T t T t
f(t)e " dt +J' f(t)e " dt+ ...
T 2T

= t T t
L {f(t)} = j f(t)e 'dt = j f(t)e 'dt + I
0 0
In the first integral of the right side, we let t = 1, in the second t = T+ T, in the third
t = ©+2T, and so on. The areas under each period of f(t) are equal, and thus the upper and
lower limits of integration are the same for each integral. Then,

T T T
L [f(t)} = j f(t)e *"dt + j f(t+T)e " Ddr + j fr+2T)e " D+ ... (2.29)
0 0 0
Since the function is periodic, i.e., f(t) = f(t+T) = f(t+2T) = ... = f(t+nT), we can write
(2.29) as
T
L) = (1+e +e T+ )j f(1)e *"dt (2.30)
0

By application of the binomial theorem, that is,
1+a+a2+a3+...=Tl— (2.31)
-a

we find that expression (2.30) reduces to

T T
f(t)e *"dt

L {f(1)} = 2

—sT
1-¢°

2.2.10 Initial Value Theorem

The initial value theorem states that the initial value £(07) of the time function f(t) can be found
from its Laplace transform multiplied by s and letting s — o . That is,

limf(t) = lim sF(s) = £(0") (2.32)

t—0 §— oo
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Chapter 2 The Laplace Transformation

Proof:

From the time domain differentiation property,

d -
& f(t) & sF(s)-f(0)
or

d _ ~_("d st
gg{(—ﬁ f(t)} = sF(s)—f(0) = jo T f(he™de

Taking the limit of both sides by letting s — o, we obtain

S$2® | T oo g
e—>0

T -1 . T4 —st
im [sF(s)=f(07)] = lim | lim j o (e dt

Interchanging the limiting process, we obtain

T

lim [sF(s)-f(07)] = lim [ if(t)[ tim ¢*Jat

S T—)BO Edt S —3 o0
€ —>

and since
lime™ = 0
s — 00
the above expression reduces to
lim [sF(s)=f(07)] = 0
S —> 00
or
lim sF(s) = f(0)
S —> o0

2.2.11 Final Value Theorem

The final value theorem states that the final value f(e) of the time function f(t) can be found
from its Laplace transform multiplied by s, then, letting s — 0. That is,

lim f(t) = limosF(s) = f(o0) (2.33)
t— oo s —

Proof:
From the time domain differentiation property,

d .
4 (D) & sF(s)—£(0)

or
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d _ -\ ooi —st
£ {a f(t)} = sF(s)—f(0)) = jo T f(he™de
Taking the limit of both sides by letting s — 0, we obtain

T
lim [sF(s)-f(0)] = lim | lim I if(t)efStdt
s—0 $s=0| T oo sdt

e—>0

and by interchanging the limiting process, the expression above is written as

T
lim [sF(s)~F(07)] = lim | d f(t)[ lim e‘ﬂdt
s—0 T et dt s—0
e—>0

Also, since

st

lime =1

s—0
it reduces to

_ Td T _
lim [sF(s)=f(07)] = lim j £ f(t)dt = lim j f(t) = lim [f(T)—f(e)] = f(eo) = £(07)
s—0 Toew'g dt Toew'g T

£€—0 £e—0 £—0

Therefore,
lirnosF(s) = f(e0)

2.2.12 Convolution in Time Domain Property

Conwolution  in the time domain corresponds to multiplication in the complex frequency domain,
that is,

£,(t)*f,(t) < F (s)F,(s) (2.34)

Convolution is the process of overlapping two time functions f,(t) and £,(t). The convolution integral indicates

the amount of overlap of one function as it is shifted over another function The convolution of two time functions

f,(t) and f,(t) is denoted as f,(t)*f,(t), and by definition, f,(t)*f,(t) = _"w f,(T)f, (t—t)dt where t is a dummy

variable. Convolution is discussed in detail in Chapter 6.
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Proof:

oo

4 U_Zfl(r)fz(t—r)dr J: jo U:fl(r)fz(t—r)dr}e“dt

L AR (0]
(2.35)

Imfl(r)Umfz(t —T)eStdt}dr
0 0
Welet t—t = A;then, t = A+ 1, and dt = dA. Then, by substitution into (2.35),

L {£,(0)*6,(0)} = J:fl(T)U:fz(k)eS(k”)dk}dr _ j:f1<r>e”dr j:fzmesm

= F(s)F,(s)

2.2.13 Convolution in Complex Frequency Domain Property

Convolution in the complex frequency domain divided by 1/2mj, corresponds to multiplication in
the time domain. That is,
1
060 & 52 F () Fa(s) (2.36)
Proof:

LIGOBOY = [ HOLO: (2.37)

and recalling that the Inverse Laplace transform from (2.2) is

c+jm

_ L e
f = 55 L_jw Fy(we'du
by substitution into (2.37), we obtain
£ {HOH0) = | [ T (e"an] (e ae = 5L [
(O , L2mj 1 2

- —(s—m)t
T FI(M)UO B(oe " at|ap

c—jo o—jw

We observe that the bracketed integral is F,(s — ) ; therefore,

C+jo

LAGORO) = 5= [ FGOF(s—wdn = 55F,(5)°F,(6)

c—jo

For easy reference, the Laplace transform pairs and theorems are summarized in Table 2.1.
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TABLE 2.1 Summary of Laplace Transform Properties and Theorems

Property/Theorem Time Domain Complex Frequency Domain
1 Linearity ¢, f,(t) + ¢, £,(t) c; Fi(s)+c, Fy(s)
+ .+, T (D) + ... +c F . (s)
2 Time Shifting f(t—a)u,(t—a) ¢ F(s)
3 Frequency Shifting e H (1) F(s+a)
4 Time Scaling f (at) 1.(s )
(3
5 Time Differentiation d -
g F(s)-f(0
See also (2.18) through (2.20) | 4t f(t) SE(s)=1(0)
6 Frequency Differentiation tf(t) d F
See also (2.22) )
7 Time Integration t ~
I f(t)dt F(s)  f(0)
—oo s S
8 Frequency Integration £(t o
f© J. F(s)ds
t
S
9 Time Periodicity f(t+nT T :
( ) j f(t)e *'dt
0
-
10 | Initial Value Theorem lim f(t) lim sF(s) = £(07)
11 | Final Value Theorem lim f(t) lim sF(s) = f(e0)
t— o S—0
12 | Time Convolution £, (1) *f,(t) F,(s)F,(s)
13 | Frequency Convolution £, ()F,(t 1
1( ) 2( ) EFJ-FI(S)*FZ(S)
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Chapter 2 The Laplace Transformation

2.3 The Laplace Transform of Common Functions of Time

In this section, we will derive the Laplace transform of common functions of time. They are pre-
sented in Subsections 2.3.1 through 2.3.11 below.

2.3.1 The Laplace Transform of the Unit Step Function u,(t)

We begin with the definition of the Laplace transform, that is,

L {f(t)} = F(s) = jmf(t)e*“dt
0

or

L {uy(t)} = jmle‘“dt ==t
0

Thus, we have obtained the transform pair

ug(t) % (2.38)

for Re{s} = 6>0."

2.3.2 The Laplace Transform of the Ramp Function u,(t)
We apply the definition

L {f(t)} = F(s) = jmf(t)e‘“dt
0

or

L {u, ()} = L{t} = jwte‘“dt
0

We will perform integration by parts by recalling that

Iudv = UV—J.Vdu (2.39)
We let

u=tand dv = ¢

then,

—st
—€

S

du=1 and v =

*  This condition was established in relation (2.9), Page 2—2.

2-14 Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition
Copyright © Orchard Publications

JIUBGITENVE -V}


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM
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By substitution into (2.39),

—st|”
—te

LAt} =

(2.40)

Since the upper limit of integration in (2.40) produces an indeterminate form, we apply L’ Hopi-

* N
tal’s rule , that is,

d
—(t)
limte™ = lim Lst = lim ;t = lim Lst =0
) oo oo t oo

Evaluating the second term of (2.40), we obtain < {t} = lz
S

Thus, we have obtained the transform pair

e+ (2.41)
S

for 6>0.

2.3.3 The Laplace Transform of t"u,(t)

Before deriving the Laplace transform of this function, we digress to review the gamma or gener-
alized factorial function T'(n) which is an improper integral” but converges (approaches a limit) for
all n>0. It is defined as

. , f(x . . ,
*  Often, the ratio of two functions, such as ?x)) , for some value of x, say a, results in an indeterminate form. To work

around this problem, we consider the limit lim f(—X)) , and we wish to find this limit, if it exists. To find this limit, we use
x—a g(X

L’Hépital’s rule which states that if f(a) = g(a) = 0, and if the limit (;ixf(x)/ (fixg(x) as x approaches a exists, then,

lim £ _ i (a-d;f(x)/a-d;g(x))

X—a g(x) X—a
T Improper integrals are two types and these are:

b
a. I f(x)dx where the limits of integration a or b or both are infinite
a

b
b. I f(x)dx where f(x) becomes infinite at a value x between the lower and upper limits of integration inclusive.
a
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I(n) = fox“‘le"‘dx (2.42)
0

We will now derive the basic properties of the gamma function, and its relation to the well known
factorial function
n! =nn-1)(n-2)- - 3-2-1

The integral of (2.42) can be evaluated by performing integration by parts. Thus, in (2.42) we let

—X n
u=-e and dv=x

Then,
n
du = —e*dx and v=%
n
and (2.42) is written as
xe " - 1¢7 n —x
I'(n) = +—j x"e *dx (2.43)
n x=0 n 0

With the condition that n> 0, the first term on the right side of (2.43) vanishes at the lower limit
x = 0. It also vanishes at the upper limit as x — . This can be proved with L’ Hopital’s rule by
differentiating both numerator and denominator m times, where m >n. Then,

d n d n-1
n_-x n mX m-—1 nx
lim 2% = lim X = lim dx = lim dx - =
Xx—o 1N x—)oonex X — oo dm < X —> oo dm— X
——ne ——ne
dx dx
~ lim n(n-Dn-2)..(n-m+Dx" " _ lim @M=Dm=-2)..(n-m+1) _,
X —> oo nex X —> oo Xm—neX
Therefore, (2.43) reduces to
I'(n) = 111.[0 x'e dx
and with (2.42), we have
“ h—1 —=x 1¢7 n —x
I'(n) = | x"" ¢dx = =| x"e "dx (2.44)
J, )

By comparing the integrals in (2.44), we observe that
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[(n) = @ (2.45)

or

nl'(n) = T'(n+1) (2.46)

It is convenient to use (2.45) for n< 0, and (2.46) for n>0. From (2.45), we see that I'(n)
becomes infinite as n — 0.

Forn = 1, (2.42) yields

=) oo

(1) = j edx = | =1 (2.47)
0

and thus we have obtained the important relation,
') =1 (2.48)
From the recurring relation of (2.46), we obtain

rQ2)=1-T() = 1

r3)=2-TQ2)=2-1= 2! (2.49)
I(4) =3-T(3) = 3-2 = 3!
and in general
I'n+1) = n! (2.50)

forn = 1,23, ...

The formula of (2.50) is a noteworthy relation; it establishes the relationship between the I'(n)
function and the factorial n!

We now return to the problem of finding the Laplace transform pair for t"u,t, that is,
L {t"ugt}y = [ et (2.51)
0

To make this integral resemble the integral of the gamma function, we let st = y, or t = y/s,
and thus dt = dy/s. Now, we rewrite (2.51) as

L {t"u,t} = J:(g)“e—yd(z) _ 1 J‘:yne—ydy _T(n+1) _ n

S n+1 n+1 n+1
S S S

Therefore, we have obtained the transform pair
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n!
n+1

t"u,(t) &

for positive integers of n and 6>0.

2.3.4 The Laplace Transform of the Delta Function d(t)
We apply the definition

L {8(t)} = J-ooS(t)e_Stdt
0

and using the sifting property of the delta function,” we obtain

<L {(8(t)) = j mS(t)e_Stdt |
0

Thus, we have the transform pair

dtyel

forall &.

2.3.5 The Laplace Transform of the Delayed Delta Function d(t —a)

We apply the definition

L {8(t—a)} = ij(t—a)e*“dt
0

and again, using the sifting property of the delta function, we obtain
L {§(t—a)} = j S(t—a)e Sdt = ¢
0

Thus, we have the transform pair

S

S(t—a)e=e "

for6>0.

* The sifting property of the 8(t) is described in Subsection 1.4.2, Chapter 1, Page 1—13.

(2.52)

(2.53)

(2.54)
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2.3.6 The Laplace Transform of e *'u,(t)

We apply the definition

oo

£ {eMuy(0)} = j e

0

[§]

Thus, we have the transform pair

—at _-—st

dt =I e CrAge = (——-—-

0

—at

1

e uy(t) e Sta (2.55)
for o> -a.
2.3.7 The Laplace Transform of t"e "'u,(t)
For this derivation, we will use the transform pair of (2.52), i.e.,
n n!
Mup() & 2 (2.56)
s
and the frequency shifting property of (2.14), that is,
e 'f(t) © F(s +a) (2.57)
Then, replacing s with s +a in (2.56), we obtain the transform pair
£ " ug(t) & —2— (2.58)
(s+a)"
where n is a positive integer, and ¢ >—a. Thus, for n = 1, we obtain the transform pair
te "'uy(t) = - (2.59)
(s+a)
for 6 >-a.
For n = 2, we obtain the transform
2 M uy(t) & —2— (2.60)
(s+a)
and in general,
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£ uy(t) & — 2 2.61)
(s+ a)n *

for 6> -a.

2.3.8 The Laplace Transform of sinmt u,(t)

We apply the definition

= a
L {sinot uy(t)} = J‘ (sinwt)e *'dt = ali_rgn (sinmt)e 'dt
0 0

and from tables of integrals*

J‘eaXSiandX _ ¢”*(asinbx — bcosbx)

2 2
a +b
Then,
a
. - e_St(—ssinwt—(ncosu)t)
L {sinot uy(t)} = lim
a—> o 2 2
sST+m
0
e (—ssinma — wcosma) o [0
= lim + =
A oo 2 2 2 2 2 2
s“+w ST+ s"+w

Thus, we have obtained the transform pair

SOt Uyt & (2.62)

S +0

for6>0.

2.3.9 The Laplace Transform of cosmt u,(t)
We apply the definition

= a
<L {coswt uy(t)} = I (coswt)e *'dt = limJ. (cosot)e 'dt
0 0

a —> oo

*  This can also be derived from sinot = j-li(ejmt - e_jwt) , and the use of (2.55) where e_atuo(t) s S—_}-—_—; . By the linearity

property, the sum of these terms corresponds to the sum of their Laplace transforms. Therefore,

. 1 1 1 Q]
=4 wtu,(t)] = —( —— - =
[sinmtu(t)] 2G50 51 2+ 0
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and from tables of integrals”

Ieaxcosbxdx _ ¢”*(acosbx + bsinbx)

a’+b’
Then,
o t+ wsinot)|
< {coswt ug(t)} = lim e (—scosmt+ wsinwt)
a—e S+
0
—as .
- lim | € (—scosma + wsinwa) + S __S
2 oo 2 2 2 2 2 2
s"+m s+ s"+m
Thus, we have the fransform pair
cosot Uyt & —5— (2.63)
sT+m
for6>0.
2.3.10 The Laplace Transform of e *'sinmt uy(t)
From (2.62),
sinotut < — =
s"+m
Using the frequency shifting property of (2.14), that is,
e “'f(t) & F(s +a) (2.64)
we replace s with s +a, and we obtain
e 'sinot uy(t) & ——a— (2.65)

2
(s+a) +

for 6>0 and a>0.

. 1, —j . . . L
*  We can use the relation coswt = z(ejwt +¢7°Y and the linearity property, as in the derivation of the transform of

sinwt on the footnote of the previous page. We can also use the transform pair ad-t f(t) < sF(s) — (0 ) ; this is the time

differentiation  property of (2.16). Applying this transform pair for this derivation, we obtain

_L[ld _l,rdy _lo s
£ [cosotuy(t)] = L [wdtsmwtuo(t) } = w€£ [dtsmmtuo(t) } = wSSZ i Ep
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2.3.11 The Laplace Transform of e " coswt u,(t)
From (2.63),

cosmt uy(t) & 5 5
ST+

and using the frequency shifting property of (2.14), we replace s with s + a, and we obtain

e coswt u,(t) & % (2.66)
(s+a) " +w

for 6>0 and a>0.

For easy reference, we have summarized the above derivations in Table 2.2.

TABLE 2.2 Laplace Transform Pairs for Common Functions

f(t) F(s)

1 u,(t) 1/s

2 tuO(t) 1/52

3 t"u (1) n!
Sn+ 1

d(t) 1
5 |8(t-a) o0
6 -a
e uy (1) ﬁ

7 tne_atuo(t) n! 1
(s+ a)n *

8 sinwt u,(t) 0]
S+

9 cosmt uy(t) S
S+ o

10 e “'sinmt u(t) o
(s+ a)2 +

11 e “coswt u(t) sta
(s+ a)2 +
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2.4 The Laplace Transform of Common Waveforms

In this section, we will present procedures for deriving the Laplace transform of common wave-
forms using the transform pairs of Tables 1 and 2. The derivations are described in Subsections

2.4.1 through 2.4.5 below.

2.4.1 The Laplace Transform of a Pulse

The waveform of a pulse, denoted as f,(t), is shown in Figure 2.1.

fp(t)

A

0 a t

Figure 2.1. Waveform for a pulse

We first express the given waveform as a sum of unit step functions as we've learned in Chapter
1. Then,
fo(t) = Alug(t) - ug(t—a)] (2.67)
From Table 2.1, Page 2-13,
f(t—a)uy(t—a) e “F(s)

and from Table 2.2, Page 2-22

uy(t) & 1/s
Thus,

Aug(t) & A/s
and

Auy(t-a) & e*”%

Then, in accordance with the linearity property, the Laplace transform of the pulse of Figure 2.1
is

Aluy(t) —uy(t-a)]l & %—e*“% = %

(1-¢™)

2.4.2 The Laplace Transform of a Linear Segment

The waveform of a linear segment, denoted as f| (t), is shown in Figure 2.2.
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fL.(t)

1___

|

l t
ol 1 2

Figure 2.2. Waveform for a linear segment

We must first derive the equation of the linear segment. This is shown in Figure 2.3.

f(t)y t-1
1
I /
| ! t
0 1 2

Figure 2.3. Waveform for a linear segment with the equation that describes it

Next, we express the given waveform in terms of the unit step function as follows:

£(t) = (t—Duy(t—1)
From Table 2.1, Page 2-13,
f(t—a)uy(t—a) e “F(s)
and from Table 2.2, Page 2-22,
1

Therefore, the Laplace transform of the linear segment of Figure 2.2 is

1
(t—l)uo(t—l)@ess—z

2.4.3 The Laplace Transform of a Triangular Waveform
The waveform of a triangular waveform, denoted as f(t), is shown in Figure 2.4.

fr(t)
1_ J—

I
:
ol 1 2 t

Figure 2.4. Triangular waveform

The equations of the linear segments are shown in Figure 2.5.

(2.68)
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(1)

b

|

|

|
ol T 2 t

Figure 2.5. Triangular waveform with the equations of the linear segments
Next, we express the given waveform in terms of the unit step function.
fr(t) = tlug(t) —up(t— 1)+ (=t +2)[ug(t—1) —uy(t-2)]

fug (1) — tug(t— 1) — tug(t— 1) + 2ug(t— 1) + tug(t—2) — 2u(t - 2)

Collecting like terms, we obtain
£o(t) = tug(t) — 2(t— Dug(t—1) + (t—2)u(t - 2)

From Table 2.1, Page 2-13,
f(t—a)uy(t—a) e “F(s)
and from Table 2.2, Page 2-22,
tuy(t) & lz
s
Then,

1 -] 251
tuy(t) —2(t—Duy(t—1) +(t—2)u0(t—2)<:>—2—2e ? +e SS—2
s

or

tuy(t) — 2(t— Dug(t—1) + (t=2)uy(t-2) & 12(1 2e e )
S

Therefore, the Laplace transform of the triangular waveform of Figure 2.4 is

fr (1) &=(1-¢)’ (2.69)
S

2.4.4 The Laplace Transform of a Rectangular Periodic Waveform

The waveform of a rectangular periodic waveform, denoted as fx(t), is shown in Figure 2.6. This

is a periodic waveform with period T = 2a, and we can apply the time periodicity property
T
j f(t)e *"dt
L {f(t)y = 21—

—sT
1-¢

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 2-25

Copyright © Orchard Publications .
1 e


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 2 The Laplace Transformation

where the denominator represents the periodicity of f(t).

fr(t)
A
. . . t
0 a 2a  '3a
—Al- - - I

Figure 2.6. Rectangular periodic waveform
For this waveform,

1 2a —st 1 a —st 2a —st .,
L (1)} = —4J fo (e *'dt = 2“ Ae dt+J‘ (—A)e ™dt
—¢€ 0 1-¢ 0 a -
__A yﬁ”ef%}
1— —2as S 0 S .
DL (1)} = —B (e a1+ ™)
R S(l _ e—2as)
2
_ A —as —2as\ A(l _e—as)
- —2as (I-2¢ " +e )= —as —as
s(l-¢ ™) s(14+e H(l-e ™)

—as as/2 -as/2 —as/2 -as/2
_A(d-e ) Ale e —¢€ €

- as/2 —as/2 -as/2 —as/2
[§] [§] + € (§]

S(1+e™) 8
AngWAaWj_g@wyz
(§

S e—as/2 as/2+e—as/2 - s cosh(as/2)

£ (1) %tanh@) (2.70)

2.4.5 The Laplace Transform of a Half-Rectified Sine Waveform

The waveform of a half-rectified sine waveform, denoted as fj;y(t), is shown in Figure 2.7. This is

a periodic waveform with period T = 2a, and we can apply the time periodicity property

T
J f(t)e *"dt
£ {f(1)} = *——

—sT
l1-¢
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where the denominator represents the periodicity of f(t).

m“” /\ /\
T 21 3 47 ST

Figure 2.7. Half-rectified sine waveform

For this waveform,

1 m —st 1 T . —st
LA{fyw(} = _MSJ. f(t)e ~dt = —2nsJ- sinte ~ dt
l1-¢ 0 1-¢ 0
T

_ 1 {e—st(ssint— COS'E):| _ 1 (1+ e—ﬁs)

- s*+ 1 NCESMCETI
1 l+e ™
L {fw(D)} = (lte )

S+ D)(1+e™)(1-e™)

R D R — @2.71)
2+ 1)(1-¢™)

2.5 Using MATLAB for Finding the Laplace Transforms of Time Functions

We can use the MATLAB function laplace to find the Laplace transform of a time function. For
examples, please type

help laplace
in MATLAB’s Command prompt.

We will be using this function extensively in the subsequent chapters of this book.

* This waveform was produced with the following MATLAB script:
t=0:pi/64:5*pi; x=sin(t); y=sin(t—2*pi); z=sin(t—4*pi); plot(t,x,t,y,t,z); axis([0 5*pi 0 1])
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2.6 Summary

The two-sided or bilateral Laplace Transform pair is defined as

<L {f(t)}= F(s) = jm f(t)e ™'dt

i | porio o
<2 F(s)}= f(t) = Z_an F(s)e''ds

c-jo
where <2{f(t)} denotes the Laplace transform of the time function f(t), < “'rE(s)} denotes

the Inverse Laplace transform, and s is a complex variable whose real part is 6, and imaginary
part ®, thatis, s = c+jo.

The unilateral or one-sided Laplace transform defined as
L{f(t)}= F(s) = Jmf(t)e_Stdt = j " et
t 0

We denote transformation from the time domain to the complex frequency domain, and vice
versa, as
f(t) & F(s)

The linearity property states that
¢, i) +c, H()+... + <y fn(t) Sc Fi(s)+cy, Fy(s)+... + cy Fn(s)
The time shifting property states that
f(t—a)uy(t—a) e F(s)
The frequency shifting property states that
e 'f(t) & F(s +a)

The scaling property states that

fat) & IF(E)

a
The differentiation in time domain property states that
| d -
£1(0) = 3 f(1) & sF(s)~ £(0)

Also,
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Summary

2
9—2 f(t) < s2F(s) —sf(07) = £'(07)
dt
d’ 3 2000- - -
— f(t) & $’F(s) = s*f(07) = s£'(07) — £"(0")
dt

and in general

4 fty e s"F(s) - " F(07) — s
dt"

n

20— "0

where the terms f(07), £'(07), f"(07), and so on, represent the initial conditions.

The differentiation in complex frequency domain property states that
d
tf(t) & ——F(s)
ds
and in general,

t"f(t) & (—1)“9—1:1F(s)
ds

The integration in time domain property states that

jt f(r)dr@l@wu%o_)

The integration in complex frequency domain property states that

t:(—tQ (:»J.:oF(s)ds

provided that the limit lim O exists.
t—=0

The time periodicity property states that

T —st
j f(t)e S'dt

f(t+nT) &
1-¢"
e The initial value theorem states that

limf(t) = lim sF(s) = £(0")

t—0 § =
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The final value theorem states that

lim f(t) = 1im0sF(s) = f(o0)

t— oo

e Convolution in the time domain corresponds to multiplication in the complex frequency
domain, that is,
£,(t)*E,(t) & F,(s)Fy(s)

e Convolution in the complex frequency domain divided by 1/27j, corresponds to multiplica-
tion in the time domain. That is,

1
£, (D (1) < 70 F(s)*F,(s)

e The Laplace transforms of some common functions of time are shown in Table 2.1, Page 2-13
e The Laplace transforms of some common waveforms are shown in Table 2.2, Page2-22

e We can use the MATLAB function laplace to find the Laplace transform of a time function
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2.7 Exercises

1.

Derive the Laplace transform of the following time domain functions:

a. 12 b. 6uy(t) c 24uy(t—12) d. Stup(t) e. 4t uy(t)

. Derive the Laplace transform of the following time domain functions:

a. j8 b j52£-90° . 5¢”uy(t)  d. 8t7euy(t) e 158(t-4)

. Derive the Laplace transform of the following time domain functions:

a. (10 +3t7+4t+3)uy(t) b, 3(2t-3)8(t-3)
c. (3sin5t)uy(t) d. (5cos3t)ugy(t)

e. (2tan4t)u,y(t) Be careful with this! Comment and you may skip derivation.

. Derive the Laplace transform of the following time domain functions:

a. 3t(sin5t)uy(t) b. 2t2(cos3t)u0(t) c. 2¢'sinSt

d. 8e”'cos4t e. (cost)d(t—m/4)

. Derive the Laplace transform of the following time domain functions:

a. Stug(t—3) b, (2t7=5t+4)uy(t-3) ¢ (t-3)e uy(t—2)

2(t-2)

d. (2t-4)e uy(t-3) e 4te_3t(cos2t)u0(t)

. Derive the Laplace transform of the following time domain functions:

3 - -2
a. %(Sln:‘}t) b. %(36 4t) C. %(tZCOSI[) d. %(e Ztsinzt) o %(tze t)

. Derive the Laplace transform of the following time domain functions:

a.

sint e’
b. Ismr c. sinat d. j cosr e‘J err

t
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8. Derive the Laplace transform for the sawtooth waveform fqy (t) below.

a 2a 3a
9. Derive the Laplace transform for the full-rectified waveform fi.;(t) below.

frr(t)

T 21 3m 4

Write a simple MATLAB script that will produce the waveform above.
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2.8 Solutions to End-of-Chapter Exercises
1. From the definition of the Laplace transform or from Table 2.2, Page 2-22, we obtain:

|
d s/s e 4.2

S

al2/s b. 6/s 6_128'2?4

2. From the definition of the Laplace transform or from Table 2.2, Page 2-22, we obtain:

!
a.j8/s b.5/s c.Si dg. —L

—4s
. e. 15¢
+5 (s +5)°

3! 3><2!+j4_ 3
2 3

a. From Table 2.2, Page 2-22, and the linearity property, we obtain =+t
s s s

b. 3(2t-3)3(t-3) = 3(2t-3)| _,8(t-3) = 98(t-3) and 93(t-3) & 9e

€32 45 =S e dtandt = 2. 308, A +2) 8
S

2+ 5° s*+ 37 cos4t /(s> +2%)

This answer for part (e) looks suspicious because 8/s < 8u,(t) and the Laplace transform is

unilateral, that is, there is one—to—one correspondence between the time domain and the
complex frequency domain. The fallacy with this procedure is that we assumed that if

f F
f,(t) © F,(s) and f,(t) & F,(s), we cannot conclude that fi(0) o Fi(s)

. For this exercise
fz(t) Fz(s)

f,(t) - f,(t) = sin4t- , and as we've learned, multiplication in the time domain corre-

cos4t
sponds to convolution in the complex frequency domain. Accordingly, we must use the

Laplace transform definition I (2tan4t)e "'dt and this requires integration by parts. We skip
0

this analytical derivation. The interested reader may try to find the answer with the MAT-
LAB script
syms s t; 2*laplace(sin(4*t)/cos(4*t))
4. From (2.22), Page 2-6, .
t"f(t) & (—1)“9—F(s)
ds"

3(-] 1d 5 _ 3 -5-2s) ] _ 30s
= ds(s%sz) [(s%zst (s> +25)
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b.
42 S d s2+32—s(2s)} d[—sz+9J
21" % = 2_{_________ _d|=s +9
dsz(s2+32) ds (Sz+9)2 ds (sz+9)2
L, +9)°(=25) = 2(s> +9)(25) (5> + 9)
(s2+9)"
2 2 3 3
_ 2.(5 +9)(—2s) —4s(-s +9):2.—2s — 18s +4s™ — 36s
(s> +9)° (s> +9)°
_,. 25’ — 545 _ . 25(s” = 27) _ 4s(s” = 27)
(s2+9) 2+9)° (249
C.
2x5 _ 10
(s+5)°+5%  (s+5)°+25
d.
8(s+3) _ _8(s+3)
(s+3)°+4>  (s+3)°+16
c.
cost| ,8(t-m/4) = (J2/2)8(t-n/4) and (/2/2)8(t-n/4) & (J2/2)e @
5.
a.
_ -3s( 5 15 _é -3s( 1
Stug(t—3) = [5(t—3) + 15]uy(t-3) e (S—2+?) =2 (g”)
b.
(267 = 5t+4)uy(t—3) = [2(t—3)" + 12t — 18 = 5t + 4]u,(t - 3)
= [2(t-3)" + 7t— 14]u,(t - 3)
= [2(t=3)"+7(t=3) +21 — 14]u,(t-3)
- [2(t—3)2+7(t—3)+7]u0(t—3)<:)e_3s(2:32!+S—72+g)
C.
(t=3)e uy(t-2) = [(t-2)-1]e " e uy(t-2)

aR R b T U e
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2t-4)e” Py (t-3) = [2(t-3) +6-4]e TV ey (1 - 3)

s e_gs[(s +23)2 e n 3)J =2 6_38[(::3‘;}

ate > (cos2t)u,(t) 4(—1)11[%J - 4%%}
dslis+3)*+2 dsls® 4 65+ 9 +4

g[ s+3 J:_4[sz+6s+13—(s+3)(2s+6)}

2
(s” + 65+ 13)

@_4{s2+6s+13—252—65—65—18}_ 4(s> + 65 + 5)
2 - 2
(s° + 65+ 13) (s” + 65 + 13)

3

2
s +3

sin3t o d%f(t)mF(s)—f(O‘) £(07) = sin3t| _, =0

2

3 3s
T 0=

d, .
—(sin3t) s
dt s"+3 S +9

_4t 3 d - N _
3¢ —— 5,11 & sF(s) - £(07) £f(07) =3¢ _, =3
d 4t 3 _
a(3e )@ss+4—3—

3s _3(s+4)_ -12
s+4 s+4 s+4

2 2d2 S
t2cos2t o (=1) -—2[ . }
s +2 ds"Ls" +4

cos2t &

d[ﬁiﬁ‘_:_s_(_%ﬁ_)} ) ﬁ{:_s_z_ti} _ (P4 (229) - (=57 + 4)(s2 + 4)2(2s)
ds

(s> +4) ds| (4 4y s>+ 4
_ ("4 4)(=28) (<> +4)(4s) _ 25— 85+ 45’ — 165 _ 25(s°— 12)
(s> +4)° (s> +4)° (s> +4)°

Thus,
2
tzcos2t = g_s_%s____—__l__g_)
(s"+4)

and
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%(t 2cos2t) & sF(s)— f(0)

2,2
o 2s(s” _12) 0225057 12)

3
(s+4)’ (s*+4)
d.
sin2te —2— o sin2te —=— ) 5F(s) - £(0)
s 42 (s+2)°+4 dt
i(e_ZtsinZt) & s—-——-——-‘z—z-——-— —0= ___25_2__
dt (s+2) +4 (s+2) +4
e.
! ) ! _
¢ @2—3' e e 2 - ety e sF(s) - £(07)
s (s+2) dt
2 !
L PR —L
dt (s+2) (s+2)
7.
a.
sint & — but to find < {Sl‘?t} we must first show that the limit lim 3¢ exists. Since
s +1 t—0
lim SINX _ , this condition is satisfied and thus st ., ds . From tables of integrals,
x—>0 X t s T +1

J. ——dx = —tan '(x/a) + C. Then, J. ds = tan"'(1/s) + C and the constant of integra-

X+ a s +1
tion C is evaluated from the final value theorem. Thus,

lim f(t) = limsF(s) = hms tan (1/s)+C] = 0 and —(:)tan (l/s)
t— oo s—0
b.

F(S) f(0 )

From (a) above, %—11 & tan '(1/s) and since J- f(t)dt & , it follows that

jﬁm—”dr@ tan"'(1/s)

C.

From (a) above %nt & tan"'(1/s) and since f(at) < éF( i ) , it follows that
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. 1 _1 1 . B
snat , L ian (—/—S) or 302 an "(a/s)
at a a t
d.
t ~ .
cost & — SR LN J. ds, and from tables of integrals,
s +1 t ss +1

J. ——dx = —ln(x +a°)+C. Then, J.

ds = lln(s2 + 1)+ C and the constant of inte-
x> +a’ 2

s +1
gration C is evaluated from the final value theorem. Thus,

F(s) £0) e

lim £(t) = lim sF(s) = lim s[ In(s +1)+CJ = 0 and using j frydr e 2 1

t— oo

obtain

I &Stdrﬁlln(sz+l)
e T 2s
e.
—t
—t

1 e ! . 1
¢ e @L - lds, and from tables of integrals jax+b

dx = %ln(ax+b). Then,

Ig—hds = In(s+ 1) + C and the constant of integration C is evaluated from the final value
theorem. Thus,

lim f(t) = hm sF(s) = hm s[ln(s+ DH+C]l =0

t— oo

, we obtain

and using J. f(t)dt & = F(S) f(gf)

oo —T
j  dres tin(s+1)
T S

t

a Da 3a

This is a periodic waveform with period T = a, and its Laplace transform is
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F(s) = J' Ayt = —-—-é—-——j te*'dt (1)
a(l—e )70

—as
0

1 -

and from (2.41), Page 2-14, and limits of integration 0 to a, we obtain

5 s s

a a st tefst efst 4 tefst efst
E@{t}|O=J‘te dt=[————2} =[ +—2}
0 S
0

a

1 ae ™ & 1 _as
=|5-=—-= :—2[1—(1+as)e ]
s

Adding and subtracting as in the last expression above, we obtain

ZL At} = S—lz[(1+as)—(1+as)e_as—as] = :—2[(1 +as)(1—e *)-as]

By substitution into (1) we obtain

F(s) = L-%[(l +as)(1—e )-as] = A (1 +as)(1 —e **)-as]
a(l-¢ ™) s as’(1-¢ ™)
_ A +as) Aa =é[(1+as)_ a }
as>  as(l-e¢ ) asL s (1-¢™)

9.

This is a periodic waveform with period T = a = © and its Laplace transform is

& t
— J. sinte " dt
(1-¢e )%

T t
F(s) = _STj f(t)e 'dt
l1-¢ 0

From tables of integrals,
¢"*(asinbx — bcosbx)

J.sinbxeaxdx = >

a +b
Then, .
1 ¢ '(ssint — cost) 1 l+e ™
F(s) = _ns 2 ns 2
1-e s”+1 0 1-e s +1
—TCS
_ 21 1 +e_nS _ 21 coth(E)
s +1 1-e s +1 2

The full-rectified waveform can be produced with the MATLAB script
t=0:pi/16:4*pi; x=sin(t); plot(t,abs(x)); axis([0 4*pi 0 1])
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The Inverse Laplace Transformation

his chapter is a continuation to the Laplace transformation topic of the previous chapter

and presents several methods of finding the Inverse Laplace Transformation. The partial

fraction expansion method is explained thoroughly and it is illustrated with several exam-
ples.

3.1 The Inverse Laplace Transform Integral

The Inverse Laplace Transform Integral was stated in the previous chapter; it is repeated here for
convenience.

C+jo
<2 F(s)}= f(t) = ZLMJ F(s)e'ds (3.1)

c—-jo

This integral is difficult to evaluate because it requires contour integration using complex vari-
ables theory. Fortunately, for most engineering problems we can refer to Tables of Properties, and
Common Laplace transform pairs to lookup the Inverse Laplace transform.

3.2 Partial Fraction Expansion

Quite often the Laplace transform expressions are not in recognizable form, but in most cases
appear in a rational form of s, that is,

F(s) = EES; (3.2)

where N(s) and D(s) are polynomials, and thus (3.2) can be expressed as

N(s) _ bmsm+bm_1sm*1 +bm_zsm72+ ...+b;s+b,

F(s) = (3.3)

_1 )
D(s) as +a, (S +a, .8 +..+a;s+a,

The coefficients a, and b, are real numbers for k = 1,2, ..., n, and if the highest power m of

N(s) is less than the highest power n of D(s), i.e., m <n, F(s) is said to be expressed as a proper
rational function. If m >n, F(s) is an improper rational function.

In a proper rational function, the roots of N(s) in (3.3) are found by setting N(s) = 0; these are
called the zeros of F(s). The roots of D(s), found by setting D(s) = 0, are called the poles of F(s).
We assume that F(s) in (3.3) is a proper rational function. Then, it is customary and very conve-
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Chapter 3 The Inverse Laplace Transformation

nient to make the coefficient of s" unity; thus, we rewrite F(s) as

ai(bmsm+bm_lsm71+bm_2sm72+...+bls+b0)
F(s) = I;ES; = (3.4)
S a a a
sty nmtgn-ty Tan-2, o Jgy B

ay a, a, ay

The zeros and poles of (3.4) can be real and distinct, repeated, complex conjugates, or combina-
tions of real and complex conjugates. However, we are mostly interested in the nature of the
poles, so we will consider each case separately, as indicated in Subsections 3.2.1 through 3.2.3
below.

3.2.1 Distinct Poles

If all the poles py, p,, 3, .-, p, Oof F(s) are distinct (different from each another), we can factor the

denominator of F(s) in the form

F(s) = N(s) (3.5)
(8=p1) - (5=p2)-(5=p3) .- - (5=Py)
where p, is distinct from all other poles. Next, using the partial fraction expansion method, “we can
express (3.5) as
I |5} I3 Ty

= + + + o+
(s—=p1) (s—p) (s—-p3) (s—py)

F(s) (3.6)

where 1, 1), 13, ..., 1, are the residues, and p,, p,, ps, ---» p, are the poles of F(s).

To evaluate the residue r, , we multiply both sides of (3.6) by (s - p,) ; then, we let s — p, , that s,
re = lim (s=p)F(s) = (s=p)F(s)| _ (3.7)
S — Py § =Pk

|
Example 3.1
Use the partial fraction expansion method to simplify F,(s) of (3.8) below, and find the time

domain function f,(t) corresponding to F,(s).

The partial fraction expansion method applies only to proper rational functions. It is used extensively in integration, and in
finding the inverses of the Laplace transform, the Fourier transform, and the z-transform. This method allows us to decom-
pose a rational polynomial into smaller rational polynomials with simpler denominators from which we can easily recognize
thelir integrals and inverse transformations. This method is also being taught in intermediate algebra and introductory cal-
culus courses.
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Fi(s) = 242 (3.8)
S +3s+2
Solution:
Using (3.6), we obtain
F\(s) = 3s+2  _ 3s+2 -0 D (3.9)
Zr3s12 G+DGs+2)  (5+1) (s+2)
The residues are
T _ 3s+2 _
r, = S11)11}1(s+1)F(s) = G12) . = -1 (3.10)
and
r, = lim (s+2)F(s) = 25+2 - 4 (3.11)
s— -2 s+, _,
Therefore, we express (3.9) as
3s+2 -1 4
F,(s) = = + (3.12)
R (Y AR RS
and from Table 2.2, Chapter 2, Page 2-22, we find that
—at 1
€ uo(t)'{:}m (3.13)
Therefore,
F(s) = —1 4 o (cetae () = £,(t) (3.14)

+
(s+1) (s+2)

The residues and poles of a rational function of polynomials such as (3.8), can be found easily
using the MATLAB residue(a,b) function. For this example, we use the script

Ns =3, 2]; Ds =[1, 3, 2]; [r, p, k] = residue(Ns, Ds)
and MATLAB returns the values

r =
4
-1
p =
-2
-1
k =
[]
Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 3-3
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For the MATLAB script above, we defined Ns and Ds as two vectors that contain the numerator
and denominator coefficients of F(s). When this script is executed, MATLAB displays the r and
p vectors that represent the residues and poles respectively. The first value of the vector r is asso-
ciated with the first value of the vector p, the second value of r is associated with the second
value of p, and so on.

The vector k is referred to as the direct term and it is always empty (has no value) whenever F(s)
is a proper rational function, that is, when the highest degree of the denominator is larger than
that of the numerator. For this example, we observe that the highest power of the denominator is

s?, whereas the highest power of the numerator is s and therefore the direct term is empty.

We can also use the MATLAB ilaplace(f) function to obtain the time domain function directly
from F(s). This is done with the script that follows.

syms s t; Fs=(3*s+2)/(s"2+3*s+2); ft=ilaplace(Fs); pretty(ft)

When this script is executed, MATLAB displays the expression
4 exp(-2 t)- exp(-t)

|

Example 3.2

Use the partial fraction expansion method to simplify F,(s) of (3.15) below, and find the time

domain function f,(t) corresponding to F,(s).

2
F,(s) = : 3s ;—2s+5 (3.15)
s +12s +44s+48
Solution:

First, we use the MATLAB factor(s) symbolic function to express the denominator polynomial of
F,(s) in factored form. For this example,

syms s; factor(s"3 + 12*s"2 + 44*s + 48)

ans =
(s+2) *(s+4) * (s+6)
Then,

Fy(s) = 35’ +25+5 35’ +25+5 I, r, 3 (3.16)

O laladteeas DG+ HEE)  (5+2) (5+4) (s+6)

The residues are
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35742545 )

I = e =Z
(s+4)(s+6),_, 8

35742545 37
= 38742545 -3

a (s+2)(s+6)| __, 4

L 35742545 _ 89
PU(s+2)(s+4)| _ ., 8

Then, by substitution into (3.16) we obtain

3" +25+5 _ 9/8  -37/4 89/8
G128 +a4s448 (5+2) (s+4) (s+6)

From Table 2.2, Chapter 2, Page 2-22,

Fy(s) =

—at 1
e y(t)e TTa
Therefore,
Fo(s) = 9/8 +—37/4 + 89/8 @(ge_zt_gze_er §ge—6t)u () = £,(1)

2 (s+2) (s+4) (s+6) \8 4 8 0 2
Check with MATLAR:
syms s t; Fs = (3*s"2 + 4*s + 5) / (s"3 + 12*s"2 + 44*s + 48); ft = ilaplace(Fs)
ft =

-37/4*exp(-4*t)+9/8*exp (-2*t)+89/8*exp (-6*t)

3.2.2 Complex Poles

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

. * . . .
Quite often, the poles of F(s) are complex, and since complex poles occur in complex conjugate

pairs, the number of complex poles is even. Thus, if p, is a complex root of D(s), then, its com-

plex conjugate pole, denoted as p,*, is also a root of D(s). The partial fraction expansion method

can also be used in this case, but it may be necessary to manipulate the terms of the expansion in
order to express them in a recognizable form. The procedure is illustrated with the following

example.

* A review of complex numbers is presented in Appendix C
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Chapter 3 The Inverse Laplace Transformation

Example 3.3

Use the partial fraction expansion method to simplify F5(s) of (3.23) below, and find the time

domain function f;(t) corresponding to F5(s).

Fy(s) = = R (3.23)
ST+5s +12s+8

Solution:

Let us first express the denominator in factored form to identify the poles of F;(s) using the
MATLAB factor(s) symbolic function. Then,
syms s; factor(s"3 + 5*s"2 + 12*s + 8)

ans =
(s+1) *(s"2+4*s+8)

The factor(s) function did not factor the quadratic term. We will use the roots(p) function.
p=[1 4 8]; roots_p=roots(p)

roots_p =
-2.0000 + 2.00001
-2.0000 - 2.00001

Then,
s+3 s+3

F3(s) = = . -
(s+1D)(s+2+32)(s+2-32)

3 2
ST +5s +12s+8
or

Fp=—=S*3 -0, b, 0 (3.24)
S 455 +12s+8 ST (5+2+)2) (s+2+2)

The residues are

n= 3 -2 (3.25)
sTH+4s+8| _ 5
= s+3 _ 1-j2 _ 1-j2
2T (s+ D) (s+2452 o (=1-j2)(-j4) -8+j4
(s+D(s+2-02)| ., 5,  (1-i2)(4) J (3.26)
_ (1=j2) 8-j4) _—16+j12 _ 1 j3
(8 +j4)(—8—j4) 80 5720
so (L1321 3
T2 (5+2 5 20 (3:27)
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By substitution into (3.24),

_ 2/5  Z1/5+4j3/20 ~1/5-j3/20 (3.28)
(s+1)  (s+2+j2) (s +2-2)

F3(s)

The last two terms on the right side of (3.28), do not resemble any Laplace transform pair that we
derived in Chapter 2. Therefore, we will express them in a different form. We combine them into

. * . .
a single term , and now (3.28) is written as

_ 1 (@s+1)
(s+1) 5 (sz+4s+8)

(3.29)

For convenience, we denote the first term on the right side of (3.29) as F5,(s), and the second as

F3,(s). Then,

Fy,(s) = % @ge*t = £,,(1) (3.30)
Next, for F5,(s)
F3(s) = 1 _(@s+1) (3.31)

5 (s°+4s+8)
From Table 2.2, Chapter 2, Page 2-22,

—at .
e sinotu,t &

(s+a)2+m2
(3.32)
—at S+a
e cosotut &= 5 >
(s+a) +w
Accordingly, we express F;,(s) as
2 S+%+§_% 2 2 3/2
+ p—
F32(S)=_§ﬁ=_§( Sz N 2 2)
(s+2)"+27) (s+2) +27) (s+2)" +27)
S g(—sr2 jed0( 2 ) (3.33)
5N(s+2)2+2% 2 N(s+2)°+2%)

2 3 2
) _%((s+;2+22))+ﬁ( (s+2)2+22))

Addition of (3.30) with (3.33) yields

*  Here, we used MATLAB function simple((—1/5 +3j/20)/(s+2+2j) + (—1/5 =3j/20)/(s+2—-2;j)). The simple function,
after several simplification tools that were displayed on the screen, returned (-2*s-1) / (5*s72+20*s+40) .
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Chapter 3 The Inverse Laplace Transformation

2/5 2 s+2 3 2
Fi(s) = F3;(s) + F3,(s) = ——( )+—(—)
’ BT s+ ) 5V (g42)?42h) ) 100 (540)212Y)
2t 2 -2t 3 ot
= ge - ge cos2t + me sin2t = f5(t)

Check with MATLAB:

symsastw; % Define several symbolic variables

Fs=(s + 3)/(s"3 + 5*s"2 + 12*s + 8); ft=ilaplace(Fs)

ft =
2/5%exp(-t)-2/5%*exp(-2*t) *cos (2*t)
+3/10%*exp (-2*t) *sin(2*t)

3.2.3 Multiple (Repeated) Poles
In this case, F(s) has simple poles, but one of the poles, say p;, has a multiplicity m. For this con-
dition, we express it as

F(s) = _ N(s) (3.34)
(s=p1) (8=p2)---(8=pu_1)(s=Dpy)

Denoting the m residues corresponding to multiple pole p, as ry;, 15, Iy, ..., I'11m, the partial frac-
tion expansion of (3.34) is expressed as

F(s) = —U! —+ r”m_1+ r13m_2+...+ Tim
(s—p)" (s=p)" " (s—p) (5=pv) (3.35)
SRS R B
(s=p2) (s—p3) (8=py)
For the simple poles py, p, ..., p,, we proceed as before, that is, we find the residues from
r, = lim (s—p)F(s) = (s—pk)F(s)‘ B (3.36)
s — Py § =Pk
The residues r,, 115, I3, ..., I,y corresponding to the repeated poles, are found by multiplication
of both sides of (3.35) by (s—p)™. Then,
(s=p)"F(s) = 1, +(s—p)rp+(s —p1)2r13 +...+(s —Pl)m_lrm
o ; : (3.37)
+(s—p;) 2+ 4.+ “))
. (<s—p2> G-p) T Gon,
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Partial Fraction Expansion

Next, taking the limit as s — p, on both sides of (3.37), we obtain

. m . 2 m-1
lim (s—p;) F(s) =1, + 11_}“; [(s—p)rp+(s—p)r3+... +(s—py) [l
S 1

S—)pl
+ lim [(s—pl)m( LI BN ))J
s—p, (s=p2) (s—p3) (8= Py

or

r;; = lim (s—p,)"F(s) (3.38)

S — pl
and thus (3.38) yields the residue of the first repeated pole.

The residue r,, for the second repeated pole p,, is found by differentiating (3.37) with respect to

s and again, we let s — p,, that is,
o d m
r, = lim —[(s-p;) F(s)] (3.39)
s leds
In general, the residue r,, can be found from

(s _pl)mF(S) = I +rp(s—py) +155(s _P1)2 + ... (3.40)
whose (m — 1)th derivative of both sides is

1 k-1
k- Dry, = lim ——
(k= Dlry by (k1) ggk-1

[(s—p;)"F(s)] (3.41)

or
k-1
1

. d m
e g 1) o

|
Example 3.4

Use the partial fraction expansion method to simplify F,(s) of (3.43) below, and find the time

domain function f,(t) corresponding to F,(s).

Fy(s) = 22 (3.43)
(s+2)(s+1)
Solution:
We observe that there is a pole of multiplicity 2 at s = -1, and thus in partial fraction expansion

form, F,(s) is written as
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Fu(s) = s+3 L) P IR (3.44)
) (s+2)(s+1)° (+2) (s541)> +1D

The residues are
s+3

=1
(s+1)°

s=-2

1 =

s+3
I, = —= =2
2 S+2

c _g(s+3)
27 ds\s+2

The value of the residue r,, can also be found without differentiation as follows:

s=-1

_ (s+2)—(s+3)
s= -1 (s +2)°

= -1

s=-1

Substitution of the already known values of r, and 1, into (3.44), and letting s = 0", we obtain

s+3 _ 1 ‘ 42 422 ‘
s+1)°s+2)| _, G*Dloe s+ _, G*+Dloo
or 3
§:§+2+r22
from which r,, = -1 as before. Finally,
3 1 2 -1 -2t -t -t
Fu(s)= S+ = + + et +2te —e = £,(1) (3.45)
P s+’ (D) (sp1)? D )
Check with MATLAB:

syms s t; Fs=(s+3)/((s+2)*(s+1)"2); ft=ilaplace(Fs)
ft = exp(-2*t)+2*t*exp(-t)-exp(-t)

We can use the following script to check the partial fraction expansion.

syms s

Ns=1[1 3]; % Coefficients of the numerator N(s) of F(s)

expand((s + 1)"2); % Expands (s + 1)"2 to s"2 + 2*s + 1;

di=[1 2 1]; % Coefficients of (s + 1)"2 = s"2 + 2*s + 1 term in D(s)
d2=[0 1 2]; % Coefficients of (s + 2) term in D(s)

Ds=conv(d1,d2); % Multiplies polynomials d1 and d2 to express the

% denominator D(s) of F(s) as a polynomial
[r,p,K]=residue(Ns,Ds)

* This is permissible since (3.44) is an identity.
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r =
1.0000
-1.0000
2.0000

p:
-2.0000
-1.0000
-1.0000

k =

[]

|
Example 3.5

Use the partial fraction expansion method to simplify Fy(s) of (3.46) below, and find the time

domain function fy(t) corresponding to the given F(s).

s2 +3s+1
Fo(s) = —S +3s*1 (3.46)
’ (s+1)°(s+2)°
Solution:

We observe that there is a pole of multiplicity 3 at s = —1, and a pole of multiplicity 2 at s = -2.
Then, in partial fraction expansion form, F(s) is written as

Fy(s) = Iy + Iy T3 Ty Ty (3.47)

+ + +
(s+1)° (s+1)2 G+D (512)2 (s+2)

The residues are

= d sS+3s+1
Pdsl (542
_ (5+2)°(2s+3)-2(s +2)(s*+ 35 +1)
(s +2)*

s=-1
s+4

= =3
(s +2)°

s=-1 s=-1

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 3-11
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L _1_d2(52+3s+1J B 19{_@1_[s2+3s+1ﬂ
13 = -
2145’0 (s +2)° 20U (s 2y?

~ l_d_( s+4 ) 1 (s+2)°=3(s +2)°(s + 4)
s
s=-1

s=-—

2ds\ (s 42y’ (s +2)° _
1(s+2-3s-12 -s-5
(s+2) oy (s+2) co 1
Next, for the pole at s = -2,
_ s’ +3s+ 1
(s+1) N
and
L4 s“+3s+1 G+ 1)’(2s+3)-3(s+ 1)’ (s"+3s+ 1)
22 — dS 3 - 6
(s+1) s (s+1) s 2
_ (s 1)(2s+3)=3(s’+3s+ 1) _—s’—4s .
4 4
(s+1) son (D),
By substitution of the residues into (3.47), we obtain
1 3 4 1 4

Fs(s) = — +

+ + + (3.48)
s+1)° (s+1)? G+D (542)? (5+2)

We will check the values of these residues with the MATLAB script below.

symss; % The function collect(s) below multiplies (s+1)"3 by (s+2)"2
% and we use it to express the denominator D(s) as a polynomial so that we can
% use the coefficients of the resulting polynomial with the residue function
Ds=collect(((s+1)"3)*((s+2)"2))

Ds =
s"5+7*s"4+19*s"3+25*s"2+16*s+4

Ns=[1 3 1]; Ds=[17 19 25 16 4]; [r,p,k]=residue(Ns,Ds)
r =

4.0000

1.0000

-4.0000

3.0000

-1.0000
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Case where F(s) is Improper Rational Function

p =
-2.0000
-2.0000
-1.0000
-1.0000
-1.0000

k =

[]
From Table 2.2, Chapter 2, Page 2-22,

—at 1 —at<:> 1 tn—le—at@(n—l)!

(s+a)2 (s+a)"

and with these, we derive fy(t) from (3.48) as
fs(t) = —%‘[2e_t +3te —de rte T Hde (3.49)

We can verify (3.49) with MATLAB as follows:
syms s t; Fs=-1/((s+1)"3) + 3/((s+1)"2) - 4/(s+1) + 1/((s+2)"2) + 4/(s+2); ft=ilaplace(Fs)

ft = -1/2*t"2*%exp(-t)+3*t*exp(-t)-4*exp(-t)
+t*exp (-2*t)+4*exp (-2*t)

3.3 Case where F(s) is Improper Rational Function

Our discussion thus far, was based on the condition that F(s) is a proper rational function. How-
ever, if F(s) is an improper rational function, that is, if m > n, we must first divide the numerator
N(s) by the denominator D(s) to obtain an expression of the form

2 m-n N
F(s) = ko +k;s+K,s° 4. 4k, s +I% (3.50)

where N(s)/D(s) is a proper rational function.

|
Example 3.6
Derive the Inverse Laplace transform fi(t) of

2
Fy(s) = % (3.51)
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Solution:

For this example, F((s) is an improper rational function. Therefore, we must express it in the form
of (3.50) before we use the partial fraction expansion method.
By long division, we obtain

42542 1

Fe(s) = s+ 1 _s+1+1+s
Now, we recognize that
1 se
s+1
and
1 ©38(t)
but
se?
To answer that question, we recall that
uy'(t) = 3(t)
and
u,"(t) = 8'(t)

where 8'(t) is the doublet of the delta function. Also, by the time differentiation property

uy'(t) = 8'(t) & s°F(s) - sf(0)—f' (0) = s’F(s) = szé =5
Therefore, we have the new transform pair
s 8(1) (3.52)
and thus,
sS+2s+2 _ 1 .
Fe(s) = - :S+1+1+s<:>e +0(t) +8'(t) = f(t) (3.53)
In general,
L es (3.54)
dt"

We verify (3.53) with MATLAB as follows:
Ns=[1 2 2];Ds=[1 1];[r, p, k] = residue(Ns, Ds)

r =
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1 1

The direct terms k= [1 1] above are the coefficients of §(t) and &'(t) respectively.

3.4 Alternate Method of Partial Fraction Expansion

Partial fraction expansion can also be performed with the method of clearing the fractions, that is,
making the denominators of both sides the same, then equating the numerators. As before, we
assume that F(s) is a proper rational function. If not, we first perform a long division, and then
work with the quotient and the remainder as we did in Example 3.6. We also assume that the
denominator D(s) can be expressed as a product of real linear and quadratic factors. If these

assumptions prevail, we let (s—a) be a linear factor of D(s), and we assume that (s —a)™ is the
highest power of (s —a) that divides D(s). Then, we can express F(s) as

— N(S) _ rl r2 I'n
F(s) = = 3.55
=) D(s) S_a+(s—a)2+ (s—a)™ ( )

Let s>+ as+p bea quadratic factor of D(s), and suppose that (s +as+P)" is the highest power
of this factor that divides D(s). Now, we perform the following steps:

1. To this factor, we assign the sum of n partial fractions, that is,

rs +k s +k, r,s+k,
+ +.o+

2 2 o -_—
s"+as+f (sz+ocs+B) (sz+ocs+B)n
. We repeat step 1 for each of the distinct linear and quadratic factors of D(s)
. We set the given F(s) equal to the sum of these partial fractions

2
3
4. We clear the resulting expression of fractions and arrange the terms in decreasing powers of s
5. We equate the coefficients of corresponding powers of s

6

. We solve the resulting equations for the residues
|

Example 3.7

Express F,(s) of (3.56) below as a sum of partial fractions using the method of clearing the frac-

tions.
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F,(s) = % (3.56)
(s"+1)(s=-1)
Solution:

Using Steps 1 through 3 above, we obtain

Fiis) = ——23*4 _IsrA Lt (3.57)
(s“+1)(s—1)" (sS+1) (s—1)° (=D
With Step 4,
C2s+4 = (18 +A)S— D41y (sS4 1) + (s — 1)(s* + 1) (3.58)
and with Step 5,

~2s44 = (1 +1)8 + (=21 + A =Ty +15))8°

+(r;—2A+1,5)s+ (A -1y +1,)

(3.59)

Relation (3.59) will be an identity is s if each power of s is the same on both sides of this relation.
Therefore, we equate like powers of s and we obtain

0 =r1+1,
0=-2ri+A-1,+r
1 2t (3.60)
-2 =1,-2A+r1,,
Subtracting the second equation of (3.60) from the fourth, we obtain
4 = 2r,
o =2 3.61)
By substitution of (3.61) into the first equation of (3.60), we obtain
0=2+ry
o Iy, = -2 (3.62)
Next, substitution of (3.61) and (3.62) into the third equation of (3.60) yields
-2 =2-2A-2
or
A=1 (3.63)

Finally by substitution of (3.61), (3.62), and (3.63) into the fourth equation of (3.60), we obtain
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4 = 1+4+2+r1y,

o 0y = 1 (3.64)

Substitution of these values into (3.57) yields

_2s+4 25+ 1 1 2
Fo(s) = - + _ (3.65)
™ (+1)(s=1)Y (s+1) (s—1)* (=1

|
Example 3.8

Use partial fraction expansion to simplify Fg(s) of (3.66) below, and find the time domain func-

tion fg(t) corresponding to Fg(s).

Fy(s) = s+3 (3.66)
s +5s +125+8
Solution:

This is the same transform as in Example 3.3, Page 3-6, where we found that the denominator
D(s) can be expressed in factored form of a linear term and a quadratic. Thus, we write Fg(s) as

Fy(s) = S (3.67)
(s+1)(s"+4s+8)

and using the method of clearing the fractions, we express (3.67) as

Fy(s) = s+3 S N L (3.68)
(s+1)(s"+4s+8) St1 ?145+38
As in Example 3.3,

ro= —S*3 =2 (3.69)

s“+4s+8 3
s=-1

Next, to compute r, and r;, we follow the procedure of this section and we obtain
(s+3) = 1,(s" +4s+8) + (5,5 +13)(s + 1) (3.70)

Since 1, is already known, we only need two equations in r, and r. Equating the coefficient of s

on the left side, which is zero, with the coefficients of s* on the right side of (3.70), we obtain
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Chapter 3 The Inverse Laplace Transformation

and since r; = 2/5, it follows that r, = -2/5.

To obtain the third residue r;, we equate the constant terms of (3.70). Then, 3 = 8r, +1; or

3 = 8x2/5+ry,0rr; = —1/5. Then, by substitution into (3.68), we obtain

Fos) = 245 1 _@s+D) (3.72)

G+1) 5 (2445+8)

as before.

The remaining steps are the same as in Example 3.3, and thus fg(t) is the same as f;(t), that is,

_ _ (2.t 2 -2t 3 ot )
fo(t)= f5(t)= (Se 5e cos2t + 10e sin2t|u,(t)
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Summary

3.5 Summary

e The Inverse Laplace Transform Integral defined as

< 'FGs) = f(t) = 2—%] GHwF(s)eStds

o—-jo
is difficult to evaluate because it requires contour integration using complex variables theory.

e For most engineering problems we can refer to Tables of Properties, and Common Laplace
transform pairs to lookup the Inverse Laplace transform.

e The partial fraction expansion method offers a convenient means of expressing Laplace trans-
forms in a recognizable form from which we can obtain the equivalent time—domain functions.

e If the highest power m of the numerator N(s) is less than the highest power n of the denomi-
nator D(s), i.e., m<n, F(s) is said to be expressed as a proper rational function. If m >n, F(s)
is an improper rational function.

e The Laplace transform F(s) must be expressed as a proper rational function before applying the
partial fraction expansion. If F(s) is an improper rational function, that is, if m>n, we must
first divide the numerator N(s) by the denominator D(s) to obtain an expression of the form

2 m-n  N(s)
F = ko+k;s+k,s"+...+k + —=
(s) R SERUE ST m-nS D(s)
e In a proper rational function, the roots of numerator N(s) are called the zeros of F(s) and the
roots of the denominator D(s) are called the poles of F(s).

e The partial fraction expansion method can be applied whether the poles of F(s) are distinct,
complex conjugates, repeated, or a combination of these.

e When F(s) is expressed as

Iy I, Iy + Iy

F(s) = + + + ...
(s=p1) (s—p2) (s—-p3) (s—py)

Iy, I, T3, ..., T, are called the residues and py, p,, p3, ..., p,, are the poles of F(s).

e The residues and poles of a rational function of polynomials can be found easily using the
MATLAB residue(a,b) function. The direct term is always empty (has no value) whenever

F(s) is a proper rational function.

e We can use the MATLAB factor(s) symbolic function to convert the denominator polynomial
form of F,(s) into a factored form.
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Chapter 3 The Inverse Laplace Transformation

e We can use the MATLAB collect(s) and expand(s) symbolic functions to convert the
denominator factored form of F,(s) into a polynomial form.

e In this chapter we introduced the new transform pair
s & (1)
and in general,
d n

n

dt

d(t) s

e The method of clearing the fractions is an alternate method of partial fraction expansion.
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3.6 Exercises

1.

Find the Inverse Laplace transform of the following:

4 4 3s+4 s+ 65+3
. > C. 1 d 5 c. —5
(s +3) (s +3) (s+3) (s +3)

4
513 b

Find the Inverse Laplace transform of the following:

3s+4 4s+5 s 43542
R b. 2 . .. % 3 2
s +4s+ 85 S +5s+18.5 S +5s"+10.5s+9
2 - 16 s+ 1
d. 3 > e >
S+ 8s" +24s+ 32 ST+6s +11s+6

Find the Inverse Laplace transform of the following:

2
1 . S
—(smnat+ otcosot) &

2oc( )

2 2 2,2
. 3s+2 b. 55" +3 Hint: (s"+a)
s? 425 2,4 1 1
(s"+4) —3(sinoct—octcosoct)(:>2—22
20 (s"+a)
3 2

2s+3 4. S + 85" +24s+ 32 -2s 3

— . > e. e 3

s"+4.25s+1 S"+6s+8 (2s+3)

Use the Initial Value Theorem to find £(0) given that the Laplace transform of f(t) is

2s+ 3
s2+4255+ 1

Compare your answer with that of Exercise 3(c).

[t is known that the Laplace transform F(s) has two distinct poles, one at s = 0, the other at
s = —1. It also has a single zero at s = 1, and we know that Zim f(t) = 10. Find F(s) and

t— oo

f(t).
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3.7 Solutions to End-of-Chapter Exercises

1.
_ _ -3 -3
a —_ o4t b 4 > & dte o 4 4@i't3e o2p
s+3 (s+3) (s+3)" 3 3
3544 _ 3(s+4/3+5/3-5/3) _ 5 (s+3)-5/3 _, 1 o |1
4 (s +3)° (s +3)° (s+3)° s+3)  (s+3)
333t 5.4 —3t_l(3 -3t S 4 —3t)
(:)3!te 4!te —Zte 12t€
2 2 2
S +6s+3 _s"+6s+9-6 _ (s+3)" _ 6 _ 1 _6. 1
(s+3)° (s+3)° (s+3)° (s+3)° (s+3)°  (s+3)
12 -3t 64 —3t_l(2 -3t 14 —3t)
(:)Z!te 4!te —Zte 2te
2.
a.
3544 3(s+4/3+2/3-2/3) _ . (s+2)-2/3 _ (s+2) 1 2x9
2 - 2 =3 2o 2 2 9 2 2
s"+4s+85 (s+2)" +8l1 (s+2) +9 (s+2)"+9 (s+2)"+9
=3 (S+22) 2—2- 92 2<:>36_2tcos9t—ge_2tsin9t
(s+2)°+9° 9 (s+2)°+9 9
b.
4s+ 5 _ 4s+5 _ 4s+5 —4. s+5/4
s +5s+18.5  sT+55+625+1225 (s+2.5)°+3.5° (s +2.5) +3.5°
-4 S+10/4—10/4+5/4__4 s+2.5 1 5%3.5
- 2 2 2 2735 2 2
(s+25)°+35 (s+25)°+35 (s+2.5)°+3.5
= 4. (s+2.5) _10, 3.5 (:)4672'5tcos3.5t—%)efz'ﬁsin&St

(s+25)°+35 T (s+25)7+3.5
c. Using the MATLAB factor(s) function we obtain:

syms s; factor(s"2+3*s+2), factor(s"3+5*s"2+10.5*s+9)

ans = (s+2)*(s+1)
ans = 1/2*(s+2)*(2*s"2+6*s+9)
Then,
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Solutions to End—of—Chapter Exercises

SS43s+42 s+ D)(s+2)  _ _ (s+1)  _ s+ 1
4557 +1055+9  (s+2)(s7+3s+45)  (sS+35+45)  sT+35+225-225+45
_ o s+15-15+1 _ s+1.5 1 05x15
(s+15)°+(15)° (s+15%+(15% 15 (s+1.5°+(1.5)°
= > +21'5 > —% . 1'2 g e 'cos 1.5t — %efl'Stsinl.St
(s + 1.5) +(1.5) (s+2.5)°+35
d.
s*— 16 o (s+4)(s—4)  _ (s—4) _ s+2-2-4
3 2 - 2 - 2 2 2 .2
ST +8s +24s+32  (s+4)(s"+4s+8) (s+2)"+2 (s+2)" +2
_ s+2 1 6x2
(s+2)2+22 2 (s+2)2+22
= S+22 2—3- 22 2(:>efztcos2t—?aefztsinZt
(s+2) +2 (s+2) +2
c.
s+ 1 _ (s+1) _ 1
G r6sltllste G+D(s+2)(s+3)  (s+2)(s+3)
T
= 1 = al +—2 r1=—1— =1 r2=——1— =-1
(s+2)(s+3) s+2 s+3 s+3|_, s+2{_ ,

_ 1 _[ 1 1 J -2t -3t
= = — ¢ —-¢
(s+2)(s+3) Ls+2 s+3

3.

. 32S+2 = 235 2+l- §><52 =3 25 2+2_ 3 2<:>30055t+gsin5t
s”+ 25 s +5 S §%+5 sS+5° 9 §745 5
55+ 3 557 3 1 1

= + o5 (sin2t + 2tcos2t) + 3 - (sin2t — 2tcos2t)
2 2 2 2.2 2 2,2 2x2 2x8
b. (s"+4) (s"+27) (s"+29)
= (é + —%) sin2t + (é _3 2tcos2t = g—?3sin2t + —1—2‘[0052'[
4 1 4 1 16 8
2s+3 _ 2s+3 _ 0 + )
Z+425¢s+1 (+4)(s+1/4) s+4 s+1/4
C.

ro= 28+3 -5 _4 b= 28+3 _5/2 _2
P s+ 174 -15/4 3 27 s+4 | 15/4 3

s=-4 s=-1/4
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Chapter 3 The Inverse Laplace Transformation

4/3 + 2/3

e—t/4
s+4 s+1/4

PN %(26‘“ )

S 487 +245+432 _ (s+4)(s"+4s+8) _ (s +4s+8) by long division

| 2 4 65+ 8 (s+2)(s +4) (s +2)
2
S +ds+8 s+2+i(:)éi’(t)+28(t)+4e72t
s+2 s+2
e.
e‘zs——i——3 ¢ F(s) & f(t—2)u,(t-2)
(2s+3)
3
F(s)= 3 = 3/23 = 3/8 = 3/8 3@%(5}_’t26—(3/2)t) 136 20/
(2s+3)  (2s+3)/2°  [(2s+3)/2]7 (s+3/2) !
e_ZSF(s)= e—zs 3 . 3( 2)2 —~(3/2)(t- 2) o(t=2)
(2s+3)° 16
4. The initial value theorem states that lim f(t) = lzm sF(s) Then,
t—0
2
f(0) = lim SZZL - lim 25 +3s
$=> 8" +4255+1 7" +425s5+1
25°/s” +3s/s 2+3/s

= lim = [lim =2

s gl /st 1 405s/s 4 1/s0 ST 1 4+425/s+1/5°

The value f(0) = 2 is the same as in the time domain expression that we found in Exercise

3(c).

5. We are given that F(s) = (( D and lim f(t) = limosF(s) = 10. Then,

+1) t—> o0

AE=D A, 6= A C

s—0 s(s+1) s—>0(s+1)
Therefore,
Fs)=226-D T, 2 10 20 19_20e™)u,(t)
s(s+1) s s+1 s s+1
that is,

f(t) = (10 —20e uy(t)
and we observe that )
lim f(t) =

t— o0
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Chapter 4

Circuit Analysis with Laplace Transforms

his chapter presents applications of the Laplace transform. Several examples are presented
to illustrate how the Laplace transformation is applied to circuit analysis. Complex imped-
ance, complex admittance, and transfer functions are also defined.

4.1 Circuit Transformation from Time to Complex Frequency

In this section we will show the voltage—current relationships for the three elementary circuit
networks, i.e., resistive, inductive, and capacitive in the time and complex frequency domains.
They are shown in Subsections 4.1.1 through 4.1.3 below.

4.1.1 Resistive Network Transformation

The time and complex frequency domains for purely resistive networks are shown in Figure 4.1.

Time Domain Complex Frequency Domain
+ L ve® = Rig + L Ve = RIg(s)
() RS ig(t) 1) = vit) Vr(s)  RZ Tr(®) L (s) = V};{(S)

Figure 4.1. Resistive network in time domain and complex frequency domain

4.1.2 Inductive Network Transformation

The time and complex frequency domains for purely inductive networks are shown in Figure 4.2.

Time Domain Complex Frequency Domain
+ +
‘l’ di \l' V (s) = sLI;(s)-Li (0)
L L L L
i (t) Vo(t) = L—== sL g Ip.(s)
" . Vi) Vi) | i(0)
VL(t) Lé 1 t L IL(S) - _L + L

i) = ;[ vt i (0 S ;
L L) 't Li; (07)

Figure 4.2. Inductive network in time domain and complex frequency domain

4.1.3 Capacitive Network Transformation

The time and complex frequency domains for purely capacitive networks are shown in Figure 4.3.

Signals and Systems with MATLAB © Computing and Simulink ® Modeling, Third Edition 4-1

Copyright © Orchard Publications o,
1 e


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 4 Circuit Analysis with Laplace Transforms

Time Domain Complex Frequency Domain
+ + -
\L ic(t) dve 1 |+ 1 (s) Io(s) = sCV(s)—Cv(0)
ic(t) = C—— cCT € _
1+ M = C5 - Ie(s) ve(0))
VC(t) Cr'\ . VC(S) VC(S) = ———6-— +
- S S
ve(t) = j iodt Cr) ve(0)
—e° S
Figure 4.3. Capacitive circuit in time domain and complex frequency domain
Note:

In the complex frequency domain, the terms sL and 1/sC are referred to as complex inductive
impedance, and complex capacitive impedance respectively. Likewise, the terms and sC and 1/sL
are called complex capacitive admittance and complex inductive admittance respectively.

|
Example 4.1
Use the Laplace transform method and apply Kirchoff’s Current Law (KCL) to find the voltage

v (t) across the capacitor for the circuit of Figure 4.4, given that v(07) = 6 V.

R
AMA
Vg 1Q n
Cr C /= ve(t)
12uyt) V. 1T

Figure 4.4. Circuit for Example 4.1

Solution:

We apply KCL at node A as shown in Figure 4.5.

i
L
(f C = ve(t)
12uy(t) V
Figure 4.5. Application of KCL for the circuit of Example 4.1
Then,
or
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Circuit Transformation from Time to Complex Frequency

ve(t) — 12u(t) 1. d_Vg _ 0
1 dt
d—dVTC +ve(t) = 12u,(t) (4.1)
The Laplace transform of (4.1) is
12

sVe(s)=ve(0 )+ V(s) = <

(s+1)Ve(s) = %+6

6s+ 12
vV =
c(s) s(s+1)
By partial fraction expansion,
VC(S) _ 6s+ 12 _ E_1+ I,
s(s+1) s (s+1)
r, = 6s+ 12 - 12
(s+1)| _,
r2 = 6_S_+_1;2 = _6
§ s=-1
Therefore,
12 6 -t —t
Ve(s) = - e 12-60 " = (12-6¢ Yug(t) = ve()
s s

|
Example 4.2
Use the Laplace transform method and apply Kirchoff’s Voltage Law (KVL) to find the voltage

v (t) across the capacitor for the circuit of Figure 4.6, given that v(07) = 6 V.

R
AV
Vs 1Q
+
(j‘) C;<_Vc(t)
2uyyv 'F

Figure 4.6. Circuit for Example 4.2
Solution:

This is the same circuit as in Example 4.1. We apply KVL for the loop shown in Figure 4.7.
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Chapter 4 Circuit Analysis with Laplace Transforms

R
v W
S 1
C
(f) ' ;<+Vc(t)
ic(t) 17|
12uy(t) V

Figure 4.7. Application of KVL for the circuit of Example 4.2

t

Ric(t)+éjwic(t)dt = 12u(t)

and with R = 1 and C = 1, we obtain

t

ic(t)+j ic(t)dt = 12u,(t) (4.2)

Next, taking the Laplace transform of both sides of (4.2), we obtain

Ie(s) ve(@) _ 12

I~(s) + —=
c(s) S S S

(1+

12
S

(22 i -

S S

)Ic(s) =

@» | —
» |\
©»n |\

(o)}

or
6 . _
le(s) = == (1) = 6e ", (1)
Check: From Example 4.1,

ve(t)= (12-6e Huy(t)
Then,

) dv d _ _
ic(t) = C—E = —thE - %(12—66 Yug(t) = 6¢ ug(t) + 65(t) (4.3)

The presence of the delta function in (4.3) is a result of the unit step that is applied at t = 0.
|

Example 4.3

In the circuit of Figure 4.8, switch S, closes at t = 0, while at the same time, switch S, opens.

Use the Laplace transform method to find v, (t) for t>0.
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Circuit Transformation from Time to Complex Frequency

t=0 is(t) )A
SO
S2
t=0 2Q 0.5H
o " T +
I+ s Ry LN L[
~ R, § 1Q g Vout(t)
LF| " ve(0) =3V 0.5H[ |,

Figure 4.8. Circuit for Example 4.3
Solution:

Since the circuit contains a capacitor and an inductor, we must consider two initial conditions
One is given as v(07) = 3 V. The other initial condition is obtained by observing that there is

an initial current of 2 A in inductor L, ; this is provided by the 2 A current source just before

switch S, opens. Therefore, our second initial condition is i ;(07) = 2 A.

. . . . . . * . . .
For t>0, we transform the circuit of Figure 4.8 into its s—domain equivalent shown in Figure

4.9.
AAN——s——( +) O

2 0.5s f\// +
-~ /s T
1 § 0.5s § Vou(s)
© b
3/s

Figure 4.9. Transformed circuit of Example 4.3

In Figure 4.9 the current in inductor L, has been replaced by a voltage source of 1 V. This is

found from the relation

Lij(0)==zx2=1V (4.4)

The polarity of this voltage source is as shown in Figure 4.9 so that it is consistent with the direc-
tion of the current i ,(t) in the circuit of Figure 4.8 just before switch S, opens. The initial

capacitor voltage is replaced by a voltage source equal to 3/s.

* Henceforth, for convenience, we will refer the time domain as t—domain and the complex frequency domain as s—domain.
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Chapter 4 Circuit Analysis with Laplace Transforms

Applying KCL at node D we obtain

Voui(s) -1 —3/s+V0ut(s)+V0ut(s) _ 0 (4.5)
1/s+2+s/2 1 s/2
and after simplification

Vom(s)z - 2S(2S+3) (46)
sT+8s +10s+4

We will use MATLAB to factor the denominator D(s) of (4.6) into a linear and a quadratic fac-
tor.

p=[1 8 10 4]; r=roots(p) % Find the roots of D(s)

r =
-6.5708
-0.7146 + 0.31321
-0.7146 - 0.31321

y=expand((s + 0.7146 — 0.3132))*(s + 0.7146 + 0.3132j)) % Find quadratic form

'y' =
s”2+3573/2500*s+3043737/5000000

3573/2500 % Simplify coefficient of s

ans =
1.4292

3043737/5000000 % Simplify constant term

ans =
0.6087

Therefore,

2s(s+3 2s(s+3
Vouls) = et d o L (4.7)
S +85 +10s+4  (s+6.57)(s” + 1.43s+0.61)

Next, we perform partial fraction expansion.

Zs(s+3) _ Iy + I,S+1; (48)

Voul®)= 2 T51657 2
(s+6.57)(s° + 1.43s+0.61) ST657 1 1435+0.61

2s(s+3) = 136 (4.9)

I'l =
57+ 1435+ 0.61| _

-6.57

The residues r, and r; are found from the equality
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Circuit Transformation from Time to Complex Frequency

2s(s+3) = rl(s2 +1.435+0.61) + (r, s + 15)(s + 6.57) (4.10)
Equating constant terms of (4.10), we obtain
0 = 0.61r; +6.57r,

and by substitution of the known value of r, from (4.9), we obtain

r, = —0.12

Similarly, equating coefficients of s>, we obtain
2 = I'l + I'2

and using the known value of r,, we obtain

r, = 0.64 (4.11)
By substitution into (4.8),
1.36 0.64s —0.12 1.36 0.64s + 0.46 — 0.58 *
Vouls) = 7555+ 3 T 54657 2
S+6.57 ¢4 1435s+0.61 STO0S7 %4 1435+0.51+0.1
or
1.36 s+0.715-0.91
Vo (s) = +(0.64) > 5
s +6.57 (s+0.715)" + (0.316)
. 1.36 0.64(s + 0.715) 0.58
T 51657 2 5T p ; (4.12)
ST (s4+0.715)° +(0.316)° (s +0.715)” + (0.316)
136, 0.64(s+0.715) 1.84 % 0.316

$+6.57  (540.715)% +(0.316)> (s +0.715)% + (0.316)°

Taking the Inverse Laplace of (4.12), we obtain

—6.57t —0.715t -0.715t

Vo (1) = (1.36¢ +0.64e cos0.316t—1.84¢ sin0.316t)u,(t) (4.13)

From (4.13), we observe that as t —»eo, v . (t) = 0. This is to be expected because v, (t) is

the voltage across the inductor as we can see from the circuit of Figure 4.9. The MATLAB script
below will plot the relation (4.13) above.

0.64s—0.12
s> +1.435+0.61

*

We perform these steps to express the term in a form that resembles the transform pairs

S+a (O]

5 and e_atsinmtuo(t) =
(s+a) " +m (s+a) +m

e_atcoscotuo(t) = 5 The remaining steps are carried out in (4.12).
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Chapter 4 Circuit Analysis with Laplace Transforms

t=0:0.01:10;...

Vout=1.36."exp(—6.57.*t)+0.64.*exp(—0.715."t).*c0os(0.316."1)—1.84."exp(—0.715.*t).*sin(0.316.™1);...

plot(t,Vout); grid

Figure 4.10. Plot of v, (t) for the circuit of Example 4.3

4.2 Complex Impedance Z(s)

Consider the s—domain RLC series circuit of Figure 4.11, where the initial conditions are

assumed to be zero.

R

sL
IR

Vs(s)

A%

@ 1(s) 1]

sC

Figure 4.11. Series RLC circuit in s—domain

For this circuit, the sum R + sL + % represents the total opposition to current flow. Then,

S

I(s)

Vs(s)

~ R+sL+1/sC

and defining the ratio V(s)/1(s) as Z(s), we obtain

~

Z(s)=

Vs(s)

I(s)

= R+sL+i
C

S

(4.14)

(4.15)
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Complex Impedance Z(s)

and thus, the s — domain current I(s) can be found from the relation (4.16) below.

_ Vg(s)
I(s) = 765) (4.16)
where
7(s) = R+sL+$ (4.17)

We recall that s = o +jw. Therefore, Z(s) is a complex quantity, and it is referred to as the
complex input impedance of an s —domain RLC series circuit. In other words, Z(s) is the ratio of
the voltage excitation V(s) to the current response I(s) under zero state (zero initial condi-

tions).

|

Example 4.4

For the network of Figure 4.12, all values are in Q (ohms). Find Z(s) using:
a. nodal analysis

b. successive combinations of series and parallel impedances

1 1/s
AV €

+
VS(S) S S

o

Figure 4.12. Circuit for Example 4.4

Solution:

a.

We will first find I(s), and we will compute Z(s) using (4.15). We assign the voltage V ,(s) at
node A as shown in Figure 4.13.
1 Vals) 1/s

I¢
A <

I(s)S

T
Vs(s)

Figure 4.13. Network for finding I(s) in Example 4.4
By nodal analysis,
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Chapter 4 Circuit Analysis with Laplace Transforms

Va(s) = Vg(s) + Va(s) + Va(s) _
1 S s+1/s

0

1 1 _
(1 +§+ R )VA(S) = Vg(s)

3
s +1
\]A(S)= 3 2 VS(S)
S +2s +s+1

The current I(s) is now found as

Vy(s) = V(s) Sl 257+ 1
I(s)=s—=[l——]V (s) = —=2t1 v (s
1 s3+252+s+1 ; s3+252+s+1 >
and thus,
Z()_VS(S)_S3+252+S+1 (418)
RS TE R ’
s"+1
b.

The impedance Z(s) can also be found by successive combinations of series and parallel
impedances, as it is done with series and parallel resistances. For convenience, we denote the
network devices as Z,, Z,, Z; and Z, shown in Figure 4.14.

1 i1/
a AN IS
Zl Z3
Z(s) — S27, s

b o

Figure 4.14. Computation of the impedance of Example 4.4 by series — parallel combinations

To find the equivalent impedance Z(s), looking to the right of terminals a and b, we start on
the right side of the network and we proceed to the left combining impedances as we would
combine resistances where the symbol || denotes parallel combination. Then,

Z(s) = [(Z3+2,) 12,1+ Z,

2 3 3 2
Z(S):M+1—A+1:S+S+1:w

1/ - 2 2 2 (4.19)
Sts+1/8 (28" +1)/s 25" +1 25 +1

We observe that (4.19) is the same as (4.18).
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4.3 Complex Admittance Y(s)

Consider the s —domain GLC parallel circuit of Figure 4.15 where the initial conditions are
zero.

+

© V{S) 6z 13 scs

I5(s)

Figure 4.15. Parallel GLC circuit in s—domain

VAl

For the circuit of Figure 4.15,
GV(s)+iV(s)+sCV(s) = I(s)

(G+i+sC)(V(s)) = I(s)
Defining the ratio I5(s)/V(s) as Y(s), we obtain
Y (C) R - L
Y(S)_V(S) = G+SL+sC =76 (4.20)

and thus the s — domain voltage V(s) can be found from

_ Is(s)
V(S) = m (4’.21)
where
Y(s) = G+-L +5sC (4.22)
sl

We recall that s = 6 +jo. Therefore, Y(s) is a complex quantity, and it is referred to as the
complex input admittance of an s — domain GLC parallel circuit. In other words, Y(s) is the ratio
of the current excitation I¢(s) to the voltage response V(s) under zero state (zero initial condi-

tions).

Example 4.5

Compute Z(s) and Y(s) for the circuit of Figure 4.16. All values are in Q (ohms). Verify your
answers with MATLAB.
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Chapter 4 Circuit Analysis with Laplace Transforms

IR €
13s 8/s
20
Z(s) — 10 § §
Y —
) 5s % 16/s ~

Figure 4.16. Circuit for Example 4.5

Solution:

[t is convenient to represent the given circuit as shown in Figure 4.17.

Z,

Z(s), Y(s) —> Z, Z;

Figure 4.17. Simplified circuit for Example 4.5

where
2
Z, = 13g4 8 = 1357 +8
S S
Z, = 10+5s
Z, = 20+ 16 _ 4(5s+4)
S S
Then,
7.7 5 (10+5s)(@) 5 (10+5$)(M}
Z(s) = Z, + 23=13s+8+ =1?>s+8+2
Zy+Zs s 10+ 55+ 3B5s+4) s 55"+ 10s + 4(5s + 4)
§ s
2 2 4 3 2
_ 13s +8+20(SS +14S+8):6SS +490s™ + 528s” + 400s + 128
s 557 +30s + 16 s(5s” +30s + 16)
Check with MATLAB:
syms s; % Define symbolic variable s

z1=13"s + 8/s; 22 =5*s + 10; zZ3=20 + 16/s; z=z1 + z2 * 28/ (z2+z3)

7z =

13*s+8/s+(5*s+10) * (20+16/s) / (5*s+30+16/s)
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Transfer Functions

210 = simplify(z)

z10 =
(65*s™4+490*s"3+528*s72+400*s+128) /s/ (5*s"2+30*s+16)

pretty(z10)

65 s + 490 s + 528 s + 400 s + 128

s (5 s + 30 s + 16)

The complex input admittance Y(s) is found by taking the reciprocal of Z(s), that is,

2
Y(S) — Zl — - S(Sj +30S2+ 16) (423)
(8)  65s* +490s° + 5285% + 400s + 128

4.4 Transfer Functions

In an s—domain circuit, the ratio of the output voltage V,(s) to the input voltage V; (s)

.. . . * . . . . .
under zero state conditions, is of great interest in network analysis. This ratio is referred to as the
voltage transfer function and it is denoted as G, (s), that is,

~Vou(s)

k) (4.24)

G, (s)

Similarly, the ratio of the output current I ,,(s) to the input current I, (s) under zero state condi-

out

tions, is called the current transfer function denoted as G,(s), that is,

— Iout(s)

RN

(4.25)

The current transfer function of (4.25) is rarely used; therefore, from now on, the transfer func-
tion will have the meaning of the voltage transfer function, i.e.,

* To appreciate the usefulness of the transfer function, let us express relation (4.24) as V,,,(s) = G,(s) - V;,(s).

This relation indicates that if we know the transfer function of a network, we can compute its output by multi-
plication of the transfer function by its input. We should also remember that the transfer function concept exists
only in the complex frequency domain. In the time domain this concept is known as the impulse response, and
it is discussed in Chapter 6 of this text.
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Voui(s)

G() =45

(4.26)

Example 4.6

Derive an expression for the transfer function G(s) for the circuit of Figure 4.18, where R, repre-
sents the internal resistance of the applied (source) voltage Vg, and R, represents the resistance

of the load that consists of R , L, and C.

Figure 4.18. Circuit for Example 4.6

Solution:

No initial conditions are given, and even if they were, we would disregard them since the transfer
function was defined as the ratio of the output voltage V_ (s) to the input voltage V, (s) under

zero initial conditions. The s — domain circuit is shown in Figure 4.19.

_|_
R S
Rg§ sL g Vout(s)
© .l
Vin(8) sC

Figure 4.19. The s—domain circuit for Example 4.6

The transfer function G(s) is readily found by application of the voltage division expression of
the s —domain circuit of Figure 4.19. Thus,
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v R; +sL +1/sC v
out(s) = R, +R +sL+1/sC

(s)

Therefore,
Vou(s) Ry +Ls+1/sC

G(s)= -
=35 R, + R, +Ls+1/5C

(4.27)

|

Example 4.7

Compute the transfer function G(s) for the circuit of Figure 4.20 in terms of the circuit con-
stants R, R,, R3, C;, and C, Then, replace the complex variable s with jo, and the circuit con-
stants with their numerical values and plot the magnitude |G(s)| = V,,(s)/V,,(s) versus radian

frequency .

Ry 40K Coz<10nF

Ry R;

A NN —
+ 200K 50K i
Vin Cl;\ 25 nF t

Figure 4.20. Circuit for Example 4.7
Solution:

The complex frequency domain equivalent circuit is shown in Figure 4.21.

~ 1/SC2

S| R 2
AN AN —
+ V,(s) V,(s) >—f|_
Vl (S) ~ 1/SC1 + V()ut (S)

5
A%
3|

Figure 4.21. The s—domain circuit for Example 4.7
Next, we write nodal equations at nodes 1 and 2. At node 1,

Vi(s)=Vin(s) v, Vi(8) =V, (8) Vv (s)=Vy(s)
+ + + =0
Rl l/SCl R2 R3

(4.28)

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 4-15
Copyright © Orchard Publications .


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 4 Circuit Analysis with Laplace Transforms

At node 2,
Vz(s) - Vl(s) — VOU'[(S) (4.29)
R, 1/5C, '
Since V,(s) = 0 (virtual ground), we express (4.29) as
Vi(s) = (=sR;C)V,(s) (4.30)

and by substitution of (4.30) into (4.28), rearranging, and collecting like terms, we obtain:
K Lo Lilisce )sriCy)- & |Vou(®) = Lv. (s)
R, R, R, R, out R, 0
or
Vout(s) _ -1
V. (s) R, [(1/R,+1/R,+ /R, +sC, )(sR;C,) + I/R,]

G(s)= 4.31)

To simplify the denominator of (4.31), we use the MATLAB script below with the given values of
the resistors and the capacitors.

syms s; % Define symbolic variable s
R1=2%1075; R2=4*10"4; R3=5"10"4; C1=25"10/(-9); C2=10"10/(-9);...
DEN=R1*((1/R1+1/R2+1/R3+s*C1)*(s*R3*C2)+1/R2); simplify(DEN)

ans =
1/200*s+188894659314785825/75557863725914323419136*s"2+5

188894659314785825/75557863725914323419136 % Simplify coefficient of s"2

ans =
2.5000e-006

1/200 % Simplify coefficient of s"2

ans =
0.0050
Therefore,
Vout(s) —1

G(s)= % - 6 2 3
() 25%x10%*+5%x107s+5

By substitution of s with jo» we obtain

Vout(jw) — -1
Vin(0)  25%x10 0 -j5x 10w +5

G(jo)= (4.32)
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Magnitude Vout/Vin vs. Radian Frequency

VWAV MOHANDESYAR. COM
1:10:10000; Gs=-1./(2.5.10.A(~6).*W.A2-5..*10.A(=3)."W+5);...

semilogx(w,abs(Gs)); xlabel('Radian Frequency w'); ylabel(‘|Vout/Vin|');...

title('Magnitude Vout/Vin vs. Radian Frequency'); grid

The plot is shown in Figure 4.22. We observe that the given op amp circuit is a second order

low—pass filter whose cutoff frequency (-3 dB) occurs at about 700 r/s.

We use MATLAB to plot the magnitude of (4.32) on a semilog scale with the following script:

W

H

I

I

I

I

I
1]

|

I

I

I

I

I
B

2 e A e e

T . [ T 1T

.
|
I
I
I

1
|
I
I
I
I
I

T

I B M

I ---ft--Z-Z--dZZZZZZEBZZZZZ-3 &

T TITTITOT

015 F--r-r+++trn

0.05---

[uiA/INOA|

4.33)
4-17

Vour(s)
Vin(s)

Figure 4.22. |G(jw)| versus o for the circuit of Example 4.7
G(s)

Transfer Fon

Let us reconsider the active low—pass filter op amp circuit of Figure 4.21, Page 4-15 where we

found that the transfer function is

The Simulink Transfer Fen block implements a transfer function where the input Vi (s) and
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\/out(s) _ -1

G(s)= =
(5) V.(s) R [(I/R +1/R,+1/R;+5C, )(sR;C,) + 1/R,]

(4.34)

and for simplicity, let R, = R, = Ry = 1 Q,and C;, = C, = 1 F. By substitution into (4.34) we
obtain

\Jout(s) _ -1
Vin(s) s +3s+1

G(s)= (4.35)

Next, we let the input be the unit step function uy(t), and as we know from Chapter 2,

uy(t) & 1/s. Therefore,

- _ 1 - _ -1
Vouls) = 68 Vinls) = S s243s+1 s> +3s%+s (30

To find v, ,(t), we perform partial fraction expansion, and for convenience, we use the MAT-

LAB residue function as follows:

num=-1; den=[1 3 1 O];[r p k]=residue(num,den)

r =
-0.1708
1.1708
-1.0000
p =
-2.6180
-0.3820
0
k =
[]
Therefore,
(==L LI 0'1718)(:)—1+1.171e_0'382t—0.171e_2'618t=Vout(t) (4.37)
S g°+3s+1 s s+0382 s+2.61

The plot for v, (t) is obtained with the following MATLAB script, and it is shown in Figure
4.23.

t=0:0.01:10; ft=—1+1.171.*exp(~0.382.*1)-0.171.*exp(-2.618.*t); plot(t,ft); grid

The same plot can be obtained using the Simulink model of Figure 4.24, where in the Function
Block Parameters dialog box for the Transfer Fcn block we enter —1 for the numerator, and
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[1 3 1] for the denominator. After the simulation command is executed, the Scope block dis-
plays the waveform of Figure 4.25.

O T

| | | |

1 1 1 1

| | | |
02F--N--- Ao . L1 o Lo u

1 1 1 1

1 1 1 1
L G o R SR —

| | |

1 1 1 1
0.6 -~~~ AN Femmmm 1 R Fo------ .

| | | |

1 1 1 1

| i | |
08F------- A-------- oSN - - ———— == I -

| | | |

| | |

1 1 1 ‘

_1 1 1 1 1
0 2 4 6 8 10

Figure 4.23. Plot of v, (t) for Example 4.8.

b

-1
> >
J 243541 Scope
step Transfer Fcn Bus
Creatar

Figure 4.24. Simulink model for Example 4.8

Figure 4.25. Waveform for the Simulink model of Figure 4.24
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4.6 Summary

The Laplace transformation provides a convenient method of analyzing electric circuits since
integrodifferential equations in the t — domain are transformed to algebraic equations in the
s —domain.

In the s —domain the terms sL and 1/sC are called complex inductive impedance, and com-

plex capacitive impedance respectively. Likewise, the terms and sC and 1/sL are called com-
plex capacitive admittance and complex inductive admittance respectively.

The expression

Z(s) = R+sL+-L
sC

is a complex quantity, and it is referred to as the complex input impedance of an s — domain
RLC series circuit.

In the s —domain the current I(s) can be found from

_ Vi(s)
T Z(s)

I(s)
The expression

Y(s) = G+i+sC
sL

is a complex quantity, and it is referred to as the complex input admittance of an s — domain
GLC parallel circuit.

In the s —domain the voltage V(s) can be found from

V(s) = Isﬁ
Y(s)
In an s—domain circuit, the ratio of the output voltage V_,(s) to the input voltage V; (s)
under zero state conditions is referred to as the voltage transfer function and it is denoted as
G(s), that is,
Voui(s)

)
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4.7 Exercises

1. In the circuit below, switch S has been closed for a long time, and opens at t = 0. Use the
Laplace transform method to compute i (t) for t>0.

t = 0 1
l °f§° 100
R i +
2§zog 1L(tL)§ 1 mH i} §_>

2. In the circuit below, switch S has been closed for a long time, and opens at t = 0. Use the
Laplace transform method to compute v (t) for t>0.

R, t=20 R; R,
AMA—o A A
6KQ ‘zﬂc ke | 20ke
@) RaZ60 Ke ~ve() R S10KQ
- 5
72V o MF

3. Use mesh analysis and the Laplace transform method, to compute i,(t) and i,(t) for the cir-

cuit below, given that i, (07) = 0 and vo(07) = 0.

L, R,
SN M\
2 H 3Q
R1§1 o L,g I H
- c|+
Vi) = (0| i (0) 11?\_ (1)

4. For the s —domain circuit below,

a. compute the admittance Y(s) = 1,(s)/V,(s)

b. compute the t—domain value of i,(t) when v,(t) = uy(t), and all initial conditions are
zero.
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I,(s) R; VYc(s) R
rl A =W
1Q 1/s 3Q
Vi(s) R4’\/\/\%Q V,(8) = 2V(s)

5. Derive the transfer functions for the networks (a) and (b) below.

e A ¥ +
Vin(s) = Voul(s) Vin($) RZ Vo (s)
(a) (b)
6. Derive the transfer functions for the networks (a) and (b) below.
+ I( + + A +
C R
Vin(s) R% Vout(s) Vin(s) L % Vout(s)
@ ) )
7. Derive the transfer functions for the networks (a) and (b) below.
N
+ R +
+ L C + L
Vin(s) RZ v, ,(s) Vin(s) Vou(s)

_ C
(@) ) - ] -

Ry

C
MW
MW\ e |—wW\ —
I — ¥ AN
Vin(s) > V+t(S) Vin(s) + V—(I)_ut(s)
)
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9. Derive the transfer function for the network below. Using MATLAB, plot |G(s)| versus fre-
quency in Hertz, on a semilog scale.

R, = 11.3kQ
R, = 22.6 kQ
AN R,=R, = 68.1 kQ

«I}\% ~ C,=C, = 0.01 uF
L
Rl = +
+ — AN AN + Vo ui(s)
Vin( ) R2 -

pl “T il

Gy =
[4
\
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4.8 Solutions to End-of-Chapter Exercises

1. Att = 0 , the switch is closed, and the t— domain circuit is as shown below where the 20 Q
resistor is shorted out by the inductor.

S 10Q
O—»-O0—ANN—
sva (g O
i (1) 2V
Then,
| = % - 32A

and thus the initial condition has been established as i; (0 ) = 3.2 A

For all t>0 the t—domain and s — domain circuits are as shown below.

I 1075 % IIL(S)

003 1mH§iL(0_)=3.2A 002
®

Li (07) = 32x10°V

From the s — domain circuit on the right side above we obtain

32x107° | 32 3 0000 g
20+ 1073 S+20000 0 L

I (s) =

2.Att = 0 , the switch is closed and the t— domain circuit is as shown below.

6KQ 30KQ  20KQ
—ViTW(o > Rl
(t) 60 KQ§ ve(t) 10 KQ§ (1)
72V -

Then,
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2V ___ T2V _ 2N _ 5o
6 KQ+60 KQII60 KQ 6 KQ+30KQ 36 KQ

iT(O _) =
and
i,(0 ) = %iT(O )= 1mA
Therefore, the initial condition is
ve(0 ) = (20 KQ+10 KQ)-i,(0 ) = (30 KQ)- (1 mA) = 30 V

For all t> 0, the s — domain circuit is as shown below.

30 KQ 20KQ Ve = Vels)
—AA AN R —
—L 1 I J; 6 1
— L <ox10® &
§6OKQ 40/9 X 10 s § 10KS Ve(s)! 40s | VR§ 22.5 KQ
| | -
30/s L3078
(60 KQ +30 KQ) I (20 KQ + 10 KQ) = 22.5 KQ
3 3
22.5% 10 30 30 % 22.5 x 10
Ve(s) = Vg = 6 37 T 6 3
9x10°/40s+225%x10° S 9x10%/40+225%x 10%s
_ (30x225x10%)/(22.5x10°) _ 30 _ 30
9x10°/(40x22.5x10°)+s  9x10°/90x 10 +s 10+s
Then,
Ve(s) = =2 306 My () V = ve(t)
s+ 10

3. The s —domain circuit is shown below where z;, = 2s, 2z, = 1 +1/s,and z; = s+3

1/s

Then,
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(zy +2zy),(s) —2,15(s) = 1/s
—2z,1,(8) + (2, + z3)1,(s) = -2/s

(zy+23) -z | |L(S)] _ | 1/5s
-z, (zy+23)| |L,(s) -2/s

We use the MATLAB script below we obtain the values of the currents.

and in matrix form

Z=[z1+z2 -z2; -z2 z2+2z3]; Vs=[1/s -2/s]’; Is=Z\Vs; fprintf(' \n');...
disp('ls1 ="); pretty(Is(1)); disp('ls2 = ); pretty(Is(2))

Isl =
2
2 s -1+ s
2 3
(6 s +3 +9 s + 2 s)
Is2 =
2
4 s + s + 1
2 3
(6 s+ 3 +9 s + 2 s ) conj(s)
Therefore,

2
+2s—1
L(s) = ———=" (1)
28" +9s"+6s+3

4sz+s+1
L(s) = ——— (2)
28" +9s " +6s+3

We use MATLAB to express the denominators of (1) and (2) as a product of a linear and a
quadratic term.

p=[2 9 6 3]; r=roots(p); fprintf(' \n'); disp(‘root1 ='); disp(r(1));...
disp('root2 ='); disp(r(2)); disp('root3 ='); disp(r(3)); disp(‘'root2 + root3 ='); disp(r(2)+r(3));...
disp(‘'root2 * root3 ='); disp(r(2)*r(3))
rootl =
-3.8170

root2 =
-0.3415 + 0.52571
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root3 =
-0.3415 - 0.52571

root2 + root3
-0.6830

root2 * root3
0.3930

and with these values (1) is written as

2
s"+2s-1 I )8 + 13

1(s) = : - b 6)
(s+3.817) - (s*+0.683s+0.393)  (8+3817) " ($? 1 0.6835 +0.393)
Multiplying every term by the denominator and equating numerators we obtain
s +2s—1 = 1,(s” +0.683s + 0.393) + (1,5 + 1;)(s + 3.817)
Equating s>, s, and constant terms we obtain
ry+r, =1
0.683r; +3.817r, +1; = 2
0.393r; +3.817r; = -1
We will use MATLAB to find these residues.
A=[1 1 0:0.683 3.817 1;0.393 0 3.817]; B=[1 2 1]’ r=A\B: fprintf( \n');...
fprintf('r1 = %5.2f \t',r(1)); fprintf('r2 = %5.2f \t',r(2)); fprintf('r3 = %5.2f',r(3))
rl = 0.48 r2 = 0.52 r3 = -0.31
By substitution of these values into (3) we obtain
1,(s) Iy IS+ 13 _ 0.48 + 0.52s - 0.31 )

= + =
(s+3.817) (s +0.683s+0.393) (8+3817) ($? 106835 +0.393)
By inspection, the Inverse Laplace of first term on the right side of (4) is

0.48

-3.82t
m < 0.48¢ (5)

The second term on the right side of (4) requires some manipulation. Therefore, we will use
the MATLAB ilaplace(s) function to find the Inverse Laplace as shown below.

syms st
IL=ilaplace((0.52*s-0.31)/(s"2+0.68*s+0.39));
pretty(IL)
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1217 17 1/2 1/2
- ———— exp(- -- t) 14 sin(7/50 14 t)

13 17 1/2
+ -- exp(- -- t) cos(7/50 14 t)

Thus,

-3.82t —0.34t —0.34t

i,(t) = 0.48¢ —-0.93¢ sin0.53t + 0.52¢ co0s0.53t

Next, we will find I1,(s). We found earlier that

2
Ly(s) = 4s" +s+1

25> +95° + 65 + 3

and following the same procedure we obtain

2
45" —s—-1 1‘1 r2S+r3

I(s) = - +
(s +3.817)- (s> +0.683s+0.393)  (8+3817) (5?4 0.683s +0.393)

(6)

Multiplying every term by the denominator and equating numerators we obtain

45" —s—1 = r,(s” +0.6835 +0.393) + (r,s +1;)(s + 3.817)

.2 .
Equating s”, s, and constant terms, we obtain

|
|
N

0.6831, +3.817r, +1; =
0.393r, +3.817r,4

We will use MATLAB to find these residues.

A=[1 1 0;0.683 3.817 1;0.393 0 3.817]; B=[-4 -1 —1]’; r=A\B; fprintf(' \n');...
fprintf('r1 = 9%5.2f \t',r(1)); fprintf('r2 = %5.2f \t',r(2)); fprintf('r3 = %5.2f,r(3))

rl = -4.49 r2 = 0.49 r3 = 0.20

Il |
| |
—_ =

By substitution of these values into (6) we obtain

+ _
I,(s) = oo _ 1S +13 _ 449 i 0.49s + 0.20 )
(s+3.817) (% +0.683s+0393) (5+3817) (2106835 +0.393)

By inspection, the Inverse Laplace of first term on the right side of (7) is
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0.48

—-3.82t
Tra O e )

The second term on the right side of (7) requires some manipulation. Therefore, we will use
the MATLAB ilaplace(s) function to find the Inverse Laplace as shown below.

syms st
IL=ilaplace((0.49*s+0.20)/(s"2+0.68*s+0.39)); pretty(IL)

167 17 1/2 1/2

-——— exp(- -- t) 14 sin(7/50 14 t)
9800 50
49 17 1/2
+ -——- exp(- -- t) cos(7/50 14 t)
100 50
Thus,
i,(t) = —4.47¢ % 4+ 0.06e **sin0.53t + 0.49¢ ** c0s0.53t
4.
Ve(s)
yy—— AW
1 1/s 3
T AN
Vi(s) 2 V,(s) = 2V (s)
ANV
a. Mesh 1:
(2+1/s)-1,(s) =1,(s) = V,(s)
or
6(2+1/5)1,(s) - 61,(s) = 6V,(s) (1)
Mesh 2:

—1,(s) + 61,(s) = =V,(s) = =(2/5)I,(s) (2)
Addition of (1) and (2) yields

(124 6/5) - 1,(s) + (2/s— 1) - 1,(s) = 6V (s)
or
(11+8/5)-1,(s) = 6V,(s)
and thus
Y(s) = L,(s) _ 6 __ 6s
Vi) 11+8/s 1ls+8
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b. With V,(s) = 1/s we obtain

Li(s)=Y(s) - Vils) = ﬁ%‘é ' i - 11s6+ 8 s f?;l/ln < %e_(gm)t =1
5.
+ IV\I{V + + Ls +
Vin(s) e S;:_Vom(s) Vii(S) R% Vour(s)
(a) (b)
Network (a):
Voul®) = m255 Vi (5)
and thus

G(s) = Voul(s) _ 1/Cs  _ 1/Cs 1 _ 1/RC

V..(s) R+1/Cs (RCs+1)/(Cs) " RCs+1 s+1/RC

Network (b):

Vou(s) = Vin(s)

Ls+R
and thus

Voul) - R _ R/L
Vi,(s) Ls+R s+R/L

G(s) =

Both of these networks are first—order low—pass filters.

6.
¢ M
+ l/IEZs T + R +
Vln(s) R VOut(S) Vln(s) LS Vout(s)

(a) (b)
Network (a):

R
Voul®) = 77e7R  Vinl®)

and
Vour(s) R _ RCs _ S

G(s) = = = =
Vi.(s) 1/Cs+R  (RCs+1) s+ 1/RC
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Network (b):
Ls
R+Ls

Vouls) = Vin(s)

and

Vout(S)_ Ls _ s

G = = =
) =5 5 " R+ls  s+R/L

Both of these networks are first—order high—pass filters.

NN
—’D’ﬁ'ﬁ—' + R +
+ Ls
*oLs s

Vin(s) Vout(s) Vin(s) Vout(s)
_ Ry 1/Cs
(a) — 5 T -
Network (a):
_ R
Vouls) = Fyesar V)
and thus

G(s) = Vour(s) R RCs _ (R/L)s

Vin(s)  Ls+1/Cs+R [ 4+ 1+RCs  s°+(R/L)s+1/LC

This network is a second—order band—pass filter.

Network (b):

Ls+1/Cs
Voul®) = gitsvi/cs Vol
and
_Vou(s)  Ls+1/Cs . LCs*+1 s+ 1/LC

Vin(s)  R+Ls+1/Cs [ +RCs+1 s +(R/L)s+1/LC

This network is a second-order band—elimination (band-reject) filter.
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8.
€
1/Cs Ry
AN MW\
R, Ry 1/Cs Ry
> A D
s AN > b AN > +
Vin(s) * Vo-ll:t(s) Vin(s) + Vout(S)
(a) (b)
Network (a):
R,x1/C \Y
Let z; = R, and z, = R,II1/Cs = 27 " For inverting op amps You(®) _ 2 and
R, +1/Cs V.,(s) zZ,
thus
G(s) = Youl®) | ARXI/CH/Ry 4 1/Cs)] | Ry x 1/Cs) R,C
S) = = = =
V,.(s) R, R,-(R,+1/Cs) s+1/R,C

This network is a first—order active low—pass filter.

Network (b):

V(s
Let z;, = R;+1/Cs and z, = R,. For inverting op-amps Youl® _ %
Vin(s)

Vout(s) _ -R, _ —(R,/Ry)s
Vi.(s) R, +1/Cs s+1/R,C

G(s) =

This network is a first—order active high—pass filter.
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9.
R, = 11.3KQ
R, = 22.6 KQ
Ry R,=R, = 68.1 KQ
Ivys ;=R
R, v, C,=C, = 0.01 uF
R =+ o vl ——+
+ WA Vour(s)
Vin(s) e = 1/Cs l_
J— 1
‘l‘ = 1/Cys -
Y4
[AN
AtNode V,:
Vi), Vi) = Vou(®) _
11 1
—+— |V (s) = ==V 1
(R RV = Ve O
AtNode V;:

Vi(8) = Va(s)  Vi(s) _
R, 1/C;s

and since V;(s) = V,(s), we express the last relation above as

Vi(s) = Viy(s)

R, +CisV,(s) =0

(}%2+018)V1(S) = Rizvz(s) @)

At Node V,:
Vz(s)—Vin(S)+V2(S)—V1(S)+V2(S)—Vout(s) — 0
R, R, 1/C,s
1.1 _ Vi(s)  Vi(s)
(E+E+C2SJV2(S) = R_1+ 5 +C,sV, ,(s) (3)
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From (1)
(1/R,)
(R;+R,)/R3R,

R
Vi(s) = Voul®) = mrry Voul® @)

From (2)
V,y(s) = Rz(}%+cls)vl(s) = (1+R,C,5)V,(s)
2

and with (4)
Ry(1 +R,C,s)

V,(s) = (R, +R,)

Vou(s) )

By substitution of (4) and (5) into (3) we obtain

R,(1+R,C,s) V. (s) R
1 1 3 2V 1 3
_+_+( S)—V S = n + — V S +( SV S
(RI R, 2 (R;+Ry) out(8) R, R,(R;+Ry) out(S) 25Vou(s)

1 .
- Czs}vout(s) = lTlVin(s,

_(J—+—L+C S)R?’(l +R2CIS)_L R3
AR, R, ?/ (Ry+Ry  Ry(Ry+Ry)

and thus

Vout(s) _ 1

Vin(s) N (_1_+_1_+CS)R3(1+R2c1s)_L Ry ..
"R, "R, %/ (Ry+R,) R,(Ry;+R,) 2

G(s) =

By substitution of the given values and after simplification we obtain

7.83 %10’
2 4 7
2 +1.77x10% +5.87x 10

We use the MATLAB script below to plot this function.

w=1:10:10000; s=j.*w; Gs=7.83."10.A7./(s.72+1.77.*10./4.*s+5.87.*10./7);...
semilogx(w,abs(Gs)); xlabel('Radian Frequency w'); ylabel(‘|Vout/Vin|’);...
title('Magnitude Vout/Vin vs. Radian Frequency'); grid

G(s) =
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Magnitude Vout/Vin vs. Radian Frequency
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The plot above indicates that this circuit is a second—order low—pass filter.
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Chapter 5

State Variables and State Equations

his chapter is an introduction to state variables and state equations as they apply in circuit
analysis. The state transition matrix is defined, and the state—space to transfer function
equivalence is presented. Several examples are presented to illustrate their application.

5.1 Expressing Differential Equations in State Equation Form
As we know, when we apply Kirchoff’s Current Law (KCL) or Kirchoff’s Voltage Law (KVL) in

networks that contain energy—storing devices, we obtain integro—differential equations. Also,
when a network contains just one such device (capacitor or inductor), it is said to be a first-order
circuit. If it contains two such devices, it is said to be second—order circuit, and so on. Thus, a first
order linear, time—invariant circuit can be described by a differential equation of the form

ali—{ +agy(t) = x(t) (5.1)

A second order circuit can be described by a second-order differential equation of the same form
as (5.1) where the highest order is a second derivative.

An nth-order differential equation can be resolved to n first—order simultaneous differential
equations with a set of auxiliary variables called state variables. The resulting first—order differen-
tial equations are called state—space equations, or simply state equations. These equations can be
obtained either from the nth—order differential equation, or directly from the network, provided
that the state variables are chosen appropriately. The state variable method offers the advantage
that it can also be used with non-linear and time-varying devices. However, our discussion will
be limited to linear, time—invariant circuits.

State equations can also be solved with numerical methods such as Taylor series and Runge-

%k N .
Kutta methods, but these will not be discussed in this text . The state variable method is best
illustrated with several examples presented in this chapter.

|
Example 5.1
A series RLC circuit with excitation

vg(t) = e/ (5.2)

* These are discussed in “Numerical Analysis using MATLAB and Spreadsheets” ISBN 0-9709511-1-6.
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Chapter 5 State Variables and State Equations

is described by the integro—differential equation
. di 1 ! . _ _jot
R1+Ldt+ Cj_wldt =e (5.3)

Differentiating both sides and dividing by L we obtain

2 .
d't }_{(ﬁ 1. l jot
P +L dt+L—Cl = LJ(ue 5.4)
or
2 .
dt__I_{d_l_l. 1. jot
E = L dt L——C 1+ L_](De (55)

X, = i (5.6)
and
AP TR PR S
Then,
x, = d*i/dt’ (5.8)

where %, denotes the derivative of the state variable x, . From (5.5) through (5.8), we obtain the

state equations
X] = X2

L2 ™

. . . . . * .
[t is convenient and customary to express the state equations in matrix form. Thus, we write the
state equations of (5.9) as

. 0 1 0
H =1 R H 1. v (5.10)
Xz _ITE _E X2 Ij_](l)e

We usually write (5.10) in a compact form as

X = Ax+bu (5.11)
where

*  For a review of matrix theory, please refer to Appendix D.
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% 0 1 X 0
x= " A = Rl x=1"", b=, jo» and u = any input (5.12)
%, e L X, f joe
The output y(t) is expressed by the state equation
y = Cx+du (5.13)

where C is another matrix, and d is a column vector.

In general, the state representation of a network can be described by the pair of the of the state—
space equations

AX + bu
Cx +du (5.14)

y

The state space equations of (5.14) can be realized with the block diagram of Figure 5.1.

u b F—5(x)——fat X o l—H3 )y
ﬁ/ b
A
d

Figure 5.1. Block diagram for the realization of the state equations of (5.14)

We will learn how to solve the matrix equations of (5.14) in the subsequent sections.
|

Example 5.2

A fourth—order network is described by the differential equation

4 3 2
dJ4+a3d—z+a2d—Z+a1(h’+ao y(t) = u(t) (5.15)

dt dt dt dt

where y(t) is the output representing the voltage or current of the network, and u(t) is any
input. Express (5.15) as a set of state equations.
Solution:

The differential equation of (5.15) is of fourth—order; therefore, we must define four state vari-
ables which will be used with the resulting four first—order state equations.
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We denote the state variables as x,, x,, x5, and x,, and we relate them to the terms of the given
differential equation as

2
d d d
X; = y(t) Xy = a}f X3 = :1—2}, X4 = ﬁ (5.16)
t t
We observe that
X] = X2
X, = X3
X; = X, (5.17)
d4
_21 = X4 = —aOXI—aIX2—32X3—a3X4+u(t)
dt

and in matrix form

X, 0 1 0 0fX] |0
e I I | o P L S (5.18)
X 0 0 0 1|lx| |0
Xy —d¢ —a; —a 3| |x, 1
In compact form, (5.18) is written as
X = Ax+bu (5.19)
where
X, 01 0 0 X 0
=%, A= 0 01 O, x =2, b:O, and u = u(t)
% 0 0 0 1 X5 0
Xy —dp —a; —a; —a3 Xy 1

We can also obtain the state equations directly from given circuits. We choose the state variables
to represent inductor currents and capacitor voltages. In other words, we assign state variables to
energy storing devices. The examples below illustrate the procedure.

Example 5.3

Write state equation(s) for the circuit of Figure 5.2, given that v-(07) = 0, and u,(t) is the unit

step function.
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R
M

+
€ = Ve(t) = Vou(t)

Vg ug(t)

QN

Figure 5.2. Circuit for Example 5.3
Solution:

This circuit contains only one energy—storing device, the capacitor. Therefore, we need only one

state variable. We choose the state variable to denote the voltage across the capacitor as shown
in Figure 5.3. The output is defined as the voltage across the capacitor.

R
ANNN—
T vr(®)

© @c;{ Ve() = Vou(t) = x

vgu(t)

Figure 5.3. Circuit for Example 5.3 with state variable x assigned to it

For this circuit,

. . . dve .
1R:1:1C:CE:CX
and .
vr(t) = Ri = RCx
By KVL,
Vr(t) +ve(t) = vgug(t)
or

RCx +x = vguy(t)
Therefore, the state equations are

X = —LX+VSu0(t)

RC (5.20)

y =X

Example 5.4

Write state equation(s) for the circuit of Figure 5.4 assuming i, (07) = 0, and the output y is
defined as y = i(t).
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R

@i )3

vgug(t)

Figure 5.4. Circuit for Example 5.4
Solution:

This circuit contains only one energy—storing device, the inductor; therefore, we need only one
state variable. We choose the state variable to denote the current through the inductor as shown
in Figure 5.5.

R
A%

CITERY £

_VSuO(t)

Figure 5.5. Circuit for Example 5.4 with assigned state variable x

By KVL,
or

. di
or

Rx +LxX = vguy(t)

Therefore, the state equations are

X = - Rx+ lVsuo(t)

L L (5.21)

y =X

5.2 Solution of Single State Equations
If a circuit contains only one energy—storing device, the state equations are written as

X = ax+ pu
5.22
y = kix+kyu ( )

where o, B, k;, and k, are scalar constants, and the initial condition, if non-zero, is denoted as

X = x(t,) (5.23)
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We will now prove that the solution of the first state equation in (5.22) is

~ t
x(t) = e t")xo+e‘“j ¢ “Bu(t)de (5.24)
to

Proof:

First, we must show that (5.24) satisfies the initial condition of (5.23). This is done by substitu-
tionof t = t, in (5.24). Then,

t
x(ty) = ea(to_to)x0+eatj 0e_MBu(‘c)dT (5.25)

t
The first term in the right side of (5.25) reduces to x, since

oty —ty)
€

Xo = €'X, = X, (5.26)

The second term of (5.25) is zero since the upper and lower limits of integration are the same.
Therefore, (5.25) reduces to x(t,) = x, and thus the initial condition is satisfied.

Next, we must prove that (5.24) satisfies also the first equation in (5.22). To prove this, we dif-
ferentiate (5.24) with respect to t and we obtain

() = (%(ea(t_to)xo)+ d{eatjttemﬁu(r)dr}

dt
or ¢
t—t _ _
2(t) = o™ xg o[ e pu(nydr+efe “pu(o]], _,
to
t—t t _
= of " e[ e Tpuryde |+ oo “pucy)
to
or

X(t)= a[ea(t_to)xo +jtea(t_T)Bu(‘c)dr} + Bu(t) (5.27)

to

We observe that the bracketed terms of (5.27) are the same as the right side of the assumed solu-
tion of (5.24). Therefore,

X = oaXx + Pu
and this is the same as the first equation of (5.22).
In summary, if o and B are scalar constants, the solution of

X = ax+ pu (5.28)
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with initial condition
Xy = X(tO) (5.29)
is obtained from the relation
_ t
x(t) = eoc(t tO)XO + emj e “Bu(t)dr (5.30)
t

Example 5.5
Use (5.28) through (5.30) to find the capacitor voltage v(t) of the circuit of Figure 5.6 for t> 0,

given that the initial condition is vo(07) = 1 V

R
NN
20
Cl+
(t) — Vc(t)
0

Figure 5.6. Circuit for Example 5.5
Solution:

From (5.20) of Example 5.3, Page 5-5,

X = —Rléx+vsu0(t)
and by comparison with (5.28),
L=t _
RC 2x0.5
and
B =2

Then, from (5.30),

x(t)

(t-t) t o ot
e X, + eatj e “Bu(t)dt = e V1 +e tJ. e"2u(t)dr
t 0

t t
e '+ 2e_tj fdr=e¢ '+ f/le_t[et]‘0 —e '+ 2e_t(et— 1)
0

or

ve(t) = x(t) = (2—¢ uy(t) (5.31)

Assuming that the output y is the capacitor voltage, the output state equation is
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y(t) = x(t) = (2—¢ Huy(t) (5.32)

5.3 The State Transition Matrix
In Section 5.1, relation (5.14), we defined the state equations pair

¢« = AX+b
r T ARl (5.33)
y = Cx+du

where for two or more simultaneous differential equations, A and C are 2 x2 or higher order

matrices, and b and d are column vectors with two or more rows. In this section we will intro-

duce the state transition matrix ¢, and we will prove that the solution of the matrix differential
equation

X = Ax+bu (5.34)
with initial conditions
is obtained from the relation
B t
x(t) = eA(t to>xo + eAtJ. e_ATbu(T)dr (5.36)
t

0

Proof:

Let A be any n x n matrix whose elements are constants. Then, another n x n matrix denoted as

¢(t), is said to be the state transition matrix of (5.34), if it is related to the matrix A as the
matrix power series

o) =™ = T+At+ %Azt2 + §’1—1A3t3 o+ r-}—’Antn (5.37)

where 1 is the n x n identity matrix.

From (5.37), we find that

AV 1h A0+, =1 (5.38)

00) =e
Differentiation of (5.37) with respect to t yields

0'(t) = diteAt —0+A-1+A%t+... = A+A%t+... (5.39)

and by comparison with (5.37) we obtain
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d At At
o - Ae (5.40)
To prove that (5.36) is the solution of (5.34), we must prove that it satisfies both the initial con-
dition and the matrix differential equation. The initial condition is satisfied from the relation

t
Aty —t At 0 _
x(t)) = e (h O)XO +e OI e ATbu(T)dT = eAOXO +0 = Ix, = X, (5.41)
)
where we have used (5.38) for the initial condition. The integral is zero since the upper and lower
limits of integration are the same.

To prove that (5.34) is also satisfied, we differentiate the assumed solution

A(t—to) At
Xgt+€

x(t) = e 0

t
j e “bu(t)dr

to

with respect to t and we use (5.40), that is,

d At At
It = Ae
Then, t
A(t— _ _
(1) = A" t°)x0+AeAtj ¢ bu(t)dr + ¢e A bu(t)
to
or
. A(t-ty) Atf' —At At —At
X(t) = Ale Xp+ € je bu(t)dr | +e™'e ™ bu(t) (5.42)
to

We recognize the bracketed terms in (5.42) as x(t), and the last term as bu(t). Thus, the expres-
sion (5.42) reduces to

X(t) = AX +bu

In summary, if A is an n x n matrix whose elements are constants, n>2, and b is a column vec-
tor with n elements, the solution of

X(t) = Ax+bu (5.43)
with initial condition X, = x(t) (5.44)
is :
x(t) = ¢ xgr ™[ e M bu(nyde (5.45)
to

Therefore, the solution of second or higher order circuits using the state variable method, entails

. .l . A . .
the computation of the state transition matrix e”', and integration of (5.45).
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5.4 Computation of the State Transition Matrix e’

Let A be an nxn matrix, and I be the nxn identity matrix. By definition, the eigenvalues A,

i=1,2,...,n of A are the roots of the nth order polynomial

det[A-AI]l = 0 (5.46)

We recall that expansion of a determinant produces a polynomial. The roots of the polynomial of
(5.46) can be real (unequal or equal), or complex numbers.

. . At . .
Evaluation of the state transition matrix "' is based on the Cayley~Hamilton theorem. This theo-
rem states that a matrix can be expressed as an (n— 1)th degree polynomial in terms of the
matrix A as

e = aOI+a1A+a2A2+ o+a, A" (5.47)

where the coefficients a, are functions of the eigenvalues A.

We accept (5.47) without proving it. The proof can be found in Linear Algebra and Matrix The-
ory textbooks.

Since the coefficients a; are functions of the eigenvalues A, we must consider the two cases dis-
cussed in Subsections 5.4.1 and 5.4.2 below.

5.4.1 Distinct Eigenvalues (Real of Complex)

If A, #h, #hy# ... #A,, that is, if all eigenvalues of a given matrix A are distinct, the coeftfi-

cients a, are found from the simultaneous solution of the following system of equations:

2 -1 Ayt

ao+a1}\41+az)\41 + ... +an_1)\4r11 = ¢ !
2 n-1 Ayt

ag+ah+aA+...+a, A, =c¢ (5.48)
2 -1 Ayt

ag+ad +ah +...+a, A =e

Example 5.6

o . A .
Compute the state transition matrix ¢ given that
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S

We must first find the eigenvalues A of the given matrix A . These are found from the expansion

of

Solution:

detfA-AI] =0
For this example,

det[A—M]—detﬂ—2 1}4[1 OHﬂe{—Z—X 1}0
0 -1 0 1 0 —1-Xx

(-2-M)(=1-2)=0

or
A+ 1)(A+2) = 0
Therefore,
Ay =-1 and A, =-2 (5.49)

Next, we must find the coefficients a; of (5.47). Since A is a 2 x 2 matrix, we only need to con-

sider the first two terms of that relation, that is,

M= al+aA (5.50)

The coefficients a, and a, are found from (5.48). For this example,

a0+a1}\/1 = e}\’lt
or
ag+a(=1) = e
oraih =< 550
ag+a,(-2) =¢e
Simultaneous solution of (5.51) yields
a, = 2 e
(5.52)

—t -2t
a, =¢e —¢

and by substitution into (5.50),

eAt _ (2e_t—e_2t){ 1 0 } + (e_t—e_Zt) {_2 1}
0 1 0 -
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or

™= | e —¢ (5.53)

In summary, we compute the state transition matrix ¢*' for a given matrix A using the following

procedure:

1. We find the eigenvalues A from det[A—-AI] = 0. We can write [A —AI] at once by sub-
tracting A from each of the main diagonal elements of A . If the dimension of A isa 2x2
matrix, it will yield two eigenvalues; if it is a 3 x 3 matrix, it will yield three eigenvalues, and

so on. If the eigenvalues are distinct, we perform steps 2 through 4; otherwise we refer to Sub-
section 5.4.2 below.

2. If the dimension of A is a 2 x 2 matrix, we use only the first 2 terms of the right side of the
state transition matrix

M = aOI+a1A+a2A2+ o+a, A" (5.54)

If A matrix is a 3 x 3 matrix, we use the first 3 terms of (5.54), and so on.

3. We obtain the a, coefficients from
2 -1 Ayt
ag+ad +ahi+...+a A =e

2 -1 Ayt
a0+a1)\42+a2)\/2+...+an_1}\/2 = ¢ ?

-1 At
ATl =e

2
ag+a A, +a A+ . +a, A

We use as many equations as the number of the eigenvalues, and we solve for the coefficients
a.

i

4. We substitute the a; coefficients into the state transition matrix of (5.54), and we simplify.

Example 5.7

. AL
Compute the state transition matrix ¢ given that
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5 7 -5
A=10 4 -1 (5.55)
2 8 -3

Solution:

1. We first compute the eigenvalues from det[A —AI] = 0. We obtain [A — AI] at once, by sub-
tracting A from each of the main diagonal elements of A . Then,

5-A 7 =5
det[A —AI] = det| 4-% -1 | =0 (5.56)

2 8 -3-A
and expansion of this determinant yields the polynomial

A —607+11A-6 = 0 (5.57)
We will use MATLAB roots(p) function to obtain the roots of (5.57).

p=[1 -6 11 —6]; r=roots(p); fprintf(' \n'); fprintf('lambdal = %5.2f \t', r(1));...
fprintf('lambda2 = %5.2f \t', r(2)); fprintf('lambda3 = %5.2f', r(3))

lambdal = 3.00 lambda2 = 2.00 lambda3 = 1.00
and thus the eigenvalues are
=1  dy=2  Ay=3 (5.58)
2. Since A is a 3 x 3 matrix, we use the first 3 terms of (5.54), that is,

M = a l +a,A + a2A2 (5.59)

3. We obtain the coefficients a,, a,, and a, from

2 At
ao+al}\«1 +az}\.1 = ¢
2 Aot
2 Ast
ao + al)\,3 + 32)\‘3 = ¢
or
t
2t

ap+3a, +9a,
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We will use the following MATLAB script for the solution of (5.60).

B=sym([1 1 1;1 2 4;1 3 9]); b=sym('[exp(t); exp(2*t); exp(3*t)]'); a=B\b; fprintf(' \n);...
disp(‘a0 ='); disp(a(1)); disp(‘al ='); disp(a(2)); disp('a2 ="); disp(a(3))

a0 =
3*exp(t)-3*exp(2*t) +exp(3*t)
al =
-5/2%exp(t)+4*exp (2*t) -3 /2*exp (3*t)
a2 =
1/2*exp(t)-exp(2*t)+1/2*exp (3*t)
Thus, o
a0:3et—3et+e
5t 462t 33t
4 = —5¢ + 5¢ (5.61)
1 ¢ 2t 1 3¢

4. We also use MATLAB to perform the substitution into the state transition matrix, and to per-
form the matrix multiplications. The script is shown below.

syms t; a0 = 3*exp(t)+exp(3*t)-3*exp(2*t); a1 = —5/2*exp(t)-3/2*exp(3*t)+4*exp(2*1);...

a2 = 1/2*exp(t)+1/2*exp(3*t)-exp(2*1);...
=[5 7 -5; 0 4 -1; 2 8 -3]; eAt=a0*eye(3)+al1*A+a2*AN2

eAt =
[-2*exp (t)+2*exp(2*t)+exp (3*t), -6*exp(t)+b*exp(2*t)+exp(3*t),
d*exp(t) -3*exp(2*t) -exp(3*t) ]
[-exp(t)+2*exp(2*t) —exp (3*t), -3*exp(t)+5*exp(2*t)-exp(3*t),
2*eXp(t) 3*exp (2*t)+exp (3*t) ]
[-3*exp(t)+4*exp (2*t) -exp (3*t), -9*exp(t)+10*exp(2*t)-exp(3*t),
6*exp(t) 6*exp (2*t) +exp (3*t) ]
Thus,
—2e'+ 26:2t + e3t —6e' + 562t + e3t 4e' - 362t - e3t
At
€ = _e'p2e’ e 3eteset e 2¢' =3¢t e
—3>et+4ezt—e3t —9et+1062t—e3t 6et—6e:2t+e3t

5.4.2 Multiple (Repeated) Eigenvalues

In this case, we will assume that the polynomial of

det[A-AI] =0 (5.62)
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has n roots, and m of these roots are equal. In other words, the roots are

)\«1 = }\.2: }\.3... = }\-m, }\-m+1 N }\«n (5.63)
The coefficients a, of the state transition matrix
et = aOI+alA+a2A2+...+an_lAn_l (5.64)

are found from the simultaneous solution of the system of equations of (5.65) below.

At
2 -1
ao+a1}\41+az)\41+...+an_l}\frll = ¢ !
d 2 n-1 d Mt
—(ao + al)\«l + az}\-l +...+a 71)\«1 ) = —¢C
2 2
d 2 -1 d” At
—(ag+a M+ A +...+a, A ) = —e
>80 T a1A + A n-1/M >
x (5.65)
—1 m-1
d" 2 n-1 d At
—(ag+aA A ...+, A ) = ——e
A t
2 n-1 m+1
ao+al}\«m+1+az}\-m+1+...+an71}\.m+1 = ¢
At
2 -1
ag+a A, +aA +...+a,_ A =e

Example 5.8

L At .
Compute the state transition matrix e given that

ST

1. We first find the eigenvalues A of the matrix A and these are found from the polynomial of
det[A —AIl = 0. For this example,

Solution:

det[A—Al] = de‘{_ 12‘7‘ 1 0}] =0 (—1-MN(=1-0)=0  (+1)’=0

and thus,
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}\’1:}\’2=_1

. Since A is a 2 x 2 matrix, we only need the first two terms of the state transition matrix, that
is,
At 5.66
e =a)l+aA (5.66)

. We find a, and a, from (5.65). For this example,

At
ag+ah; = e
d d Mt
—(ay+aA) = —¢
an, Bo it = g
or
At
ag+a A, = ¢
At
a; =te

and by substitution with A, = A, = -1 , we obtain
ap—a; = e
a, = te”'

Simultaneous solution of the last two equations yields

ot —t
a, = ¢ +te

(5.67)
a, = te
. By substitution of (5.67) into (5.66), we obtain
e = (e_t+te_t) 1o +te -10
0 1] 2 -1
or
_t ]
Mo 0 (5.68)
2te” e

We can use the MATLAB eig(x) function to find the eigenvalues of an n x n matrix. To find out
how it is used, we invoke the help eig command.
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We will first use MATLAB to verify the values of the eigenvalues found in Examples 5.6 through
5.8, and we will briefly discuss eigenvectors in the next section.

Example 5.6:

A=[-2 1;0 -1]; lambda=eig(A)

lambda =
-2
-1

Example 5.7:
B=[57 -5 04 -1; 2 8 -3]; lambda=eig(B)

lambda =
1.0000
3.0000
2.0000

Example 5.8:
C=[-1 0; 2 -1]; lambda=eig(C)

lambda =
-1
-1

5.5 Eigenvectors

Consider the relation
AX = AX (5.69)

where A is an nxn matrix, X is a column vector, and A is a scalar number. We can express this
relation in matrix form as

ayy Ay e | | X, X,
We write (5.70) as
(A-ADX = 0 (5.71)

Then, (5.71) can be written as
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(a;;—-M)X;  apX, ... a4 X,
ay Xy (ap—A)Xy ... ayX, =0 (5.72)
a,1X] 4%y e (@ = A)Xy

The equations of (5.72) will have non—trivial solutions if and only if its determinant is zero , that
is, if

(a;,=A) a;, ... a,
det| 21 @A) oAy | (5.73)
a a, ... (a—~A)

Expansion of the determinant of (5.73) results in a polynomial equation of degree n in A, and it
is called the characteristic equation.

We can express (5.73) in a compact form as
det(A-AT) = 0 (5.74)

As we know, the roots A of the characteristic equation are the eigenvalues of the matrix A, and
corresponding to each eigenvalue A, there is a non-trivial solution of the column vector X, i.e.,
X #0. This vector X is called eigenvector. Obviously, there is a different eigenvector for each
eigenvalue. Eigenvectors are generally expressed as unit eigenvectors, that is, they are normalized
to unit length. This is done by dividing each component of the eigenvector by the square root of
the sum of the squares of their components, so that the sum of the squares of their components is
equal to unity.

L o o T
In many engineering applications the unit eigenvectors are chosen such that X - X" = I where

T . . ‘ , . .
X is the transpose of the eigenvector X, and I is the identity matrix.

Two vectors X and Y are said to be orthogonal if their inner (dot) product is zero. A set of eigen-
vectors constitutes an orthonormal basis if the set is normalized (expressed as unit eigenvectors)
and these vector are mutually orthogonal. An orthonormal basis can be formed with the Gram-
Schmidt Orthogonalization Procedure; it is beyond the scope of this chapter to discuss this proce-
dure, and therefore it will not be discussed in this text. It can be found in Linear Algebra and
Matrix Theory textbooks.

*  This is because we want the vector X in (5.71) to be a non-zero vector and the product (A-A1)X to be zero.
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The example below illustrates the relationships between a matrix A, its eigenvalues, and eigen-

vectors.

Example 5.9

Given the matrix

a. Find the eigenvalues of A

5
A=
2

7 -5
4 -1
8 -3

b. Find eigenvectors corresponding to each eigenvalue of A

c. Form a set of unit eigenvectors using the eigenvectors of part (b).

Solution:

a. This is the same matrix as in Example 5.7, relation (5.55), Page 5-14, where we found the

eigenvalues to be

A =1 A, =2 Ay =3
b. We start with
AX = AX
and we let
X]
X = X,
X3
Then,
5 7 =511% X
0 4 —1||x,| = Alx, (5.75)
2 8 -3|x, X4
or
5%, Tx, —5%4 AX,
0 4%, —X; AX, (5.76)
2x, 8%, -3x4 AXj

Equating corresponding rows and rearranging, we obtain
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(5-M)x, 7X, —5X4 0
0 (4-2)x, —X; = |0 (5.77)
2x, 8%, —(3=A)x, 0

For A = 1, (5.77) reduces to
4x,+7x,=5x3 = 0
2X1 + 8X2—4X3 = O
By Crame’s rule, or MATLAB, we obtain the indeterminate values

X, = 0/0 X, = 0/0 Xy = 0/0 (5.79)

Since the unknowns x,, x,, and x; are scalars, we can assume that one of these, say x,, is
known, and solve x, and x; in terms of x,. Then, we obtain x, = 2x,, and x; = 3x,. There-

fore, an eigenvector for A = 1 is

X 2x, 2 2
Xpo1= %y = | X, | = X1 = |1 (5.80)
X3 3%, 3 3

since any eigenvector is a scalar multiple of the last vector in (5.80).

Similarly, for A = 2, we obtain x, = x,, and x; = 2x,. Then, an eigenvector for A = 2 is

S| X 1 1
Xpzo= |%,| = | x| = X2f1] = |1 (5.81)
X5 2%, 2 2
Finally, for A = 3, we obtain x, = —x,, and x; = x,. Then, an eigenvector for A = 3 is
S| —X2 -1 -1
X5 X, 1 1

c. We find the unit eigenvectors by dividing the components of each vector by the square root of
the sum of the squares of the components. These are:

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 5-21

Copyright © Orchard Publications .
1 e


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 5 State Variables and State Equations

J22 417437 = J14
JIP+1?P+28 = 6
JeD2+ 12417 = 3

The unit eigenvectors are

2] 1 Bt
J14 J6 3
. 1 . 1 . 1
Unit X, _ = |— Unit X, _,= |— Unit X, _3= |— (5.83)
T gRNG SN
3 2 L
14 6] /3]
We observe that for the first unit eigenvector the sum of the squares is unity, that is,
2 )2 ( 1 )2 ( 3 )2 4 1 9
— | +|—=] =] ==+=+= =1 (5.84)
( A AN VR VR VARV

and the same is true for the other two unit eigenvectors in (5.83).

5.6 Circuit Analysis with State Variables

In this section we will present two examples to illustrate how the state variable method is used in
circuit analysis.

Example 5.10

For the circuit of Figure 5.7, the initial conditions are i, (07) = 0, and v-(07) = 0.5 V. Use the

state variable method to compute i, (t) and v(t).

R L
AA——TT
1Q  1/4H |,
® T Ve®
1(t -
vg(t) = uy(t) ® 4/3 F

Figure 5.7. Circuit for Example 5.10
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Solution:

For this example,
i=i

and

d.

Substitution of given values and rearranging, yields

1di .
Zd_tL = (=i, —ve+1
or
%ITL = 4 —dv+4 (5.85)
Next, we define the state variables x, = i; and x, = v.. Then,
i
g = & (5.86)
and
_ dve
T dt
Also,
_ v
T
and thus,
. dv . .
xl—lL—Cd—tC:sz—gx2
or
3
X, = 7% (5.87)
Therefore, from (5.85), (5.86), and (5.87), we obtain the state equations
X; = —4x,-4x,+4
Xz = ZXI
and in matrix form,
A
w1374 0l|x| |0
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We will compute the solution of (5.88) using

_ t
x(t) = ¢ to)x0+e“j ¢ bu(t)dr (5.89)
t

0

A={4 ﬂ M=iN”:{0}b:H (5.90)
3/4 0 ve(0) 172 0

. o A , .
First, we compute the state transition matrix e" . We find the eigenvalues from

where

detfA-AI] =0
Then,

detfA—Al] = det| " 47 4 20 (M) 4-0)+3=0 2 44r+3 =0
3/4

Therefore,
Ay =-1 and A, =-3

The next step is to find the coefficients a,. Since A is a 2 x 2 matrix, we only need the first two

terms of the state transition matrix, that is,

M= al+aA (5.91)

The constants a, and a, are found from

A
A
agtak, = ¢
and with A, = =1 and A, = -3, we obtain
a-a, = e '
o (5.92)
3t
a,—3a; = ¢
Simultaneous solution of (5.92) yields
a, = 1.5¢ "= 0.5¢ "
(5.93)

a, = 0.5¢ " ~0.5¢"

We now substitute these values into (5.91), and we obtain
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Al (I.Se_t—O.Se_h){l OJ+(O.Se_t—O.Se_2t){_4 ‘}

e =
0 1 3/4 0
Lse_ 050 0 et +2e7 2eT 4 2e
) -t | §e_t— gei3t 0
0 1.5¢ -0.5¢ 3 3

or

n |05t 15T 20T 42

¢ = 3t
3ot 3e 1.5¢ '~ 0.5¢ "

8 8
The initial conditions vector is the second vector in (5.90); then, the first term of (5.89)
becomes

A —05¢ +1.5¢7 2e 427" { 0 }
0o - -3t
§e_t—ée 1.5¢ = 05" [[1/2
8 78
or
—t -3t
My, = | T¢ *e (5.94)
0.75¢ '~ 0.25¢ "

We also need to evaluate the integral on the right side of (5.89). From (5.90)

b= =14
0 0
and denoting this integral as Int, we obtain

120560 4 1567300 (=D 5 B3(-D) {

(t— =3(t-1)
t §e (t T)_ée

1} 4drt
8 8

“3(t-1) 0

1.5¢ " _05e

or

t1-05¢ "V 41567300

Int = It 3 -ty 3 -3(-71)
0 ge —ge

4dt (5.95)
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The integration in (5.95) is with respect to 1 ; then, integrating the column vector under the inte-

gral, we obtain
t

—(t-1) =3(t-1)
Int = 4 -0.5¢ +0.5¢
0

375¢ TP _0.125¢° 07
T=0

Int = 4{ ~0.5+0.5 } 4 -0setw0se | Ll 0seT-0.5¢7
0.375-0.125]  [9375¢"~0.125¢7"  |0.25-0.375¢ " +0.125¢""

By substitution of these values, the solution of

or

Alt—t t
x(t) = ¢ °)x0+eAtj ¢ bu(t)dr
t

0

{’HJ _ —e '+ 6_3t +4 0.5¢'-0.5 e_3t _ e_t—e_3t
X, 0.75¢ "'~ 0.25¢ " 0.25-0.375¢ "'+ 0.125¢ " 1-0.75¢ "+ 0.25¢ "

X, =i =¢ ‘- (5.96)

is

Then,

and
X, = Ve = 1-0.75¢ " +0.25¢" (5.97)

Other variables of the circuit can now be computed from (5.96) and (5.97). For example, the
voltage across the inductor is

di T
vy = L—= = 1d e —e 3t) =

_ _le—t 3e—3t
T dt  4dt

3¢ T3

We use the MATLAB script below to plot the relation of (5.97).

t=0:0.01:10; x2=1-0.75."exp(-1)+0.25.*exp(-3.*1);...
plot(t,x2); grid

The plot is shown in Figure 5.8.
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| I | | | | | |

| | | | | | | |

| | | | | | | | |

| | | | | | | | |
09F--—-—2o___ /A ___ 1 H N (R

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |

0.8 | | | I | | | | |

| | | | | | | | |

| | | | | | | |

| | | | | | | |
07 o]

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |
06F--f-+--—-d4-—-“1————F———4-———A-————~|"———t+-———4—-— - —

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |

| | | | | | | | |

05 L | | L L | L L L

0 1 2 3 4 5 6 7 8 9 10

Figure 5.8. Plot for relation (5.97)

We can obtain the plot of Figure 5.8 with the Simulink State—Space block with the unit step
function as the input using the Step block, and the capacitor voltage as the output displayed on
the Scope block as shown in the model of Figure 5.9 where for the State-Space block Function
Block Parameters dialog box we have entered:

A: [-4 —4;3/4 0]

B: [4 O]

C: [0 1]

D:[0]

Initial conditions: [0 1/2]

- ®' = AxtBu
yw = Cx+Ou Spope

Step State-Space Bus
Greator

Figure 5.9. Simulink model for Example 5.10

The waveform for the capacitor voltage for the simulation time interval 0 <t<10 seconds is

shown in Figure 5.10 where we observe that the initial condition v(07) = 0.5 V is also dis-

played.
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Figure 5.10. Input and output waveforms for the model of Figure 5.9

Example 5.11
A network is described by the state equation

X = Ax+bu (5.98)

A= {1 0} Xy = H b = H and u = 3(t) (5.99)
1 -1 0 1

Compute the state vector

where

Solution:

We compute the eigenvalues from
detfA-AI]l =0
For this example,

det[A - AT] = de{l_}‘ 0 } 20 (1-M)(=1-2) =0
1 —1-A
Then,
Ayo=1 and A, =-1
Since A is a 2 X2 matrix, we only need the first two terms of the state transition matrix to find
the coefficients a;, that is,

e = al+aA (5.100)

The constants a, and a, are found from
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A
ao+a1}\-1 = ¢ lt
- (5.101)
and with A, = 1 and A, = -1, we obtain
t
a,+a, = e
(5.102)
ag-a, = e '
and simultaneous solution of (5.102) yields
t+ —t
a, = = = cosht
2
t —t
a, = =% = sinht
2

By substitution of these values into (5.100), we obtain

™ = coshtl + sinhtA = cosht|! O]+ sinnt|1 O] = |cosht+ sinht 0 (5.103)
0 1 1 -1 sinht cosht — sinht
The values of the vector x are found from
_ t t
x(t) = eA(t tO)x0+eAtI e_ATbu(’l:)d’r = eAtX0+eAtj e_ATbS(T)d'E (5.104)

ty 0

Using the sifting property of the delta function we find that (5.104) reduces to

eAtx0+eAtb = eAt(x0+b) = eAt{ 1 + -1 } = eAt 0
0 1 1

_ | cosht + sinht 0 0 _ %1
sinht cosht — sinht 1 X

2

X = H _ { 0 } _ H (5.105)
X, cosht — sinht et

x(t)

Therefore,
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5.7 Relationship between State Equations and Laplace Transform

In this section, we will show that the state transition matrix can be computed from the Inverse
Laplace transform. We will also show that the transfer function can be found from the coefficient
matrices of the state equations.

Consider the state equation
X = Ax+bu (5.1006)
Taking the Laplace of both sides of (5.106), we obtain

sX(s)—x(0) = AX(s) +bU(s)
or
(sI-A)X(s) = x(0)+bU(s) (5.107)

Multiplying both sides of (5.107) by (sI-A)™", we obtain

X(s) = (sI-A)"'x(0) + (sI-A)'bU(s) (5.108)
Comparing (5.108) with

t
x(t) = eAtxO+eAt.[ e_ATbu(’r)d'r (5.109)
0

we observe that the right side of (5.108) is the Laplace transform of (5.109). Therefore, we can

. A - .
compute the state transition matrix ¢ from the Inverse Laplace of (sI- A)™", that is, we can use
the relation

M= 7 GI-A)T) (5.110)

Next, we consider the output state equation
y = Cx+du (5.111)
Taking the Laplace of both sides of (5.111), we obtain

Y(s) = CX(s)+dU(s) (5.112)
and using (5.108), we obtain

Y(s) = C(sI=A)"'x(0) + [C(sI - A)'b+d]U(s) (5.113)
If the initial condition x(0) = 0, (5.113) reduces to

Y(s) = [C(sI-A)'b+d]U(s) (5.114)
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In (5.114), U(s) is the Laplace transform of the input u(t) ; then, division of both sides by U(s)

yields the transfer function

G(s) = % = C(sI—A)'b+d

Example 5.12

(5.115)

In the circuit of Figure 5.11, all initial conditions are zero. Compute the state transition matrix

At
¢"" using the Inverse Laplace transform method.

R L
AN TIIR
30 1H cl+
) - = V(1)
_ C_ i(t) L2E|
Vs(t) = uo(t)

Figure 5.11. Circuit for Example 5.12

Solution:

For this circuit,
1 = lL
and

. di
Ri; + L—dTL +ve = uy(t)

Substitution of given values and rearranging, yields

dip

L= 3yt (5.116)
Now, we define the state variables
X, = i
and
X, = Ve
Then,
di )
P = 5= diver ] (5.117)
and
_ dve
7 dt
Also,
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i = cdve _ 53V
i, = C5€ = 055 (5.118)
and thus,
X, = i, = o.sdd—vtC = 0.5%,
or
X, = 2x, (5.119)

Therefore, from (5.117) and (5.119) we obtain the state equations

. (5.120)
X, = 2x,
and in matrix form,
Xl o |23 x|y (5.121)
X, 2 0] %, 0
By inspection,
A= {—3 -1 (5.122)
2 0
Now, we will find the state transition matrix from
M=z GI-A)T (5.123)
where
(sI—A):S 0 _|-3 —1| _ [s+3 1
0 s 2 0 -2 S
Then,
S -1
(sT— Ay = 2di(sI=A) _ 1 s =1 | _ |(s+1)(s+2) (s+1)(s+2)
det(sI-A) 24 3542(2 s+3 2 s+3

(s+1)(s+2) (s+1)(s+2)

We find the Inverse Laplace of each term by partial fraction expansion. Thus,

t

“t -2t
2e —e

M=z 1oAY = |7
2¢ ' —2¢7?

—t -2t —t 2t
e +2e —e +e

Now, we can find the state variables representing the inductor current and the capacitor voltage
from
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t
x(t) = eAtx0+eAt.[ e_ATbu(r)dr
0

using the procedure of Example 5.11.

MATLAB provides two very useful functions to convert state—space (state equations), to trans-
fer function (s—domain), and vice versa. The function ss2tf (state—space to transfer function)
converts the state space equations

= Ax+Bu= (5.124)
y = Cx+Du
to the rational transfer function form
_ N(s)
G(s) = =2/ 5.125
) = 5 (5.125)

This is used with the statement [num,den]=ss2tf(A,B,C,D,iu) where A, B, C, D are the matrices

of (5.124) and iu is 1 if there is only one input. The MATLAB help command provides the fol-
lowing information:

help ss2tf
SS2TF State-space to transfer function conversion.
[NUM,DEN] = SS2TF(A,B,C,D,iu) calculates the
transfer function:
NUM (s) -1
G(s) = —=—=—————- = C(sI-A) B + D
DEN (s)
of the system:
X = AX + Bu
v = Cx + Du
from the iu'th input. Vector DEN contains the coefficients of the
denominator in descending powers of s. The numerator coefficients are
returned in matrix NUM with as many rows as there are outputs vy.

See also TF2SS

The other function, tf2ss, converts the transfer function of (5.125) to the state—space equations
of (5.124). It is used with the statement [A,B,C,D]=tf2ss(num,den) where A, B, C, and D are
the matrices of (5.124), and num, den are N(s) and D(s) of (5.125) respectively. The MATLAB
help command provides the following information:

*  We have used capital letters for vectors b and c to be consistent with MATLAB'’s designations.
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help tf2ss
TF2SS Transfer function to state-space conversion.
[A,B,C,D] = TF2SS(NUM,DEN) calculates the state-space
representation:
X = AX + Bu
v = Cx + Du
of the system:
NUM (s)
G(s) = ———————-
DEN (s)

from a single input. Vector DEN must contain the coefficients of the
denominator in descending powers of s. Matrix NUM must contain the
numerator coefficients with as many rows as there are outputs y. The
A,B,C,D matrices are returned in controller canonical form. This calcu-
lation also works for discrete systems. To avoid confusion when using
this function with discrete systems, always use a numerator polynomial
that has been padded with zeros to make it the same length as the denom-
inator. See the User's guide for more details.

See also SS2TF.

Example 5.13

For the circuit of Figure 5.12, all initial conditions are zero.

R L
AV ’15'51?1“
1Q
<+ C;<+ VC(t) = Vout(t)
- it _
vo(t) = ug(t) i(t) 1F

Figure 5.12. Circuit for Example 5.13
a. Derive the state equations and express them in matrix form as

X = Ax+Bu

y = Cx+Du

b. Derive the transfer function
G(s) = )
D(s)

c. Verify your answers with MATLAB.
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Solution:

a. The differential equation describing the circuit is

and with the given values,

i+§+vC = uy(1)
or
g—i = —1— v +uy(t)
We let
X, =1, =1
and
X2 = Ve = Vout
Then,
dt
and
dv,
X = E =Xy
Thus, the state equations are
X = —X; — X, +uy(t)
Xy = X
y =%

and in matrix form,

X =Ax+Buo {Xll = {‘1 _1} {Xll + Huo(t)
X, 1 0]|x, 0

(5.126)
y=Cx+Duey= I:O 1:| |:z1:| + I:():I u,(t)
2

b. The s —domain circuit is shown in Figure 5.13 below.
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R L
WV T

1Q 8

®

V.i,(s)

C
=
s

+
= Ve(s) = Vou(s)
1/s|

Figure 5.13. Transformed circuit for Example 5.13

By the voltage division expression,

Vout(s) = i—:iis—mvin(s)
or
Voul® _ 1
Via(s) P 4s+1
Therefore,
G(s) = You®) _ 1 (5.127)
Vin(s) P45+l
C.
A=[-1 -1;1 0;B=[1 0]; C=[0 1]; D=[0]; % The matrices of (5.126)
[num, den] = ss2tf(A, B, C, D, 1) % Verify coefficients of G(s) in (5.127)
num =
0 0 1
den =
1.0000 1.0000 1.0000
num=[0 0 1];den=1[1 1 1]; % The coefficients of G(s) in (5.127)
[A B C D] = tf2ss(num, den) % Verify the matrices of (5.126)
A =
-1 -1
1 0
B =
1
0
C =
0 1
D =
0
The equivalence between the state—space equations of (5.126) and the transfer function of
(5.127) is also evident from the Simulink models shown in Figure 5.14 where for the State—
Space block Function Block Parameters dialog box we have entered:
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A:[-1 —1;3/4 0]

B:[1 O]

C:[0 1]

D:[0]

Initial conditions: [0 0]

For the Transfer Fcn block Function Block Parameters dialog box we have entered:

Numerator coefficient: [ 1 ]
Denominator coefficient: [1 1 1]

- ' = AxtBu
w = CrtDu Scope 1
St=p 1 State-Space Bus
Creator 1
1
e
5245+ Scope 2
Step 2 Transfar Fon Bus
Greator 2

Figure 5.14. Models to show the equivalence between relations (5.126) and (5.127)

After the simulation command is executed, both Scope 1 and Scope 2 blocks display the input
and output waveforms shown in Figure 5.15.

Figure 5.15. Waveforms displayed by Scope 1 and Scope 2 blocks for the models in Figure 5.14
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5.8 Summary

An nth-order differential equation can be resolved to n first—order simultaneous differential
equations with a set of auxiliary variables called state variables. The resulting first—order differ-
ential equations are called state—space equations, or simply state equations.

The state—space equations can be obtained either from the nth-order differential equation, or
directly from the network, provided that the state variables are chosen appropriately.

When we obtain the state equations directly from given circuits, we choose the state variables
to represent inductor currents and capacitor voltages.

The state variable method offers the advantage that it can also be used with non-linear and
time—varying devices.

If a circuit contains only one energy—storing device, the state equations are written as

ax + pu

y = kix+k,u

where o, B, k;, and k, are scalar constants, and the initial condition, if non—zero, is denoted

as

Xg = X(tp)

If o and B are scalar constants, the solution of x = ax + Bu with initial condition x, = x(t,)

is obtained from the relation

t—t t_
x(t) = ea( O)XO + eatj- e “Bu(t)dr
t
The solution of the state equations pair
X = Ax+bu
y = Cx+du

where A and C are 2 x 2 or higher order matrices, and b and d are column vectors with two

or more rows, entails the computation of the state transition matrix ™ , and integration of

A(t—t to_
x(t) = e " °)x0+eAtj ¢ bu(t)dr
to
The eigenvalues A,, where i = 1,2, ...,n, of an nxn matrix A are the roots of the nth order
polynomial
detfA-AI] =0
where 1 is the n x n identity matrix.
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e The Cayley-Hamilton theorem states that a matrix can be expressed as an (n—1)th degree
polynomial in terms of the matrix A as

At 2 -1
e’ =al+aA+a,A"+ ... +a, A"

where the coefficients a; are functions of the eigenvalues A.
e If all eigenvalues of a given matrix A are distinct, that is, if
AM#EAZEAZE.EA

the coefficients a; are found from the simultaneous solution of the system of equations

2 n-1 At
ag+a A +aA+...+a, A  =c¢

2 n-1 Ayt
a0+a1)\42+a2)\/2+...+an_1}\/2 = ¢

2 n-1 At
agtah, +a A +...+a, A, =e

e If some or all eigenvalues of matrix A are repeated, that is, if

A == Ay = A, A A

m+1° n

the coefficients a; of the state transition matrix are found from the simultaneous solution of

the system of equations

At
2 -1
ag+ah +aA +...+a, AT =¢
d 2 n-1 d Mt
—(ag+a A +aA +...+a, A = —e
d}\fl( 0 171 27%] n-17v1 ) d}\fl
2 2
2 -1 d” At
(ao+al}\41+az}L1+... +a _1}\4111 ) = !
2 n 2
a’ a’
m-1 m-1
2 1 d At
——(ag+a M +aA +...+a,_ A ) = e
m-—1 n m-1
A" !
A t
2 n-1 m+ 1
ao+a1}\4m+l+a2}\4m+l+...+an_1}\/m+1 = ¢

2 -1
ag+ a A, +ah, +...+a, A, =e
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e We can use the MATLAB eig(x) function to find the eigenvalues of an n X n matrix.
e A column vector X that satisfies the relation
AX = AX
where A is an nxn matrix and A is a scalar number, is called an eigenvector.
e There is a different eigenvector for each eigenvalue.

e Eigenvectors are generally expressed as unit eigenvectors, that is, they are normalized to unit
length. This is done by dividing each component of the eigenvector by the square root of the
sum of the squares of their components, so that the sum of the squares of their components is
equal to unity.

e Two vectors X and Y are said to be orthogonal if their inner (dot) product is zero.

e A set of eigenvectors constitutes an orthonormal basis if the set is normalized (expressed as
unit eigenvectors) and these vector are mutually orthogonal.

e The state transition matrix can be computed from the Inverse Laplace transform using the rela-
tion

M=z (s1-A)TY

e If U(s) is the Laplace transform of the input u(t) and Y(s) is the Laplace transform of the out-
put y(t), the transfer function can be computed using the relation

Gs) = Y8 _ cs1-A)y 'b+d
U(s)

e MATLAB provides two very useful functions to convert state—space (state equations), to
transfer function (s-domain), and vice versa. The function ss2tf (state—space to transfer func-
tion) converts the state space equations to the transfer function equivalent, and the function
tf2ss, converts the transfer function to state—space equations.
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5.9 Exercises

1. Express the integrodifferential equation below as a matrix of state equations where
k;, k,, and k; are constants.

2 t
g—y—+k3d—‘:+kzv+klj vdt = sin3t+ cos3t
0

a>  °d

2. Express the matrix of the state equations below as a single differential equation, and let
x(y) = y(t).

X, 0 1 0 0] |X 0
Xz _ 0 0 1 0 RS " 0 u(t)
X3 0 0 0 1| |x, 0
X, -1 =2 -3 4] |x, 1

3. For the circuit below, all initial conditions are zero, and u(t) is any input. Write state equa-
tions in matrix form.

u(t)

4. In the circuit below, all initial conditions are zero. Write state equations in matrix form.

R L
AN IR
1Q 1H C,
@ > E
2F 2 F

Vpcosmtuo(t)

VAl
/1

5. In the below, i, (07) = 2 A. Use the state variable method to find i, (t) for t>0.

o

SE AT

10u,(t)
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6. Compute the eigenvalues of the matrices A, B, and C below.

0 1 0
3 -1 -a b
-6 -11 -6

Hint: One of the eigenvalues of matrix Cis —1.

At .
7. Compute ¢ given that

0 1 0
A=]1o0 0 1
6 —11 -6

Observe that this is the same matrix as C of Exercise 6.

8. Find the solution of the matrix state equation x = Ax + bu given that

A=L; ﬂ b:H, xo{‘(ﬂ, u=3(t), t,=0

9. In the circuit below, i, (07) = 0, and vo(07) = 1 V.

a. Write state equations in matrix form.

At
b. Compute e™' using the Inverse Laplace transform method.

c. Find i, (t) and v(t) for t>0.

Jl

C
R§ Lg4n 2
3/4 Q 4/3 F
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5.10 Solutions to End-of-Chapter Exercises

1. Differentiating the given integrodifferential equation with respect to t we obtain

v’ dvi o dv
Y b ky— +k,— +k,v = 3cos3t—3sin3t = 3(cos3t— sin3t)
a det Tdt

or
dv’ dv’ | dv
——Yg = —k3=—-k,==—k;v +3(cos3t-sin3t) (1)
dt dt t
We let
dt dt2
Then,
dv’ I
— =X
e
and by substitution into (1)
and thus the state equations are
and in matrix form
X 0o 1 0 S| 0
X, = [0 0 1] |x,|+ 0] 3(cos3t—sin3t)

2. Expansion of the given matrix yields

Letting x = y we obtain

4 3
d_y_+4£1_zg

et dt

2
+39—Y—+2QX

a2t +y = u(t)
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R

T iLil
® g g

u(t)

]
|<—|—

Welet i = x; and v = x,. ByKCL, iy = i} +i. or

u(t)—ve . dve
BTy
or .
Also, )
X, = Lx,
Then,
X, = ix and x, = — =x Ly +-1—u(t)
LI e 27 C"' RCT?RC
and in matrix form
[ _| o 172 9 I L1 I O
| |m1/7C —1/RC x| |1/RC
2
R vep L i
NN I
1Q I H
Cil + ©l4
@ -~ Vci T Veo
2 F 2F
Vpcos(ntuo(t)

We let lL = Xl’ VCI = Xz,and ch = X3.BYKCL,

Vey = Vycosmtu(t) N 2dVC1 )

or _
or
1 1 1 1
Xy = 53X - 3%+ EVpcoswtuO(t) (1)
By KVL,
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dip
ver = Lgr+ve
or )
X, = IX; +Xx3
or
X; = X,—X; (2)
Also, q
Veo
L= O
or ]
X = 2X;
or |
X3 = 5% 3)

Combining (1), (2), and (3) into matrix form we obtain

X1 0 1 -1 X 0
X,| T |=1/72 =172 0" [xy| +[1/2] -V coswtuy(t)
1720 0] |x, 0

We will create a Simulink model with V; = 1 and output y = x;. The model is shown below
where for the State-Space block Function Block Parameters dialog box we have entered:
A:[0 1 -1;-1/2 -1/2 0;1/2 0 0]

B:[0 1/2 O]

C:[0 0 1]

D:[0]

Initial conditions: [0 0 0]

and for the Sine Wave block Function Block Parameters dialog box we have entered:

Amplitude: 1

Phase: pi/2
|'n'-. w'= AxtBu
LY * = CxOu Seope
Sine Wawe State-Space

The input and output waveforms are shown below.
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5.
R
2Q
T Lg 2 H
10u,(t)
From (5.21) of Example 5.4, Page 5-6,
X = - %x + %Vsuo(t)

For this exercise, & = -R/L = -1 and b = 10x (1/L) = 5. Then,

a(t—ty) t_
x(t)y =¢ ' x0+eat.[ e “"Bu(t)dt
to

t t
=0y e_tJ- eTSuO(r)dr =2¢ '+ Se_tI e'dt

0 0
= 2¢ ' +5¢ (e'—1)=2¢e " +5-5¢ = (5-3¢ )uy(t)

and denoting the current i; as the output y we obtain

y(t) = x(t) = (5-3e uy(t)

A = {1 2} det(A—M):det[{l 2}—7{1 OB :de{l_}‘ 2 }:o
3 -1 321 Tlo1 3 _1-a

(1-A)(-1-2)-6=0
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C1-A+A+A =6 =0

A =7
and thus
A= A7 Ay = =7
b.
=20 det(B—M)zdet( a 0,11 0) = det a=h 0 | _
-a b -a b 01 —a b-A
(a=A)(b=2) = 0
and thus
C.
0 1 0 0 1 0 1 00
C=1p 0 1 det(C—Al) = det| | o 0 1/-2lo 10
-6 -11 -6 -6 -11 -6 001
A 1 0
=det| 0 _) 1 |=0
-6 —-11 —6-A

AT(=6-A) =6 (=11)(=L) = A+ 62+ 11L+6 = 0

and it is given that A, = -1. Then,

3 2
A +6a:11)1k+6 = W4 5h46 (ot (A+2)(A+3) = 0

and thus

a. Matrix A is the same as Matrix C in Exercise 6. Then,
=<1 =2 A =3
and since A is a 3 x 3 matrix the state transition matrix is
At

e = aOI+alA+azA2 (1)
Then,
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A

2 1t —t
ag+a A +ahi=e =a,—a; +a,=¢e

2 Ayt -2t

ag+aAy+ azkg RN a,—3a;+9a, = e
symst; A=[1 -1 1;1 -2 4;1 -3 9];..

a=sym('[exp(-1); exp(—2*t); exp(-3*1)]"); x=A\a; fprintf(' \n");...

disp(‘a0 ='); disp(x(1)); disp(‘al ="); disp(x(2)); disp(‘a2 ="); disp(x(3))

a0 =

3*exp(-t)-3*exp(-2*t)+exp(-3*t)

al =

5/2%exp (-t)-4*exp (-2*t)+3/2*exp (-3*t)
az =

1/2%exp(-t) -exp(-2*t)+1l/2%exp (-3*t)

Thus,

t -3t

a, = 3¢ -3¢ +3e

a, =25¢" —4e 7 + 150"

2

a, = 0.5¢ ' —e ' +0.5¢"

Now, we compute e"' of (1) with the following MATLAB script:

syms t; a0=3"exp(—t)-3*exp(-2*t)+exp(—3*t); a1=5/2*exp(—t)-4*exp(-2*t)+3/2*exp(—3*1);...
a2=1/2*exp(-t)-exp(-2*t)+1/2*exp(-3*t); A=[0 1 0; 00 1; -6 —11 —6]; fprintf(' \n');...
eAt=a0*eye(3)+al1*A+a2*AN2

eAt =
[3*exp(-t)-3*exp(-2*t)+exp(-3*t), 5/2*exp (-t)-4*exp(-2*t)+3/
2*exp (-3*t), 1/2%exp(-t) -exp(-2*t)+1/2%exp (-3*t) ]

[-3*exp(-t)+6*exp (-2*t) -3*exp(-3*t), -5/2%exp(-t)+8*exp(-2*t)-
9/2*exp(-3*t), -1/2%exp(-t)+2*exp(-2*t)-3/2*exp(-3*t)]
[3*exp(-t)-12%exp (-2*t)+9*exp (-3*t), 5/2*%exp(-t)-1l6*exp (-
2*t)+27/2%exp (-3*t), 1/2*%exp(-t) -4*exp(-2*t)+9/2%*exp (-3*t) ]

Thus,

3t t

3¢ —3e 4o 25¢ " —de 41507 05¢ " —e ' +05¢""
At
€ =3¢ r6e M 23e 25t +8e m45e —05e 42— 1507

3¢ —12e ' +9e" 25e ' —16e N+ 13.5¢ " 05¢ ' —de P +45e "
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Solutions to End—of—Chapter Exercises

A= |: 1 0:|, b= |:1:|, Xp = |:_1:|, u = 3(t), to=0
22 2 0

t t
x(t) = eA(t_o)x0+eAtI e_ATbu(r)dr = eAtx0+eAtI e_ATbS(r)dr
0 0

eAtxo + eAtb = eAt(x0 +b) = eAt( -1 + 1 j = eAt 0
0 2 2

We use the following MATLAB script to find the eigenvalues A, and 2, .

(1)

A=[1 0; -2 2J; lambda=eig(A); fprintf(' \n);...
fprintf(lambdal = %4.2f \t',lambda(1)); fprintf(lambda2 = %4.2f \t',lambda(2))

lambdal = 2.00 lambda2 = 1.00
Next,
At t
ag+a A =¢ =a,+a =¢
At
ag+ah, = =a,+2a, =™
Then,
t 2t 2t t
a, = 2e —e a;, = ¢ -—¢
and

o
Il

-2 2

Ze:t—e2t 0 + eZt—et 0 _ et 0
0 2et—e2t —2&:2t+2et ZeZt—Zet 2et—2e2t GZt

By substitution into (1) we obtain

x(t) = 0| = e 0| lof _|0
2 26! 2t 2t) |2 72t
e —2e e ¢

At al+a,A = (2et—62t){1 O}+(e2t—et){l 0}
01

and thus
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9.

TV v )y=1V
V =
3/4 Q 4H 4/3F ¢

kS ip ngiL C Jlric iL(0)=0

We let
Then,
a.
ig+ip+ic =0
\ Ve
—=+i;+C—==0
R LT
X, 4 -
m +X1 + §X2 = O
or
: 3
Also,
Vi = Vo = Lﬁ‘ = 4x, = x
L C dt 1 2
or
1
X = 7% (2)

From (1) and (2)

and thus

M= s AT
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sioaj= s O|_[ o s 14
0 s [-3/4 -1 3/4 s+l

A = det[sI-A] = det| S ‘J/f‘:s2+s+3/us=(s+1/4xs+3/4)

3/4 s+1

adj[sT— A] = mﬁ{s -J/ﬂ ) {s+1 1/ﬂ

3/4 s+1]  [-3/4 s
: ) l . ) _ 1 S+1 1/4
[sI-A]" = fadjlsI-A] = (S+1/4)(s+3/4){—3/4 s }
il 1/4
(s+1/4)(s+3/4)  (s+1/4)(s+3/4)
~3/4 >

(s+1/4)(s+3/4) (s+1/4)(s+3/4)

We use MATLAB to find e™' = < 71{[51 — A1} with the script below.
syms st

Fs1=(s+1)/(s"2+s+3/16); Fs2=(1/4)/(s"2+s+3/16); Fs3=(-3/4)/(s"2+s+3/16); Fs4=s/
(s"2+s+3/16);...

fprintf(' \n"); disp('a11 ="); disp(simple(ilaplace(Fs1))); disp('a12 ="); disp(simple(ila-
place(Fs2)));...

disp(‘a21 ="); disp(simple(ilaplace(Fs3))); disp(‘'a22 = '); disp(simple(ilaplace(Fs4)))

all =
-1/2%exp(-3/4*t)+3/2%exp(-1/4*t)
al2 =
1/2*exp(-1/4*t)-1/2%exp(-3/4*t)
a2l =
-3/2*exp(-1/4*t)+3/2*%exp(-3/4*t)
a22 =
3/2%exp(-3/4*t)-1/2%exp(-1/4*t)
Thus,
A 1 567025t 507075 0.567025t _ 507075
—1.5¢7 P 4 1.5¢70 —0.5¢ 0P 4 1570

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition

Copyright © Orchard Publications .

5-51


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 5 State Variables and State Equations

t
x(t) = eA(t*°>x0+eAtj ¢ *bu(t)dt = e*'x,+0 = eAt[H + H]
0 1 0

_ 1.5670.25t B 0.56—0.75t 0.5670'2& B 0‘560.751 H _ [0‘560.2& B O.Seo.7sw
t

—0.25t ~0.75t ~0.25t ~0.75t —0.25t -0.75
-0.5¢

1.5¢P 4 1.5¢ +1.5¢ U 205¢"% + 1.5¢

and thus for t> 0,

-0.25t —0.75t -0.25t -0.75t

5-52
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Chapter 6

The Impulse Response and Convolution

cuit that is subjected to the excitation of the impulse function. Then, it defines convolution
and how it is applied to circuit analysis. Evaluation of the convolution integral using graph-
ical methods is also presented and illustrated with several examples.

T his chapter begins with the definition of the impulse response, that is, the response of a cir-

6.1 The Impulse Response in Time Domain

In this section we will discuss the impulse response of a network, that is, the output (voltage or
current) of a network when the input is the delta function. Of course, the output can be any volt-
age or current that we choose as the output. The computation of the impulse response assumes
zero initial conditions.

We learned in the previous chapter that the state equation

X = Ax+bu 6.1)
has the solution

B t
x(t) = ¢ " t°)x0+e“j ¢ bu(t)dr 6.2)

0

Therefore, with initial condition x, = 0, and with the input u(t) = 8(t), the solution of (6.2)
reduces to

x(t) = e j te““besmdr (6.3)
0

Using the sifting property of the delta function, i.e.,

jmf(t)a(»c)dr = £(0) (6.4)

and denoting the impulse response as h(t), we obtain

h(t) = e"'buy(t) (6.5)

where the unit step function u,(t) is included to indicate that this relation holds for t> 0.

Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition 6-1
Copyright © Orchard Publications


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 6 The Impulse Response and Convolution

Example 6.1

Compute the impulse response of the series RC circuit of Figure 6.1 in terms of the constants R
and C, where the response is considered to be the voltage across the capacitor, and v(07) = 0.

Then, compute the current through the capacitor.

R
MWV

VL O

+
~_h(t) = ve(t) = vy, (1)

®

3(t)

Figure 6.1. Circuit for Example 6.1
Solution:

We assign currents i and ix with the directions shown in Figure 6.2, and we apply KCL.

T
C i1(:
1+
® T2 h(D) = Ve(t) = Vou (1)
d(t)
Figure 6.2. Application of KCL for the circuit for Example 6.1
Then, ..
Ig+ic =0
or q 50
Ve  Ve—ob) _
C m + R =0 (6.6)
We assign the state variable
VC = X
Then,
dve _
dt
and (6.6) is written as
Cx+= = (1)
R
or .
X = —pExt —S(t) (6.7)

Equation (6.7) has the form )
X = ax +bu

and as we found in (6.5),
h(t) = e"'buy(t)

For this example,
a=-1/RC
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The Impulse Response in Time Domain

and
b =1/RC
Therefore,
_ _ ~t/rCc_1
h(t) = ve(t) = ¢
or
oV/RC
The current i can now be computed from
= Mt

Thus,

. B d(l ~t/RC )
ic = C mo Chlree Tu®

1 —t/RC+l -t/RC
R’C R

5(t)

Using the sampling property of the delta function, we obtain

1 —t/RC
R C

= —S(t) - (6.9)

|
Example 6.2
For the circuit of Figure 6.3, compute the impulse response h(t) = v.(t) given that the initial

conditions are zero, that is, i, (07) = 0, and v(07) = 0.

R L
AAAY SN
10 1/4H [,
(if) = h(t) = ve(t)
5(0) 4/3 F

Figure 6.3. Circuit for Example 6.2
Solution:

This is the same circuit as that of Example 5.10, Chapter 5, Page 5-22, where we found that

ol

and
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Chapter 6 The Impulse Response and Convolution

a |05 15T 2e T 4 2e

e =
3 + 3 -3t —t _3¢
86 - 8e 1.5¢ -0.5¢

The impulse response is obtained from (6.5), Page 6—1, that is,

h(t)= x(t) = e 'buy(t)

then,
o] 05T+ 1se 2eTw2e7 | e+ 67
h(t): X(t) = = 3 ¢ 3 -3t 4 3¢ 0 uo(t) = 3 ¢ 3 -3t uo(t) (610)
X - _= — - _ =
2 86 86 1.5¢ 0.5¢ 26 2e
In Example 5.10, Chapter 5, Page 5-22, we defined
Xl = iL
and
X2 = VC
Then,
h(t) = x, = ve(t) = 1.5¢ ' = 1.5¢"
or
h(t) = ve(t) = 1.5(e e (6.11)

Of course, this answer is not the same as that of Example 5.10, because the inputs and initial con-
ditions were defined differently.

6.2 Even and Odd Functions of Time

A function f(t) is an even function of time if the following relation holds.

f(-t) = f(t) (6.12)

that is, if in an even function we replace t with —t, the function f(t) does not change. Thus, poly-
nomials with even exponents only, and with or without constants, are even functions. For
instance, the cosine function is an even function because it can be written as the power series

2 4 6
cost = L S S
21 4! 6!

Other examples of even functions are shown in Figure 6.4.
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f(t) f(t) f(t)

t2+k
t2 k
0 t 0 t 0 t

Figure 6.4. Examples of even functions

A function f(t) is an odd function of time if the following relation holds.

—f(-t) = 1(t) (6.13)

that is, if in an odd function we replace t with —t, we obtain the negative of the function f(t).
Thus, polynomials with odd exponents only, and no constants are odd functions. For instance,
the sine function is an odd function because it can be written as the power series

35 7
sint = t—-—+L Ly

3t 57
Other examples of odd functions are shown in Figure 6.5.

f(t) f(t) f(t)

4 t3 /I\/—\
t t t

0 0 Mo

Figure 6.5. Examples of odd functions

We observe that for odd functions, f(0) = 0. However, the reverse is not always true; that is, if
f(0) = 0, we should not conclude that f(t) is an odd function. An example of this is the function

f(t) = t* in Figure 6.4.

The product of two even or two odd functions is an even function, and the product of an even
function times an odd function, is an odd function.

Henceforth, we will denote an even function with the subscript e, and an odd function with the
subscript o. Thus, f (t) and f (t) will be used to represent even and odd functions of time
respectively.

For an even function f_(t),

T

T
j £ (t)dt = 2j £ (t)dt (6.14)
-T 0

and for an odd function f_(t),
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T
[ fma=o0 (6.15)

-T

A function f(t) that is neither even nor odd can be expressed as

() = 31f) + (-] (6.16)

or as

() = 3IAO-F(-0)] (6.17)

Addition of (6.16) with (6.17) yields

f(t) = £,(t) + (1) (6.18)

that is, any function of time can be expressed as the sum of an even and an odd function.

|
Example 6.3

Determine whether the delta function is an even or an odd function of time.

Solution:

Let f(t) be an arbitrary function of time that is continuous at t = t, . Then, by the sifting property
of the delta function

J-Nf(t)S(t—tO)dt = f(t,)

and for t, = 0,

Imf(t)S(t)dt = (0)
Also, _

j f.()3(t)dt = £,(0)
and _

j £ ()8(t)dt = £,(0)

As stated earlier, an odd function f_(t) evaluated at t = 0 is zero, that is, f (0) = 0. Therefore,

from the last relation above,

1l
(e}

Imfo(t)S(t)dt = £,(0) (6.19)
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and this indicates that the product f (t)3(t) is an odd function of t. Then, since f (t) is odd, it

follows that §(t) must be an even function of t for (6.19) to hold.

6.3 Convolution

Consider a network whose input is 8(t), and its output is the impulse response h(t). We can rep-
resent the input—output relationship as the block diagram shown below.

o(t) h(t)

——> Network |————>

In general,

d(t—1) h(t-1)
—> Network |—

Next, we let u(t) be any input whose value at t = 7t is u(t). Then,

u(1)d(t—1) u(t)h(t-1)
—> Network | ——

Multiplying both sides by the constant dt, integrating from —oo to +oo, and making use of the fact
that the delta function is even, i.e., 8(t— 1) = 8(T—-t), we obtain

j T u(1)5(t - t)dr j u(t)h(t-1)dt

- —>| Network —— -
j u(1)8(1 - t)dt j u(t—1)h(t)dt

Using the sifting property of the delta function, we find that the second integral on the left side
reduces to u(t) and thus

j T u(th(t—1)dr

u(t) ——>| Network ——>

oo

j u(t—1)h(t)dt

The integral

Jmu(r)h(t—r)dr or Iwu(t—‘c)h(r)d'c (6.20)

—oco —oo
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Chapter 6 The Impulse Response and Convolution

is known as the convolution integral; it states that if we know the impulse response of a network, we
can compute the response to any input u(t) using either of the integrals of (6.20).

The convolution integral is usually represented as u(t)*h(t) or h(t)*u(t), where the asterisk (¥*)
denotes convolution.

In Section 6.1, we found that the impulse response for a single input is h(t) = ¢"'b. Therefore, if
we know h(t), we can use the convolution integral to compute the response y(t) of any input
u(t) using the relation

y(t) = j T A0 (0ydr = eAtj e M hu(rydr (6.21)

—oco —oo

6.4 Graphical Evaluation of the Convolution Integral

The convolution integral is more conveniently evaluated by the graphical evaluation. The proce-
dure is best illustrated with the following examples.

Example 6.4
The signals h(t) and u(t) are as shown in Figure 6.6. Compute h(t)*u(t) using the graphical eval-
uation.

u(t) = uy(t) —uy(t-1)
1 h(t) = —t+1 1

0 | 1 0 1
Figure 6.6. Signals for Example 6.4
Solution:

The convolution integral states that

h(t)*u(t) = j u(t-1)h(1)dt (6.22)
where 1 is a dummy variable, that is, u(t) and h(t), are considered to be the same as u(t) and
h(t). We form u(t—1) by first constructing the image of u(t); this is shown as u(-t) in Figure

6.7.
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u(-1)

-1 0
T

Figure 6.7. Construction of u(-t) for Example 6.4

Next, we form u(t—1) by shifting u(-t) to the right by some value t as shown in Figure 6.8.

1 u(t-1)

0 t
Figure 6.8. Formation of u(t-1t) for Example 6.4

Now, evaluation of the convolution integral

h(t)*u(t) = j u(t—1)h(t)dr
entails multiplication of u(t—1) by h(t) for each value of t, and computation of the area from
—oo to +oo. Figure 6.9 shows the product u(t-1)h(t) as point A moves to the right.

u(t-1), t =20 u(t—-1)*h(t) = 0 fort = 0

1

h(7)

-1 0

Figure 6.9. Formation of the product u(t—t)*h(t) for Example 6.4

We observe that u(t-1)| _, = u(-t). Shifting u(t-1) to the right so that t>0, we obtain the

sketch of Figure 6.10 where the integral of the product is denoted by the shaded area, and it
increases as point A moves further to the right.

u(t-t), t>0 {

h(7)

A
0] t 1

Figure 6.10. Shift of u(t-1) for Example 6.4
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Chapter 6 The Impulse Response and Convolution

The maximum area is obtained when point A reaches t = 1 as shown in Figure 6.11.

u(t-1), t =0

h(t)

A

0 1
Figure 6.11. Signals for Example 6.4 when t = 1
Using the convolution integral, we find that the area as a function of time t is
oo t t 2 t e
j u(t—1)h(t)dt = j u(t—1)h(t)dt = j (I)(—t+1)dt = 1-%| =t-L (6.23)
oo 0 0 2 0 2

Figure 6.12 shows how u(t)*h(t) increases during the interval 0 <t< 1. This is not an exponen-

tial increase; it is the function t—t*/2 in (6.23), and each point on the curve of Figure 6.12 rep-
resents the area under the convolution integral.

u(t)*h(t)

t
!

Figure 6.12. Curve for the convolution of u(t)*h(t) for 0 <t< 1 in Example 6.4

Evaluating (6.23) at t = 1, we obtain

(6.24)

The plot for the interval 0 <t<1 is shown in Figure 6.13.

As we continue shifting u(t—1) to the right, the area starts decreasing, and it becomes zero at
t = 2, as shown in Figure 6.14.
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Graphical Evaluation of the Convolution Integral

0.5 T T T T T T T
I I I I I I I |
I I I I I I I I
I I I I I I | I I
I I I I I I I I
04k - -0 LA L _a___]
I I I I | | | I I
I I I I T I I I I
I I I I I I I I I
I I I I I I I I
| | I | | | | | |
0.3 | | I I | I | |
I I I I I I I I I
I I I I | I I I
I I I I \t_tzw/z I I I
| B S 7 N S G
I I I I I I I I
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
01Fr---/~-~- e e e e e e
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
0 L L L L L L L L |

Figure 6.13. Convolution of u(t)*h(t) at t = 1 for Example 6.4

u(t-1), 1<t<2 u(t-1), t =2
1 1
h(1) h(t)
A T A T

Figure 6.14. Convolution for interval 1 <t<2 of Example 6.4

Using the convolution integral, we find that the area for the interval 1 <t<2 is

w ! 1 2!
j u(t—1)h(t)dt = j u(t—1)h(t)dt = j (1)(=1+ 1)dt = 1—32-
- -t -t -1 (6.25)
2 2
= 1_1_(t_1)+t_:_2£_+_l=t__2t+2
2 2 2

Thus, for 1 <t<?2, the area decreases in accordance with t2/2 — 2t +2 .

Evaluating (6.25) at t = 2, we find that u(t)*h(t) = 0. For t>2, the product u(t-1)h(t) is
zero since there is no overlap between these two signals. The convolution of these signals for
0<t<2,is shown in Figure 6.15.
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0.5 T T T T T
I I I I I I I I
I I I I I I I I I
I I I I I I I I
I I I I I I I
04k - -2 S a1 ,,\,,,,\,t,,/,zj,_,,zl:ﬂig,,
1 1 1 1 1 1 1 1 1
I I I I I I I I I
I I I I I I I
0-3\ S
I I I I I I I I
I I | I I I I I I
I I I I I I I I I
| | | 2 ) | | | | |
02Fr---¢/ - -a-—"t—=t /2 7N T -1~
‘ 1 1 1 1 1 ‘ 1 1
I I I I I I I I I
I I I I I I I I I
O1F-f-+---A4- -l ———F -4 —d-—— - - =\t - -+ - - -
1 1 1 1 1 1 1 ‘ 1
I I I I I I I I I
I I I I I I I I
0 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 6.15. Convolution for 0 < T < 2 of the signals of Example 6.4
The plot of Figure 6.15 was obtained with the MATLAB script below.

t1=0:0.01:1; x=t1-t1./22./2; axis([0 1 0 0.5]);...
t2=1:0.01:2; y=t2./2./2-2.*t12+2; axis([1 2 0 0.5]); plot(t1,x,t2,y); grid

|
Example 6.5

The signals h(t) and u(t) are as shown in Figure 6.16. Compute h(t)*u(t) using the graphical
evaluation method.

u(t) = up(t) —ug(t—1)

h(t) = ¢

t t
0] 0 1

Figure 6.16. Signals for Example 6.5
Solution:

Following the same procedure as in the previous example, we form u(t—1) by first constructing
the image of u(t). This is shown as u(-t) in Figure 6.17.

u(-1)

-1 0

Figure 6.17. Construction of u(-7) for Example 6.5
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Next, we form u(t—1) by shifting u(-t) to the right by some value t as shown in Figure 6.18.

1N u(t-1)

0 t
Figure 6.18. Formation of u(t—t) for Example 6.5
As in the previous example, evaluation of the convolution integral

h(t)*u(t) = jwu(t—r)h(r)dr

entails multiplication of u(t—1) by h(t) for each value ot t, and computation of the area from
—oo to +oo . Figure 6.19 shows the product u(t-1)h(t) as point A moves to the right.

u(t-t), t =0 1 u(t—1)*h(t) = 0 fort = 0

h(t)

A

Figure 6.19. Formation of the product u(t—t)*h(t) for Example 6.5

We observe that u(t-1)| _, = u(-t). Shifting u(t-1) to the right so that t>0, we obtain the

sketch of Figure 6.20 where the integral of the product is denoted by the shaded area, and it
increases as point A moves further to the right.

u(t-1), t>0 5

h(7)

A~ .

Figure 6.20. Shift of u(t— 1) for Example 6.5

N

-

0

The maximum area is obtained when point A reaches t = 1 as shown in Figure 6.21.
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u(t—-1), t =1
1
h(1)
A
—> 1
0 1

Figure 6.21. Convolution of u(t)*h(t) att = 1 for Example 6.5

Its value for 0 <t< 1 is

oo t t 0
j u(t—1)h(t)dt = j u(t—1t)h(t)dt = j (H(eHdr = |, =] = 1-¢" (6.26)
—oco 0 0
Evaluating (6.26) at t = 1, we obtain
1-e'|_, =1-¢" = 0632 (6.27)
The plot for the interval 0 <t<1 is shown in Figure 6.22.
07 S S SR
S N T T
o2 e
0 l l l l l l l l l

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6.22. Convolution of u(t)*h(t) for 0<t<1 in Example 6.5

As we continue shifting u(t—1) to the right, the area starts decreasing. As shown in Figure 6.23,
it approaches zero as t becomes large but never reaches the value of zero.
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u(t-1), t=1

h(1)

A

0 ‘ t—1 t
Figure 6.23. Convolution for interval 1 <t <2 of Example 6.5

Therefore, for the time interval t> 1, we have

t t t t—1
u(t—-7)h(t)dr = (e HYdt = —e " =e " e et 2 oot
jH (t-T)h(1) jH( )& . K =1 o
= 1.732¢"
Evaluating (6.28) at t = 2, we find that u(t)*h(t) = 0.233.

For t> 2, the product u(t—1)h(t) approaches zero as t — o . The convolution of these signals for
0<t<2,is shown in Figure 6.24.

0.7

0.6F---

05F---L-- \ ]

0.4F---

44414444
|
|
|

03F---

02— q

I
1
O1F--f-+----"---- : *************
I
I
|

Figure 6.24. Convolution for 0 <t <2 of the signals of Example 6.5
The plot of Figure 6.24 was obtained with the MATLAB script below.

t1=0:0.01:1; x=1-exp(-t1); axis([0 1 0 0.8]);...
t2=1:0.01:2; y=1.718."exp(-t2); axis([1 2 0 0.8]); plot(t1,x,t2,y); grid

Example 6.6

Perform the convolution v,(t)*v,(t) where v,(t) and v,(t) are as shown in Figure 6.25.
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Vl(t)

Vz(t)

t t
1 2

Figure 6.25. Signals for Example 6.6
Solution:

We will use the convolution integral

v, ()%, (t) = J.oovl(r)vz(t—r)dr (6.29)

The computation steps are as in the two previous examples, and are evident from the sketches of
Figures 6.26 through 6.29.

Figure 6.26 shows the formation of v,(-7) .

vy (t)

Vo (=1)

T T
-2 1

Figure 6.26. Formation of v,(-t) for Example 6.6

Figure 6.27 shows the formation of v,(t—1) and convolution with v,(t) for 0<t<1.

vy (1)

vo(t=1) |1 vi(D)Fvy(t) = 2¥1¥t = 2t

\
Aa

toq

Figure 6.27. Formation of v,(t—1) and convolution with v,(t)
For 0<t<1,

v, (1) v,(t) = It(l)(Z)dr = 21 = 2t (6.30)
0
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Figure 6.28 shows the convolution of v,(t—1) with v,(t) for 1<t<2.

Vl(t)

vo(t=1) |4

1t

Figure 6.28. Convolution of v,(t—1) with v,(t) for 1 <t<2
For1<t<2,

! 1
Vv, ()%, (t) = j (H(2)dt = 21|, =2
0

Figure 6.29 shows the convolution of v,(t—1) with v,(t) for 2<t<3.

vi(t)

v,(t—71)

t—2 t

Figure 6.29. Convolution of v,(t—1) with v,(t) for 2<t<3
For 2<t<3

1
v, (D) vy(t) = j ()(2)dt = 21| ) = ~2t+6
2

t—

(6.31)

(6.32)

From (6.30), (6.31), and (6.32), we obtain the waveform of Figure 6.30 that represents the con-

volution of the signals v,(t) and v,(t—1).

(v (1) v, (t)
o b---

0 1 2 3
Figure 6.30. Convolution of v,(t) with v,(t) for 0<t<3
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In summary, the procedure for the graphical evaluation of the convolution integral, is as follows:

1. We substitute u(t) and h(t) with u(t) and h(t) respectively.

2. We fold (form the mirror image of) u(t) or h(t) about the vertical axis to obtain u(-t) or
h(-1).

3. We sslide u(-t) or h(-t) to the right a distance t to obtain u(t-t) or h(t-7).

4. We multiply the two functions to obtain the product u(t-t) h(t), or u(t) h(t-1).

5. We integrate this product by varying t from —eo to +co.

6.5 Circuit Analysis with the Convolution Integral

We can use the convolution integral in circuit analysis as illustrated by the following example.

Example 6.7
For the circuit of Figure 6.31, use the convolution integral to find the capacitor voltage when the

input is the unit step function uy(t), and v-(07) = 0.

R
AW
Le Cl+
@ Ve
uy(t)

Figure 6.31. Circuit for Example 6.7
Solution:

Before we apply the convolution integral, we must know the impulse response h(t) of this circuit.
The circuit of Figure 6.31 was analyzed in Example 6.1, Page 62, where we found that

h(t) = I% e RCu (1) (6.33)

With the given values, (6.33) reduces to
h(t) = e uy(t) (6.34)

Next, we use the graphical evaluation of the convolution integral as shown in Figures 6.32

through 6.34.

The formation of u,(-t) is shown in Figure 6.32.
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uy(=1)

0

Figure 6.32. Formation of uy(-t) for Example 6.7

Figure 6.33 shows the formation of u,(t-T) .

uy(t-1) 1

T

0 t

Figure 6.33. Formation of u,(t-1) for Example 6.7

Figure 6.34 shows the convolution (uy(t))*A(t).

1

h(t)

——>T

0| '
Figure 6.34. Convolution of uy(t) *4(t) for Example 6.7

Therefore, for the interval 0 <t < o, we obtain

o t

—t —t t —t 0 —t
uy () *A(t) =j uy(t—1)h(t)dr = j (De'dr = —e |, = e7|, = (1-euy(t) (6.35)
oo 0

and the convolution u,(t)*h(t) is shown in Figure 6.35.
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45
Copyright © Orchard Publications

3.5

25

1.5

0.5
Figure 6.35. Convolution of uy(t)*h(t) for Example 6.7
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6.6 Summary

The impulse response is the output (voltage or current) of a network when the input is the
delta function.

The determination of the impulse response assumes zero initial conditions.

A function f(t) is an even function of time if the following relation holds.
f(—t) = (1)

A function f(t) is an odd function of time if the following relation holds.
—f(~t) = (1)

The product of two even or two odd functions is an even function, and the product of an even
function times an odd function, is an odd function.

A function f(t) that is neither even nor odd, can be expressed as

() = 31RO+ F(-0)]
or as

() = 3IFO-F(-)]
where f (t) denotes an even function and f (t) denotes an odd function.

Any function of time can be expressed as the sum of an even and an odd function, that is,
f(t) = £,(t)+£,(t)
The delta function is an even function of time.

The integral

j " u(th(t—1)dr

or

j " u(t—t)h(1)dr

is known as the convolution integral.

If we know the impulse response of a network, we can compute the response to any input u(t)
with the use of the convolution integral.
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e The convolution integral is usually denoted as u(t)*h(t) or h(t)*u(t), where the asterisk (*¥)
denotes convolution.

e The convolution integral is more conveniently evaluated by the graphical evaluation method.

6-22 Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition

.- Copyright © Orchard Publications
JISGITCNE -V}


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Exercises

6.7 Exercises

1.

. Compute v

Compute the impulse response h(t) = i, (t) in terms of R and L for the circuit below. Then,

compute the voltage v, (t) across the inductor.

R
AN
+
) wvung
5(9 EN

. Repeat Example 6.4, Page 68, by forming h(t— 1) instead of u(t - 1), that is, use the convolu-

tion integral

oo

'[ u(t)h(t—1)d

—oo

. Repeat Example 6.5, Page 612, by forming h(t—1) instead of u(t-1).

. Compute v,(t)*v,(t) given that

M 4t t=>0
Vv =
! 0 t<0

. For the series RL circuit shown below, the response is the current i, (t). Use the convolution

integral to find the response when the input is the unit step uy(t).

R
A
e i
Cg Lg 1H

uy(t)

out() for the network shown below using the convolution integral, given that

Vi () = ug(t) —up(t—1).
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L
o SR 0
+ 1H +
Vin(t) R§ Vou(t)
1Q
o o

7. Compute v, (t) for the network shown below given that v, (t) = uy(t) —u,(t-1). Using
MATLAB, plot v, (t) for the time interval 0 <t<35.

R
o AN o)
+ 10 +
Vin(t) L% Vout(t)
1H _
o o

Hint: Use the result of Exercise 6.
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6.8 Solutions to End-of-Chapter Exercises

1.
R
NN
o)
t . v (t)
S(t) 1L(t) LT~
R1+Lg—1 = 3(t)

Letting state variable x = i, the above relation is written as
% = (=R/L)x + (1/L)5(t)
and this has the form x = Ax+bu where A = -R/L, b = 1/L, and u = §(t). Its solution is
A(t- vt
x(t) = e . t°)><0+eAtj e *bu(t)dr
0
and from (6.5), Page 6-1,

—(R/L)t —(R/L)t

h(t) = i(t) = e'buy(t) = e “1/L -uy(t) = (1/L)e

uy(t)

The voltage v; across the inductor is found from

d

VL—L 1(t)—L h(t)—Ldt

(1 ~(R/L)t o(t)) _ (_R/L)e—(R/L)tuo(t)+e—(R/L)t8(t)

and using the sampling property of the delta function, the above relation reduces to

—~(R/L)t

v, = (-R/L)e ®Phy 6) + 8(t)
2.
1
1 R h(t) h(-1) h(t_1) 1 1
0] 1 -1 o * o] t’t ¢ 1 T ool t-11 t7

From the plots above we observe that the area reaches the maximum value of 1/2 att = 1,
and then decreases to zero at t = 2. Alternately, using the convolution integral we obtain
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u(t)*h(t) = jwu(r)h(t—r)dr

where h(t) = —t+1, h(t) = —t+1, h(-t) = t+1, and h(t-7) = —(t-17)+1 = 1 —t+7.
Then, for 0<t<1,

2 t

t 2 2
Area, = j [(1-t)+1]dt = T2—+(1—t)r
0

t t
= =+(1-t)t=t-=
2 ( ) 2

0

and we observe that at t = 1, Area; = 1/2 square units

Next, for 1 <t<2,

1

2
Area, = j [(1-t)+1]ldt = L+ (1-1t)1
t—1 2 t—1
2 2
1 (t-1) ¢
= lpr-t-2D gy =Loot+2
>+ -y -n=5-2s

and we observe that at t = 2, Area, = 0

3.
1 | 1 1
h(t) - h(-1) by L
t —
0 ‘ ol "« 0

From the plots above we observe that the area reaches its maximum value at t = 1, and then

decreases exponentially to zero as t — . Alternately, using the convolution integral we obtain

u(t)*h(t) = J.wu(r)h(t—r)dr

where h(t) = ¢, h(t) = ¢ %, h(=1) = ¢*,and h(t-1) = ¢ 7. Then, for 0<t<1

t t
Area, = J. (1- e_(t_T))d’c = e_tj e'dr = e_t(et—eo) =1-¢"
0 0

Fort>1,

1 1 1
Area, = I (1 -e_(t_T))dr = e_t'[ e'dt = e_tet‘0 = e_t(el—eo) =e'(e-1) = 1.732¢™
0 0
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4.
| v, (t=1) v (DFv,(1)
1
V() ﬂ a &
—_— - |
|
T .
0l t 0 1 0] 0] ; T
! ! 2t aft 2
()%, (t) = j v, (T)v,(t-T)dt = j 4te 2"Vt = de” j e’ dn
0 0 0
From tables of integrals,
ax
Ixeaxdx = e—z(ax— 1)
a
and thus
-2t e21(2r— 1) t 2t 2t 0
vi(1)*v,(t) = (4e )——Z—-— =e¢ [e"(2t-1)-e (-1)]
0
= 2tl+e ) =2t+re o1
Check:
Vi (O*V,(1) & V,(5) - Vy(s), Vi(s) = 4/5°, V,(s) = 1/(s+2)
4 4
Vi(s)-Vy(s) = > =3 5
s (s+2) s +2s
syms s t; ilaplace(4/(s"\3+2*s"2))
ans =
2*t-1l+exp (-2*t)
5.
To use the convolution integral, we must first find the impulse response. It was found in Exer-
cise 1 as
h(t) = i(t) = (1/L)e ® 'y (1)

and with the given values,
h(t) = ¢ ug(t)
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1Q

T
uO(gD ip(t) L)

When the input is the unit step u,(t),

1H

O], _, = jm ug(t - T)h(t)de

h(t) 1 )
up(-1) |1 Uy(t-1)

[

0 0 T 0 T . T
h(t-7)

. ! - 1|t |0 -t
O, o= J‘O(l)-e dv= |, =], = (1-eHuy(t)

[
uo(t)*h(t)
t
6.
L
o 00 le]
+ 1H +
Vin(t) R§ Vout(t)

1Q

o o

We will first compute the impulse response, that is, the output when the input is the delta func-
tion, i.e., v, (t) = 8(t). Then, by KVL

di; . .
and with i; = x

1-x+1-x = 8(1)
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or
X = —x + 0(t)

By comparison with x = Ax + bu, we observe that A = -1 and b = 1.

From (6.5)

h(t) = e™buy(t) = ¢ ' 1 = ¢

Now, we compute v, (t) when v, (t) = uy(t) —uy(t—1) by convolving the impulse response
h(t) with this input v, (t), thatis, v ,(t) = v;,(t)*h(t). The remaining steps are as in Exam-
ple 6.5 and are shown below.

1 0< t<1
t t 0
h(t) J. (1)(e Hdt = —e_T‘O = e_T‘t =1-¢"
= 0
= T
ol t
t>1
! t
t t—1
- - - —t
h(7) Jt_l(l)(er)dr:—ert_lzert = e'(e=1)
o‘ t—1 t t
7.
R
o AN o
+ 1Q *
Vin(t) L % Vout(t)
Vin(t) = uy(t) —ug(t=1) -

Vout(t) = VL =Vin=VRr
From Exercise 6,
{1 —e 0< t<l1
Vv =

e'(e—1) t>1
Then, for this circuit,

(1-(1-eH=e") 0< t<l
Vout = VL = _t —t —t
0-¢ (e—-1) = (1-e)e = -1.732¢ t>1

The plot for the time interval 0 <t< 5 is shown below.
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The plot above was obtained with the MATLAB script below.

t1=0:0.01:1; x=exp(-t1); axis([0 1 0 1]);...
t2=1:0.01:5; y=—1.718."exp(-t2); axis([1 5 0 1]); plot(t1,x,t12,y); grid
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Chapter 7

Fourier Series

his chapter is an introduction to Fourier series. We begin with the definition of sinusoids

that are harmonically related and the procedure for determining the coefficients of the trig-

onometric form of the series. Then, we discuss the different types of symmetry and how
they can be used to predict the terms that may be present. Several examples are presented to
illustrate the approach. The alternate trigonometric and the exponential forms are also pre-
sented.

7.1 Wave Analysis

The French mathematician Fourier found that any periodic waveform, that is, a waveform that
repeats itself after some time, can be expressed as a series of harmonically related sinusoids, i.e.,
sinusoids whose frequencies are multiples of a fundamental frequency (or first harmonic). For
example, a series of sinusoids with frequencies 1 MHz, 2 MHz, 3 MHz, and so on, contains the
fundamental frequency of 1 MHz, a second harmonic of 2 MHz, a third harmonic of 3 MHz,
and so on. In general, any periodic waveform f(t) can be expressed as

f(t) = %ao+alcosmt+azcos2wt+a3cos3wt+ ascosdmt + ... 7.1)

+ b, sinwt + b,sin2mt + bysin3wt + b,sindwt + ...
or

f(t) = %ao + i (a,cosnmt + b, sinnmt) (7.2)
n=1
where the first term a,/2 is a constant, and represents the DC (average) component of f(t).
Thus, if f(t) represents some voltage v(t), or current i(t), the term a,/2 is the average value of
v(t) or i(t).
The terms with the coefficients a, and b, together, represent the fundamental frequency compo-

* . . . 3 .
nent o . Likewise, the terms with the coefficients a, and b, together, represent the second har-

monic component 2m, and so on.

Since any periodic waveform f(t)) can be expressed as a Fourier series, it follows that the sum of
the DC, the fundamental, the second harmonic, and so on, must produce the waveform f{(t).

* We recall that k, cosot +k,sinwt = kcos(wt+0) where 0 is a constant.
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Chapter 7 Fourier Series

Generally, the sum of two or more sinusoids of different frequencies produce a waveform that is
not a sinusoid as shown in Figure 7.1.

Total
— ota 2nd Harmonic

Fundamental
3rd Harmonic

Figure 7.1. Summation of a fundamental, second and third harmonic

7.2 Evaluation of the Coefficients

Evaluations of a; and b; coefficients of (7.1) is not a difficult task because the sine and cosine are
orthogonal functions, that is, the product of the sine and cosine functions under the integral eval-
uated from 0 to 27 is zero. This will be shown shortly.

Let us consider the functions sinmt and cosmt where m and n are any integers. Then,

2n
J. sinmtdt = 0 (7.3)
0
2n
J- cosmtdt = 0 (7.4)
0
2n
J. (sinmt)(cosnt)dt = 0 (7.5)

0

The integrals of (7.3) and (7.4) are zero since the net area over the 0 to 27 area is zero. The
integral of (7.5) is also is zero since

sinxcosy = %[sin(x+y)+ sin(x —y)]

This is also obvious from the plot of Figure 7.2, where we observe that the net shaded area above
and below the time axis is zero.
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sinx COSX

sinx - cosx

27
Figure 7.2. Graphical proof ofJ‘ (sinmt)(cosnt)dt = 0
0

Moreover, if m and n are different integers, then,

2n

j (sinmt)(sinnt)dt = 0 (7.6)
0

since
(sinx)(siny) = %[cos(x —y)-cos(x-y)]

The integral of (7.6) can also be confirmed graphically as shown in Figure 7.3, where m = 2 and
n = 3. We observe that the net shaded area above and below the time axis is zero.

, sin2x - sin3x

27
Figure 7.3. Graphical proofofj (sinmt)(sinnt)dt = 0 form = 2 andn = 3
0

Also, if m and n are different integers, then,
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Chapter 7 Fourier Series

2n

I (cosmt)(cosnt)dt = 0 (7.7)
0

since
(cosx)(cosy) = %[cos(x +y)+cos(x—-vy)]

The integral of (7.7) can also be confirmed graphically as shown in Figure 7.4, where m = 2 and

n = 3. We observe that the net shaded area above and below the time axis is zero.

cos3X cos2x cOS2X - cos3x
. \‘ 'I \‘ \
N ‘\ \: ‘,

21
Figure 7.4. Graphical proofofJ‘ (cosmt)(cosnt)dt = 0 form = 2 andn = 3
0

However, if in (7.6) and (7.7), m = n, then,

2n )
J- (sinmt)~dt
0

Il
a

(7.8)

and
2n

J‘ (cosmt)zdt
0

Il
a

(7.9)

The integrals of (7.8) and (7.9) can also be seen to be true graphically with the plots of Figures
7.5 and 7.6.

It was stated earlier that the sine and cosine functions are orthogonal to each other. The simpli-
fication obtained by application of the orthogonality properties of the sine and cosine functions,
becomes apparent in the discussion that follows.

In (7.1), Page 7-1, for simplicity, we let ® = 1. Then,

1
f(t) = §a0+alcost+azcos2t+a3cos3t+a4cos4t+

(7.10)
+ b,sint + b,sin2t + b;sin3t + b, sin4t + ...
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.2
Sin X

~~~~~

2n
Figure 7.5. Graphical proof of J- ( sinmt)zdt =T
0

2
COS X

’’’’’’’’

21
Figure 7.6. Graphical proof of I (cosmt)zdt =7
0

To evaluate any coefficient in (7.10), say b, , we multiply both sides of (7.10) by sin2t. Then,

. | . . . .
f(t)sin2t = 7% sin2t + a,costsin2t + a,cos2tsin2t + a;cos3tsin2t + a,cos4tsin2t + ...

b,sintsin2t + bz(sin?.t)2 + bysin3tsin2t + b,sin4tsin2t + ...

Next, we multiply both sides of the above expression by dt, and we integrate over the period 0

to 27 . Then,
2n 1 2n 2n 2n
J- f(t)sin2tdt = —aoj sin2tdt + 31I costsin2tdt + 32.[ cos2tsin2tdt
0 27 0 0
2n
+a3j cos3tsin2tdt + ... (7.11)
0
2n 2n ) 2n
+ blj sintsin2tdt + sz (sin2t)’dt + b3I sin3tsin2tdt + ...
0 0 0
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We observe that every term on the right side of (7.11) except the term
2n
b, j (sin2t)*dt
0

is zero as we found in (7.6) and (7.7). Therefore, (7.11) reduces to

J

2m 21 5
f(t)sin2tdt = b, j (sin2t)’dt = b,
0 0

or om
b, = Tlc jo f(t) sin2tdt

and thus we can evaluate this integral for any given function f(t). The remaining coefficients

can be evaluated similarly.

The coefficients a,, a,, and b, are found from the following relations.

1 1 21
S8 = ano f(t)dt

2n
a = lJ. f(t)cosntdt
Lo

27
b = 1j f(t) sinntdt
L)

The integral of (7.12) yields the average (DC) value of f(t).

7.3 Symmetry in Trigonometric Fourier Series

(7.12)

(7.13)

(7.14)

With a few exceptions such as the waveform of the half-rectified waveform, Page 7-17, the most
common waveforms that are used in science and engineering, do not have the average, cosine,
and sine terms all present. Some waveforms have cosine terms only, while others have sine terms

only. Still other waveforms have or have not DC components. Fortunately, it is possible to pre-
dict which terms will be present in the trigonometric Fourier series, by observing whether or not

the given waveform possesses some kind of symmetry.
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. . * 3 K3 .
We will discuss three types of symmetry that can be used to facilitate the computation of the
trigonometric Fourier series form. These are:

1. Odd symmetry — If a waveform has odd symmetry, that is, if it is an odd function, the series will
consist of sine terms only. In other words, if f(t) is an odd function, all the

a; coefficients including a,, will be zero.

2. Even symmetry — If a waveform has even symmetry, that is, if it is an even function, the series
will consist of cosine terms only, and a, may or may not be zero. In other

words, if f(t) is an even function, all the b; coefficients will be zero.

3. Half-wave symmetry — If a waveform has half-wave symmetry (to be defined shortly), only odd
(odd cosine and odd sine) harmonics will be present. In other words, all
even (even cosine and even sine) harmonics will be zero.

We defined odd and even functions in Chapter 6. We recall that odd functions are those for
which

—f(-t) = f(t) (7.15)
and even functions are those for which

f(-t) = f(t) (7.16)

Examples of odd and even functions were given in Chapter 6. Generally, an odd function has odd
powers of the independent variable t, and an even function has even powers of the independent
variable t. Thus, the product of two odd functions or the product of two even functions will
result in an even function, whereas the product of an odd function and an even function will
result in an odd function. However, the sum (or difference) of an odd and an even function will
yield a function which is neither odd nor even.

To understand half-wave symmetry, we recall that any periodic function with period T, is
expressed as
f(t) = f(t+T) (7.17)

that is, the function with value f(t) at any time t, will have the same value again at a later time
t+T.

A periodic waveform with period T, has half-~wave symmetry if
_f (t+T/2) = (1) (7.18)

that is, the shape of the negative half-cycle of the waveform is the same as that of the positive
half-cycle, but inverted.

* Quartet-wave symmetry is another type of symmetry where a digitally formed waveform with a series of zeros
and ones contains only sine odd harmonics. We will not discuss this type of symmetry in this text.
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We will test the most common waveforms for symmetry in Subsections 7.3.1 through 7.3.5
below.

7.3.1 Symmetry in Square Waveform

For the waveform of Figure 7.7, the average value over one period T is zero, and therefore,
a, = 0. It is also an odd function and has half-wave symmetry since —f(-t) = f(t) and
£ (t+T/2) = f(t).

. ) = 2n

ot

f(a) ! !

Figure 7.7. Square waveform test for symmetry

An easy method to test for half-wave symmetry is to choose any half-period T/2 length on the
time axis as shown in Figure 7.7, and observe the values of f(t) at the left and right points on the
time axis, such as f(a) and f(b). If there is half~wave symmetry, these will always be equal but
will have opposite signs as we slide the half-period T/2 length to the left or to the right on the
time axis at non—zero values of f(t).

7.3.2 Symmetry in Square Waveform with Ordinate Axis Shifted

If in the square waveform of Figure 7.7 we shift the ordinate axis m/2 radians to the right, as
shown in Figure 7.8, we will observe that the square waveform now becomes an even function,
and has half~wave symmetry since f(-t) = f(t) and —f (t+ T/2) = f(t). Also, a, = 0.

Obviously, if the ordinate axis is shifted by any other value other than an odd multiple of n/2,
the waveform will have neither odd nor even symmetry.
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| T |
| |
A
. e AR 2n
= i 0 7 ' wt

i | | |
<—T/2— > <—T/2+4>
—— -A !

Figure 7.8. Square waveform with ordinate shifted by m/2

7.3.3 Symmetry in Sawtooth Waveform

For the sawtooth waveform of Figure 7.9, the average value over one period T is zero and there-
fore, a, = 0. It is also an odd function because —f(~t) = f(t), but has no half-wave symmetry

since —f (t+ T/2) #f(t)

/ A
<«<— T
—2n| - 7 on ot
| ' 0
| [ I I
1<T/2> I<T/2>
[ [ I I /
| I_A ] 1

Figure 7.9. Sawtooth waveform test for symmetry

7.3.4 Symmetry in Triangular Waveform

For this triangular waveform of Figure 7.10, the average value over one period T is zero and
therefore, a, = 0. It is also an odd function since —f(-t) = f(t). Moreover, it has half-~wave sym-

metry because —f (t+ T/2) = f(t).

A_
|
o /\ L
n ot
/ | I 0 Tc\/z7t
STTR2— Al e—Tn—s'

Figure 7.10. Triangular waveform test for symmetry
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7.3.5 Symmetry in Fundamental, Second, and Third Harmonics

Figure 7.11 shows a fundamental, second, and third harmonic of a typical sinewave.

Figure 7.11. Fundamental, second, and third harmonic test for symmetry

In Figure 7.11, the half period T/2, is chosen as the half period of the period of the fundamental
frequency. This is necessary in order to test the fundamental, second, and third harmonics for
half-wave symmetry. The fundamental has half-wave symmetry since the a and —a values,
when separated by T/2, are equal and opposite. The second harmonic has no half~wave symme-
try because the ordinates b on the left and b on the right, although are equal, there are not
opposite in sign. The third harmonic has half-wave symmetry since the ¢ and —c values, when
separated by T/2 are equal and opposite. These waveforms can be either odd or even depending

on the position of the ordinate. Also, all three waveforms have zero average value unless the
abscissa axis is shifted up or down.

In the expressions of the integrals in (7.12) through (7.14), Page 7-6, the limits of integration for
the coefficients a, and b, are given as 0 to 27, that is, one period T . Of course, we can choose
the limits of integration as —m to +m. Also, if the given waveform is an odd function, or an even
function, or has half-wave symmetry, we can compute the non-zero coefficients a, and b, by
integrating from 0 to 7 only, and multiply the integral by 2. Moreover, if the waveform has
half-wave symmetry and is also an odd or an even function, we can choose the limits of integra-
tion from 0 to /2 and multiply the integral by 4. The proof is based on the fact that, the prod-
uct of two even functions is another even function, and also that the product of two odd func-
tions results also in an even function. However, it is important to remember that when using
these shortcuts, we must evaluate the coefficients a, and b, for the integer values of n that will

result in non—zero coefficients. This point will be illustrated in Subsection 7.4.2, Page 7-14.

7.4 Trigonometric Form of Fourier Series for Common Waveforms

The trigonometric Fourier series of the most common periodic waveforms are derived in Subsec-

tions 7.4.1 through 7.4.5 below.
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7.4.1 Trigonometric Fourier Series for Square Waveform

For the square waveform of Figure 7.12, the trigonometric series consist of sine terms only
because, as we already know from Page 7-8, this waveform is an odd function. Moreover, only
odd harmonics will be present since this waveform has also half~wave symmetry. However, we
will compute all coefficients to verify this. Also, for brevity, we will assume that ® = 1

T

ot

—-A

Figure 7.12. Square waveform as odd function

The a; coefficients are found from

1 2n 2n

n T—c.[ f(t) cosntdt = 7lt U

0

o
1l

T _ A . n . 27n
A cosntdt +J. (=A)cosntdt |= e (sinnt|; — sinnt| ")
0 T (7.19)

A, . . . A . .
— (sinnm — 0 — sinn27 + sinnm) = — (2sinnm — sinn27m)
nm nm

and since n is an integer (positive or negative) or zero, the terms inside the parentheses on the
second line of (7.19) are zero and therefore, all a, coefficients are zero, as expected since the

square waveform has odd symmetry. Also, by inspection, the average (DC) value is zero, but if
we attempt to verify this using (7.19), we will obtain the indeterminate form 0/0. To work
around this problem, we will evaluate a, directly from (7.12), Page 7-6. Thus,

=[] ade

The b, coefficients are found from (7.14), Page 7-6, that is,

2n
(—A)dt} = é(11—0—27t+1t) =0 (7.20)

. T

1 2n 2n

N ﬁj f(t)sinntdt = % U

0

o
Il

T A 2
Asinntdt + I (=A)sinntdt }: — (—cosnt]:)t + cosnt|nn)
0 T (7.21)

A (- cosnm+ 1 + cos2nm — cosnm) = A (1-2cosnm + cos2nm)
nm nm

For n = even, (7.21) yields
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b, = A (12+1)=0
nm

as expected, since the square waveform has half-~wave symmetry.

For n = odd, (7.21) reduces to

A 4A
b =—(1+2+1) = —
n nn( *2+1) nm
and thus
b, = 14
T
b, = 34
3n
by = 24
5w
and so on.

Therefore, the trigonometric Fourier series for the square waveform with odd symmetry is

= A inare Lindore L )= 4A 5 g
f(t) = p s1n0)t+351n30)t+5sm50)t+... = Z nsmnoot (7.22)
n = odd

It was stated above that, if the given waveform has half~wave symmetry, and it is also an odd or
an even function, we can integrate from 0 to n/2, and multiply the integral by 4. This property
is verified with the following procedure.

Since the waveform is an odd function and has half~wave symmetry, we are only concerned with
the odd b, coefficients. Then,

A T _4A n/2 _4A( n )
b, = 471'[0 f(t)sinntdt = Im(—cosnt\o ) = -\~ cosnz +1 (7.23)

For n = odd, (7.23) becomes
b, = nn( 0+1) = -—n‘n‘ (7.24)

as before, and thus the series is as we found earlier.

Next let us consider the square waveform of Figure 7.13 where the ordinate has been shifted to
the right by n/2 radians, and has become an even function. However, it still has half~wave sym-
metry. Therefore, the trigonometric Fourier series will consist of odd cosine terms only.
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T |
A
/2 3m/2 of
0 ( 2n
-A

Figure 7.13. Square waveform as even function

Since the waveform has half~wave symmetry and is an even function, it will suffice to integrate
from 0 to m/2, and multiply the integral by 4. The a, coefficients are found from

/2, _ 4A(

12 4702 4A | . : n)
a, = 41'EJ-0 f(t)cosntdt = . Uo Acosntdt} = (sinnt|" ") = o \Sinns (7.25)

We observe that for n = even, all a, coefficients are zero, and thus all even harmonics are zero
as expected. Also, by inspection, the average (DC) value is zero.

.m . .
For n = odd, we observe from (7.25) that sinn 7, will alternate between +1 and -1 depending

on the odd integer assigned to n. Thus,
=444

a, = £ 22 (7.26)
Forn = 1,5,9, 13, and so on, (7.26) becomes
by 2
nm
and for n = 3,7, 11, 15, and so on, it becomes
-
nm
Then, the trigonometric Fourier series for the square waveform with even symmetry is
(n-1)
f(t) = %(coswt—%cos3mt+ %cosSmt— ) = % z (—I)Trllcosnwt (7.27)
n = odd

The trigonometric series of (7.27) can also be derived as follows:

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 7-13
Copyright © Orchard Publications .

N e


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM
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Since the waveform of Figure 7.12 is the same as that of Figure 7.13, but shifted to the right by
n/2 radians, we can use the relation (7.22), Page 7-12, i.e.,

f(t) = 47A (sinmt + %sinSwt + %sinSo)t + ) (7.28)

and substitute ot with ot +m/2, that is, we let ot = ot + n/2. With this substitution, relation
(7.28) becomes

f(t) = 4—A[sin(wr+7—c) + lsin3(m‘c+7—t) + lsins(u)r+7—[) + J
T 2 2 2

3 5
(7.29)
= ﬁ[sin(wr + T—E) + lsin(3(nr + SLT—E) + lsin(S(M + 5—7—5) + J
s 2 3 2 5 2
and using the identities sin(x +m/2) = cosx, sin(x+3m/2) = —cosx, and so on, we rewrite
(7.29) as
f(t) = %[cosmr—%cos3wt+ %cosSwr— J (7.30)

and this is the same as (7.27).

Therefore, if we compute the trigonometric Fourier series with reference to one ordinate, and
afterwards we want to recompute the series with reference to a different ordinate, we can use the
above procedure to save computation time.

7.4.2 Trigonometric Fourier Series for Sawtooth Waveform

The sawtooth waveform of Figure 7.14 is an odd function with no half-wave symmetry; there-
fore, it contains sine terms only with both odd and even harmonics. Accordingly, we only need
to find all b, coefficients.

0 ot

AT
Figure 7.14. Sawtooth waveform

By inspection, the DC component is zero. As before, we will assume that ® = 1.

If we choose the limits of integration from 0 to 27, we will need to perform two integrations
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since

ét O0<t<m
f(t) =

%t—ZA T<t<2T

However, we can choose the limits from - to +n, and thus we will only need one integration
since

f(t) =

al»

t —-T<t<T

Better yet, since the waveform is an odd function, we can integrate from 0 to 1, and multiply the
integral by 2 ; this is what we will do.

From tables of integrals,

jxsinaxdx = lzsinax—)—( cosax (7.31)
a a
Then,

n 1

-

= —-%é—( innt — ntcosnt) | = —-233—( INNT — NTTCOSNT)
= o S —ntcos |0 =om S — NTCos

T
é‘[sinntd‘[ = 2—AJ- tsinntdt = %(i sinnt—Ecosnt)
T nzJ, 12 \n2 n

0 0 (7.32)

We observe that:
1.If n = even, sinnmt = 0 and cosnm = 1. Then, (7.32) reduces to

2A 2A
= ——(-nm) = - =—

"7 22 Y
that is, the even harmonics have negative coefficients.
2. If n = odd, sinnmt = 0, cosnmt = —1. Then,

2A 2A

— L ) = 2

n T p22

that is, the odd harmonics have positive coefficients.

Thus, the trigonometric Fourier series for the sawtooth waveform with odd symmetry is

_2A(- 1 T 1 )_2;4 IEEy
f(t) = - sinmt 2sm2(x)t+3sm3(x)t 4sm4(1)t+... = nZ( 1) Ilsmn(x)t (7.33)
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7.4.3 Trigonometric Fourier Series for Triangular Waveform

The sawtooth waveform of Figure 7.15 is an odd function with half-wave symmetry; then, the
trigonometric Fourier series will contain sine terms only with odd harmonics. Accordingly, we
only need to evaluate the b, coefficients. We will choose the limits of integration from 0 to

n/2, and will multiply the integral by 4. As before, we will assume that ® = 1.

AT |
AN . /
/ - 0 7?2 n\/ m ot
—A-

Figure 7.15. Triangular waveform

By inspection, the DC component is zero. From tables of integrals,

stinaxdx = lzsinax—zcosax (7.34)
a a
Then,
n/2 n/2 n/2
b, = ‘—‘I —Atsinntdt = %j tsinntdt = % (lzsinnt—ﬁcosnt)
Tdyp T Yo T~ ‘n n
0 (7.35)
8A | . 2 S8A (. m m T
= ——(sinnt—ntcosnt)| "~ = —— | sinn; —nzcosn;
n’m n’m 2 2 2

We are only interested in the odd integers of n, and we observe that:

T
- = 0
cosn

For odd integers of n, the sine term yields

I for n = 1,5,9,... then, b, = A

2 2

LT nmw
sinnz = A
-1 for n =3,7,11, ... then, bn=—8—
2 2

nm

Thus, the trigonometric Fourier series for the triangular waveform with odd symmetry is

(n-1)

f(t) = f;—lz(sin(;)t—ésin?»o)t+2issin50)t—4i9sin70)t+...) = i_[; Z (-1 2 I%sinnwt (7.36)

n = odd
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7.4.4 Trigonometric Fourier Series for Half~-Wave Rectifier Waveform

The circuit of Figure 7.16 is a half-~wave rectifier whose input is the sinusoid v,,(t) = sinwt, and

its output v, (t) is defined as

sinmt O<owt<m
Yoult) = { 0 T<ot<2m 7.37)
P
+
) RS
v, (1) -

Figure 7.16. Circuit for half-wave rectifier

We will express v, (t) as a trigonometric Fourier series, and we will assume that @ = 1. The

input and output waveforms are shown in Figures 7.17 and 7.18 respectively.
0
Figure 7.17. Input v, (t) for the circuit of Figure 7.16

1
0
T 27 3 47 Sn

Figure 7.18. Output v (t) for the circuit of Figure 7.16

We choose the ordinate at point 0 as shown in Figure 7.19.
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-2n - 0 T 27 3n

Figure 7.19. Half-wave rectifier waveform for the circuit of Figure 7.16

By inspection, the average is a non—zero value, and the waveform has neither odd nor even sym-
metry. Therefore, we expect all terms to be present.

The a, coefficients are found from
2n

a, = 1%: '[0 f(t)cosntdt

or
b1 27
a, = éj sintcosntdt + A j 0 cosntdt
T 0 T b4

and from tables of integrals

_cos(m-n)x cos(m+n)x
2(m-n) 2(m+n)

)
_% {[Cosgn—_nnn) * COS(1Tc+-i_nnn)J - [1 1n * n}- J}

Using the trigonometric identities

I(sinmx)(cosnx)dx = (mz;tnz)

Then,

_A l[cos(l—n)t cos(l+n)t}
a, = —{-—= +
| 2 l-n l+n

(7.38)

cos(X—y) = COSXCosy + sinxsiny
and
cos(X+Yy) = COSXCOSy — sinxsiny
we obtain
cos(T—NTM) = COSTCOSNT + SINTSINNTT = —COSNT
and
cos(7 + NTT) = COSTMCOSNT — SINTSINNTT = —COSNT

Then, by substitution into (7.38),

_ A J[-cosnm , —cosnT 2 _ A |[cosnm , cosnm 2
a, = —— + - S = 5o + + 5
2n l-n l+n 1-n 2n |L1-n  1+n l1-n
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or

A(cosnn+ncosnn+cosnn—ncosnn+ 2 ) _ A(cosm‘c+ 1) 0%l
2
1

a, = — = —
" 2m 1 —n’ T\ (1-n%)

Now, we can evaluate all the a, coefficients, except a,, from (7.39).

First, we will evaluate a, to obtain the DC value. By substitution of n = 0, we obtain

a, = 2A/m

Therefore, the DC value is
LA
T

2

(7.39)

(7.40)

We cannot use (7.39) to obtain the value of a, because this relation is not valid for n = 1;

therefore, we will evaluate the integral

_A

T
a; = J sintcostdt
oo

From tables of integrals,

J.( sinax)(cosax)dx = 512-1( sinax)2

and thus,
_ A cnn?] <
a, = 2TE(smt) ) =0 (7.41)
From (7.39) with n = 2,3, 4,5, ..., we obtain
_Afcos2n+1Y) _ 2A
_ n( = ) - -2 (7.42)
a; = w ~ 0 (7.43)
n(1-3%
We see that for odd integers of n, a, = 0. However, for n = even, we obtain
a, = Alcosdnr 1) 125A (7.44)
n(1-4%) n
a = A(cos6ﬂ:;— ) _ _2A (7.45)
7'[(1 -6 ) 357
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_ A(cos8mt+1) _ 2A
a8 -

(7.46)
n(1-8%) 637

and so on.
Next, we need to evaluate the b, coefficients. For this waveform,

2n

2n T
b, = AlJ. f(t)sinntdt = éJ. sintsinntdt+éj- Osinntdt
nJ, nJ, I

Y
and from tables of integrals,

J-(sinrnx)(sinnx)dx = Si;((ﬁ:;l))x_ Sl;((rrnn:;l))x (m2¢n2)

n}
0
_ A[sin(l—n)n_sin(l +T 4,0

=0 #1
21 l1-n 1+n } (n )

that is, all the b, coefficients, except by, are zero.

Therefore,

o
Il

A 1{[sin(1 -n)t sin(l + n)t}

T 2 1-n 1+n

We will find b, by direct substitution into (7.14), Page 7-6, for n = 1. Thus,
AT L2 _éi_sin2tn
b, = “'[o (sint)"dt = n[z 2 J

_ ér_t_ sin2n} _A (7.47)
L2 4 2 '

Combining (7.40), with (7.42) through (7.47), we find that the trigonometric Fourier series for
the half—~wave rectifier with no symmetry is

f(t) = é+ésint_é[cos2t+ cos4t  cos6t  cos8t J (7.48)
T 2 3 15 35 63

7.4.5 Trigonometric Fourier Series for Full-Wave Rectifier Waveform

Figure 7.20 shows a full-wave rectifier circuit with input the sinusoid v; (t) = Asinot. The out-
put of that circuit is v ,(t) = |[Asinwt|.
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Trigonometric Form of Fourier Series for Common Waveforms

Vin(t) \\/
Vout(t)

Figure 7.20. Full-wave rectifier circuit

The input and output waveforms are shown in Figures 7.21 and 7.22 respectively. We will

express v, (t) as a trigonometric Fourier series, and we will assume that o = 1.

A A A
0 i o 37 4 i

-A

Figure 7.21. Input sinusoid for the full-rectifier circuit of Figure 7.20

A

0 D 27 3m 4

Figure 7.22. Output waveform for full-rectifier circuit of Figure 7.20

We choose the ordinate as shown in Figure 7.23.

A

2T - 0 T 21

Figure 7.23. Full-wave rectified waveform with even symmetry
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By inspection, the average is a non—zero value. We choose the period of the input sinusoid so
that the output will be expressed in terms of the fundamental frequency. We also choose the lim-
its of integration as - and +, we observe that the waveform has even symmetry. Therefore, we
expect only cosine terms to be present.

The a, coefficients are found from

1 2n

a, = = I f(t) cosntdt
Ty

where for this waveform,

T T
a, = iJ‘ Asintcosntdt = 2?A I sintcosntdt (7.49)
- 0

and from tables of integrals,

I(sinmx)( cosnx)dx = COZS((rlln—_n?))X - C(;S((I;n:;)x (m2 # n2)

Since
cos(x—y) = cos(y—X) = COSXCOSy + sinxsiny

)

we express (7.49) as

a = 24, 1{[cos(n— 1)t cos(n+ 1)1

n T 2 n-1 n+1
_A [cos(n— 1)m  cos(n+ I)TEJ_|: 11 J (7.50)
Y4 n-1 n+1 n-1 n+1

A[l — cos(nm + m) + cos(nm—Tm) — 1}

_7; n+1 n-1

To simplify the last expression in (7.50), we make use of the trigonometric identities

cos(nT+ ) = COSNTCOST — SINNTTSINT = —COSNT
and

cos(NT — ) = COSNTCOST + SINNTMSINT = —COSNT

Then, (7.50) simplifies to

T

A[l +cosnmt 1+ cosnﬂ:} _ A[—Z +(n—1)cosnm—(n+ 1)cosnm

S R n-1 O
(7.51)
_ —2A(cosnm+1) Nl

n(n®-1)
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Now, we can evaluate all the a  coefficients, except a,, from (7.51). First, we will evaluate a, to

obtain the DC value. By substitution of n = 0, we obtain

a, = 24
T n
Therefore, the DC value is
Lo, =24 (7.52)
T
From (7.51) we observe that for all n = odd, other thann = 1, a, = 0.
To obtain the value of a;, we must evaluate the integral
a, = lJ.nsintcostdt
1 T 0
From tables of integrals,
J.(sinax)(cosax)dx = 2La(sinax)2
and thus,
= Lgnn?| =
a, = 2n(smt) . =0 (7.53)
For n = even, from (7.51) we obtain
oy - 2Alo2me ) 4 (7.54)
n(2°-1) n
a, = —2A(C()2s4n+ D _ _% (7.55)
(4" -1) n
ag = —2A(c<)2s6n+ D _ _% (7.56)
(6" -1) n
a, = —2A(C()2s8n+ D _ _% (7.57)
(8 -1) n
and so on. Then, combining the terms of (7.52) with (7.54) through (7.57) we obtain
f(t) = 2_A_‘lé{cos2(nt+ cos4ot  cosbwt  cos8wt } (7.58)
T T 3 15 35 63
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Therefore, the trigonometric form of the Fourier series for the full-wave rectifier with even symme-
try is

ft) = 2A_4A > 1 cosnot (7.59)
T 7rn:2,4,6,...(n -1

This series of (7.59) shows that there is no component of the input (fundamental) frequency.
This is because we chose the period to be from —n and +n. Generally, the period is defined as
the shortest period of repetition. In any waveform where the period is chosen appropriately, it is
very unlikely that a Fourier series will consist of even harmonic terms only.

7.5 Gibbs Phenomenon

In Subsection 7.4.1, Page 7-12, we found that the trigonometric form of the Fourier series of the
square waveform is

- % (ginat+ Lainzat+ s )=t 5 1
f(t) = p sm(nt+3sm3(nt+ssm50)t+... = z nsmno)t
n = odd

Figure 7.24 shows the first 11 harmonics and their sum. As we add more and more harmonics,
the sum looks more and more like the square waveform. However, the crests do not become flat-
tened; this is known as Gibbs phenomenon and it occurs because of the discontinuity of the per-
fect square waveform as it changes from +A to —A.

Figure 7.24. Gibbs phenomenon

7.6 Alternate Forms of the Trigonometric Fourier Series

We recall that the trigonometric Fourier series is expressed as

f(t) = la0 + a,coswt + a,cos2mt + a;cos3wt + a,cos4mt + ...
2 (7.60)

+ b,sinwt + b,sin2mt + bysin3wt + b,sindwt + ...
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If a given waveform does not have any kind of symmetry, it may be advantageous of using the
alternate form of the trigonometric Fourier series where the cosine and sine terms of the same fre-
quency are grouped together, and the sum is combined to a single term, either cosine or sine.
However, we still need to compute the a, and b, coefficients separately.

For the derivation of the alternate forms, we will use the triangle shown in Figure 7.25.

¢, = /an + bn
Cy Pn b a, a b, b,
n cosO = = — sinB_ = = -
c
A /an+bn n fa_+b Ch
o . bn a4
cosGn = sinQ en = atang 9, = altanb—n

Figure 7.25. Derivation of the alternate form of the trigonometric Fourier series

We assume o = 1,and forn = 1,2, 3, ..., we rewrite (7.60) as

a b, . a b, .
f(t) = lao +c,; (—lcost + —lsmt) +c, (—zcos2t + —zsm2t) + ...
2 C C C, C,

+ an bn .
Ch C—cosnt + C—smnt
n n

1 cos B, cost + sinB, sint cos0,cos2t + sinB,sin2t
2 cos(t—90,) cos(2t—0,)
cos0, cosnt + sin0O, sinnt

"l ( cos(nt—9,) )

and, in general, for m # 1, we obtain

= = b
f(t) = %a0+ Z c,cos(not—0,) = %a0+ z cncos(nwt—atana—n) (7.61)
n

n=1 n=1

Similarly,

1 sin@, cost + cos@, sint
2 sin(t+ ;)

sin@,cos2t + cosQ,sin2t sin@, cosnt + cos@, sinnt
| S )

sin(2t + @,) sin(nt+@,)

and, in general, where o # 1, we obtain
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f(t) = %ao + Z c,sin(not+¢@,) = %ao + Z cnsin(nwt + atan%) (7.62)

n

n=1 n=1

When used in circuit analysis, (7.61) and (7.62) can be expressed as phasors. Since it is custom-
ary to use the cosine function in the time domain to phasor transformation, we choose to use the
transformation of (7.63) below.

1 S ( bn) 1 S b,
S+ z c,cos| nmt — atana—Il 580+ Z cné—atana—Il (7.63)
n=1 n=1

Example 7.1

Find the first 5 terms of the alternate form of the trigonometric Fourier series for the waveform of
Figure 7.26.

£(t)

} i } } t

/2 T  3m2 2%

Figure 7.26. Waveform for Example 7.1
Solution:

The given waveform has no symmetry; thus, we expect both cosine and sine functions with odd
and even terms present. Also, by inspection the DC value is not zero.

We will compute the a, and b, coefficients, the DC value, and we will combine them to obtain
an expression in the form of (7.63). Then,

1 n/2 2n n/2 2n

7—tJ- (3)cosntdt+}TJ- (1)cosntdt = r—%sinnt

0 n/2
3. om 1 . 1 .. m 2 . m
—sinn= + —sinn2m——sinn= = —sinn -
nm 2 nm nm 2 nm 2

o
I

1 .
+ —sinnt
nm

0 n/2 (7.64)

We observe that for n = even, a, = 0.

Forn = odd,
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a = 2 (7.65)
T
and
a, = —= (7.66)
3n
The DC value is
1 1 ™2 1 (" 1 n/2 ., 2m
2% = 3= jo (3)dt+5- Im(l)dt = 5=ty + 1))
(7.67)
_ 1 (3_75 _ Tf) -1 _3
= \3 +27 3 _2n(75+211:)_2
The b, coefficients are
n/2 2n n/2 21
b, = 1 J. (3)sinntdt + 1 J- (1)sinntdt = —_—%cosnt + —_—lcosnt
nd, nd ., nm , nm 2 (7.68)
= —_—3—cosn1—-c + 3 + —_—lcosn2n + —l—cosnT—E = ——1-—(3 — cosn2m) = 2
nm 2 nm nm nmn 2 nm nm
Then,
b, = 2/n (7.69)
b, = 1/m (7.70)
by = 2/37 (7.71)
b, = 1/2m (1.72)
From (7.63),
0t 3 cpcos(not-an ) & Sa+ 3 =
30+ z ¢, cos| nmt — atan; & 580+ Z cné—atan;—
n=1 n n=1 n
where
bn — 2 2 bn _ 2 2 _ .
cné—atana— = an+bn4—atana— = Ja,+b /-0, =a —jb, (7.73)
Thus, for n = 1,2, 3, and 4, we obtain:
2 2
a,—jb, = 2-j2 - (2) +(2) /-45°
nom n T
(7.74)
o 8 5o 222 ) g5o 292 oot - a59)
11:2 T T
Similarly,
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a,—jb, = O_jflc = %4—90" = Tlccos(Z(ot— 90°) (7.75)
boo_ 2 2 242, a0 242 o
a;—jby = 33T 31'54 135° Ep cos(3mt—135°) (7.76)
and
a,—jb, = 0—jo = = /90° & 2 cos (40t — 90°) (1.77)
4o 2n~ 2m 27

Combining the terms of (7.67) with (7.74) through (7.77), we find that the alternate form of the

trigonometric Fourier series representing the waveform of this example is
[2./2cos(wt - 45°) + cos(20t - 90°)

2.2

+ =2 cos (3wt - 135%) + %cos(4wt— 90°) + ... |

f(t) = §+

al—

(7.78)

7.7 Circuit Analysis with Trigonometric Fourier Series

When the excitation of an electric circuit is a non—sinusoidal waveform such as those we pre-
sented thus far, we can use Fouries series to determine the response of a circuit. The procedure is
illustrated with the examples that follow.

Example 7.2

The input to the series RC circuit of Figure 7.27, is the square waveform of Figure 7.28. Compute
the voltage v(t) across the capacitor. Consider only the first three terms of the series, and
assume @ = 1.

R
NV
e Cl+
(m) = Ve
Vin(t) 1F

Figure 7.27. Circuit for Example 7.2
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Vin(t) T
A

-A

Figure 7.28. Input waveform for the circuit of Figure 7.27
Solution:

In Subsection 7.4.1, Page 7-11, we found that the waveform of Figure 7.28 can be represented by
the trigonometric Fourier series as

f(t) = %—? (sin(nt + %sin3(nt + %sinSwt + ) (7.79)

Since this series is the sum of sinusoids, we will use phasor analysis to obtain the solution. The
equivalent phasor circuit is shown in Figure 7.29.

R
A4,
o,
@) 1TVe
Vin ‘]—(1-)

Figure 7.29. Phasor circuit for Example 7.2

We let n represent the number of terms in the Fourier series. For this example, we are only inter-
ested in the first three odd terms, thatis, n = 1,3,and 5.

By the voltage division expression,

_ 1/(jnw) 1
cn 14 1/(jnw) inn 1+jnVinn (7.80)
With reference to (7.79) the phasors of the first 3 odd terms of (7.80) are
‘—‘ésint = f‘—écos(t— 0°) =V, = 4—‘—44—90" (7.81)
T T T
4A 1 . 4A 1 . C4A 1, o
3sm3t— - -3cos(3t—90 )<:>Vin3 = 34 90 (7.82)
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4A 1 4A 1 4A 1 .
5 nst = - gcos(St—90 )(:)V =3 -/-90 (7.83)

By substitution of (7.81) through (7.83) into (7.80), we obtain the phasor and time domain volt-
ages indicated in (7.84) through (7.86) below.

v, = T%.‘lnég_%o - ﬁ4145° 47‘? £-90°
(7.84)
=4_A.§4_135° A ﬁcos(t 135°)
v o= AL g 1 4AT ) g
3 1+j3 © 3 J10/71.6° T 3 25
(7.85)
_ A @4—161 6° < 3A “/T)cos(3t— 161.6°)
n 30 T
vV, = I:js.‘%.%z_%o - ﬁ#%%z—w
78.7°
(7.86)

_4A 26 oy 4A 426 o
= 28220 168.7° 12 S0 cos (51— 168.79)

Thus, the capacitor voltage in the time domain is

ve(t) = ‘—‘é[ﬁcos(t 135° )+“/1070cos(3t 161.6°)+—1“/§2766cos(5t—168.7°)+...} (7.87)

Assuming that in the circuit of Figure 7.27 the capacitor is initially discharged, we expect that
capacitor voltage will consist of alternating rising and decaying exponentials. Let us plot relation
(7.87) using the MATLAB script below assuming that A = 1.

t=0:pi/64:4*pi; Vc=(4./pi).*((sqrt(2)./2).*cos(t—135.*pi./180)+...
(sqrt(10)./30).*cos(3.*t-161.6.*pi./180)+(sqrt(26)./130).*cos(5.*t-168.7.*pi./180)); plot(t,Vc)

Figure 7.30. Waveform for relation (7.87)
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The waveform of Figure 7.30 is a rudimentary presentation of the capacitor voltage for the circuit
of Figure 7.27. However, it will improve if we add a sufficient number of harmonics in (7.87).

We can obtain a more accurate waveform for the capacitor voltage of Figure 7.27 with the Sim-
ulink model of Figure 7.31.

>
1
>~ >
S+1 Scope
Pulse Transfer Fcn Bus
Generator Creator

Figure 7.31. Simulink model for the circuit of Figure 7.27

The input and output waveforms are shown in Figure 7.32.

Figure 7.32. Input and output waveforms for the model of Figure 7.31

7.8 The Exponential Form of the Fourier Series

The Fourier series are often expressed in exponential form. The advantage of the exponential
form is that we only need to perform one integration rather than two, one for the a_, and

another for the b, coefficients in the trigonometric form of the series. Moreover, in most cases
the integration is simpler.
The exponential form is derived from the trigonometric form by substitution of

jot —jot

cosmt = 9__-53_- (7.88)
jot —jot
sinot = &——¢ (7.89)
j2
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into f(t). Thus,

1 o jot + e_jmt e j2mwt + e—j2cot
f(t) = an + al(———z——— ) + az(————z————) + (7.90)

ijt— e_jmt ej2(nt_ e—j2wt
...+b1( 7 )+b2( 7 )+

and grouping terms with same exponents, we obtain

f(t) = ...+(é-1—2—‘,b—2)e_j2m+(i—]3—l)e_jm+la0+(ﬁ+b)ejm+(@+1,2)ej2m (7.91)
2 32 2 32 2 2 32 2 32

The terms of (7.91) in parentheses are usually denoted as

1 by 1 :

C, = E(an—T) = 2(an+an) (7.92)
C, = 5(a +'il) - LaSiby (7.93)

n — 2 n J - 2n ] n .

1
C, = 58 (7.94)
Then, (7.91) is written as
—j2mt —jot jot j2wt

f(t) = ... +C_e +C e +Cyi+Cie’ +Ce” + ... (7.95)

We must remember that the C; coefficients, except C,, are complex and occur in complex con-
jugate pairs, that is,

C,=C* (7.96)

-n n
We can derive a general expression for the complex coefficients C, , by multiplying both sides of

(7.95) by ¢ ™" and integrating over one period, as we did in the derivation of the a, and b,
coefficients of the trigonometric form. Then, with ® = 1,

J

2 int m j2t —jnt 2 jit —jnt
f(t)e?"dt = ... +J. C, e e ?Mdt +J- Cfle_J e Mdt (7.97)
0 0 0

2n int 27 it
+J. Cpe” dt+J- C,e’e?dt
0 0

27 Dr int 2n ‘nt —int
+'[ C,e’“e” dt+...+'[ C,e'Me™dt
0 0

We observe that all the integrals on the right side of (7.96) are zero except the last. Therefore,
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2n it 21 nt —int 2n
fe™™dt = [ Cpe™e™ar = [ Codt = 2nC,
0 0

J

0

or
_ -1_ 2n int
Co = 3= jo f(t)e ™ dt (7.98)
and, in general, for o # 1,
c = L j znf(t)e_jnmtd((x)t) (7.99)
"oo2md, '
or
T .
c =4 [ e ™ don) (7.100)
T 0

We can derive the trigonometric Fourier series from the exponential series by addition and sub-
traction of the exponential form coefficients C, and C_,. Thus, from (7.92) and (7.93),

Cot C.y = 3(a,=ib, + 2, +jb,)
or
a, = C,+C_ (7.101)
Similarly, |
Cn_C—n = z(an_jbn_an_jbn) (7102)
or
b, = J(C,-C) (7.103)

7.9 Symmetry in Exponential Fourier Series

Since the coefficients of the Fourier series in exponential form appear as complex numbers, we
can use the properties in Subsections 7.9.1 through 7.9.5 below to determine the symmetry in the
exponential Fourier series.

7.9.1 Even Functions

For even functions, all coefficients C; are real.

We recall from (7.92) and (7.93) that

L, by L
Cfn - 2(311_]—) - 2(a11+-]b1’1) (7.104)
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and

_1 by _ 1,
c, = 2(an+7) = La,-iby) (7.105)

Since even functions have no sine terms, the b, coefficients in (7.104) and (7.105) are zero.
Therefore, both C_, and C, are real.

7.9.2 Odd Functions

For odd functions, all coefficients C; are imaginary.

Since odd functions have no cosine terms, the a, coefficients in (7.104) and (7.105) are zero.

Therefore, both C_, and C, are imaginary.

7.9.3 Half-Wave Symmetry

If there is half-wave symmetry, C, = 0 for n = even.

We recall from the trigonometric Fourier series that if there is half~wave symmetry, all even har-
monics are zero. Therefore, in (7.104) and (7.105) the coefficients a, and b, are both zero for

n = even, and thus, both C_, and C, are also zero for n = even.

7.9.4 No Symmetry

If there is no symmetry, f(t) is complex.

This is evident from Subparagraphs 7.9.1 and 7.9.2, and relations (7.104) and (7.105).

7.9.5 Relation of C__ to C_*

C_, = C* always.

This is evident from (7.104) and (7.105).

Example 7.3

Compute the exponential Fourier series for the square waveform of Figure 7.33 below. Assume
that w = 1.
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ot

—-A
Figure 7.33. Waveform for Example 7.3

Solution:

This is the same waveform as in Subsection 7.4.1, Page 7-11, and as we know, it is an odd func-

tion, has half-wave symmetry, and its DC component is zero. Therefore, the C, coefficients will

be imaginary, C, = 0 for n = even, and C, = 0. Using (7.99), Page 7-33, with o = 1, we

obtain

1 2 —jnt 1 T —jnt 1 2 —jnt
C,=— f(t d=—1| A dt + — -A dt
27t.[0 (e 2nj0 ¢ +2njn ¢

and forn = 0,

17¢™, -0 2 -0 A
C, = 2nUo Ae dt+j (-A)e dt} = -(n-2n+m) = 0

Iy
as expected.

Forn#0,
I . 21 . L o 2n
C, = L U Ae_det+.[ —Ae_det} = LA ZA
2n |, . 21 | —jn o —Jn .
1 TA, S A, —jn2n  —jnm A —jnm  —jn2m  —jnm (7.106)
= — |2 —D+ = - =2 (1- —
n [—jn(e )+jn(e e )J 2j7tn( e +¢ e’ )
A —jn2m —jnm A —jnm 2
=21 ~2 = 2 -1
2j1'cn( e ¢ 2j7£n(e )
For n = even, e = ; then,
C _ A —jnn_ 2 _ A _ 2
b= oven © 2jmn'C D= gmit-b =0 (7.107)

as expected.

Forn = odd, e’™ = —1. Therefore,
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C _i—jnn_ 2_i__2___ _ 2A
n=gdd_2jnn(e 1) = 5—=(1-1) = (-2)°

2jmn 2jmn JTEIl (7.108)
Using (7.94), Page 7-32, that is,

jot

f(t) = ... +Ce "' +C_1e 7" +Cy+Ce ]

j2mt
+C2eJ + ...

we obtain the exponential Fourier series for the square waveform with odd symmetry as

f(t) ZA( ._le—j3wt_e—jwt jwt+le j3wt) _ 2A 1 jnot

+ € J—ﬂ:z;e

3 3 (7.109)
n = odd

The minus () sign of the first two terms within the parentheses results from the fact that
C_, = C,*. For instance, since C; = 2A/j3n, it follows that C_; = C3* = -2A/j3n. We

observe that f(t) is purely imaginary, as expected, since the waveform is an odd function.

To prove that (7.109) above and (7.22), Page 7-12 are the same, we group the two terms inside
the parentheses of (7.109) for which n = 1; this will produce the fundamental frequency sinwt.
Then, we group the two terms for which n = 3, and this will produce the third harmonic
sin3wt, and so on.

7.10 Line Spectra

When the Fourier series are known, it is useful to plot the amplitudes of the harmonics on a fre-
quency scale that shows the first (fundamental frequency) harmonic, and the higher harmonics
times the amplitude of the fundamental. Such a plot is known as line spectrum and shows the

spectral lines that would be displayed by a spectrum analyzer .

Figure 7.34 shows the line spectrum of the square waveform in Subsection 7.4.1, Page 7-11.

b,
4/

! |. | ' L not
o, 1 2 3 4 5 6 7 8 9

Figure 7.34. Line spectrum for square waveform in Subsection 7.4.1

*  An instrument that displays the spectral lines of a waveform.
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Figure 7.35 shows the line spectrum for the half-wave rectifier in Subsection 7.4.4, Page 7-18.

Aln+ DC

0 1

T | I I T not

Figure 7.35. Line spectrum for half-wave rectifier, Page 7-17

The line spectra of other waveforms can be easily constructed from the Fourier series.

|

Example 7.4

Compute the exponential Fourier series for the waveform of Figure 7.36, and plot its line spectra.
Assume o = 1.

Solution:

This recurrent rectangular pulse is used extensively in digital communications systems. To deter-
mine how faithfully such pulses will be transmitted, it is necessary to know the frequency compo-
nents.

|

A |

—>| T/ [&—

| | 0 | | ot
om -m -n/x | m/x T o

Figure 7.36. Waveform for Example 7.4

As shown in Figure 7.36, the pulse duration is T/k. Thus, the recurrence interval (period) T, is
k times the pulse duration. In other words, k is the ratio of the pulse repetition time to the dura-
tion of each pulse. For this example, the components of the exponential Fourier series are found
from

n/k .
A [ e™a (7.110)

C, = —LInAe_jntdt =
to2md 21

-n/k

The value of the average (DC component) is found by letting n = 0. Then, from (7.110) we
obtain
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or
A
c, =2 7.111
07 % ( )
For the values for n # 0, integration of (7.110) yields
A ™R A IR Ay sin(nm/k)
no —jn27te -n/k T ngm j2 T nm Sm(k) = A nm
or
_ A sin(nm/k)
¢, = £ MR (7.112)
and thus,
_ w A sin(nn/k)
fo =y & ol (7.113)

n=—oo

The relation of (7.113) has the sinx/x form, and the line spectra are shown in Figures 7.37
through 7.39, for k = 2, k = 5 and k = 10 respectively by using the MATLAB scripts below.

fplot('sin(2.*x)./(2.*x)",[-4 4 -0.4 1.2])
fplot('sin(5.x)./(5.*x)',[-4 4 -0.4 1.2)])
fplot('sin(10.*x)./(10.*x)",[-4 4 -0.4 1.2])

0.8f i
0.6+ .
0.4+ .

0.2r b

.04 1 1 1 1 1 1

Figure 7.37. Line spectrum of (7.113) for k = 2
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1.2

0.8+

0.6

0.4+

0.2r

o

-0.2+

-0.4

/\
\/

/N~
N~

-4 -3 2 -1 0

1.2

0.8+

0.6

0.4}

0.2+

o

0.2+

-0.4
-4

1

2

3 4

Figure 7.38. Line spectrum of (7.113) for k = 5

Figure 7.39. Line spectrum of (7.113) for k = 10

The spectral lines are separated by the distance 1/k and thus, as k becomes larger, the lines get

closer together while the lines are further apart as k gets smaller.

Example 7.5

Use the result of Example 7.4 to compute the exponential Fourier series of the unit impulse train
A8(t+2mn) shown in Figure 7.40.

Solution:

From relation (7.112), Page 7-38,

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition

Copyright © Orchard Publications

7-39


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 7 Fourier Series

8m —6m —4n —2m |0 21m  4nm  6m  sn ot
Figure 7.40. Impulse train for Example 7.4
_ A sin(nn/k)
C, = P (7.114)
and the pulse width was defined as T/k, that is,
T_2In (7.115)

k k

Next, let us represent the impulse train of Figure 7.40, as a recurrent pulse with amplitude

Ao L __1 _k (7.116)

as shown in Figure 7.41.

A= —
2n/k ——g- — — — -

. . 0 . .
f f f t ot
o1 - -T/K | m/K b o

1

Fi 41. R t pul ith litude A = ——
igure 7.4 ecurrent pulse with amplitude Y

By substitution of (7.116) into (7.114), we obtain

_ k/2n sin(nm/k) _ 1 sin(nm/k)

S k nm/k 2t nm/k

(7.117)

and as m/k — 0 , we observe from Figure 7.41, that each recurrent pulse becomes a unit impulse,
and the total number of the pulses reduce to a unit impulse train. Moreover, recalling that
lim 32X = 1, we see that (7.117) reduces to C, = ZL , that is, all coefficients of the exponential
x—>0 X T

Fourier series have the same amplitude and thus,
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1
21

n

jnmt

e (7.118)

M s

f(t) =

—oo

The series of (7.118) reveals that the line spectrum of the impulse train of Figure 7.40, consists of
a train of equal amplitude, and are equally spaced harmonics as shown in Figure 7.42.

1/2@

4 3 =2 -1 [0 1 2 3 4

Figure 7.42. Line spectrum for Example 7.5

Since these spectral lines extend from — oo to + o, the bandwidth approaches infinity.

Let us reconsider the train of recurrent pulses shown in Figure 7.43.

A |

. . 0 .
f f f f wt
=27 —TT —T/K /K T 21

Figure 7.43. Recurrent pulse with T — eo

Now, let us suppose that the pulses to the left and right of the pulse centered around zero,
become less and less frequent; or in other words, the period T approaches infinity. In this case,
there is only one pulse left (the one centered around zero). As T — o, the fundamental fre-
quency approaches zero, that is, ® — 0 as T approaches infinity. Accordingly, the frequency dif-
ference between consecutive harmonics becomes smaller. In this case, the lines in the line spec-

trum come closer together, and the line spectrum becomes a continuous spectrum. This forms
the basis of the Fourier transform that we will study in the next chapter.

7.11 Computation of RMS Values from Fourier Series

The RMS value of a waveform consisting of sinusoids of different frequencies, is equal to the
square root of the sum of the squares of the RMS values of each sinusoid. Thus, if
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i=1I,+I,cos(wtx0,)+I,cos(w,t+6,)+ ... +Igcos(wyttby) (7.119)

where 1, represents a constant current, and I, I,, ..., Iy represent the amplitudes of the sinuso-
ids, the RMS value of i is found from

2 2 2 2
Irms = «/Io + 1 rms + L rus + -+ + In ruis (7.120)

or

(7.121)

2 1.2 1.2 1
Irms = JIO +2I1 m+212m+ ...+21

2
N m

The proof of (7.120) is based on Parseval’s theorem; we will state this theorem in the next chap-
ter. A brief description of the proof of (7.120) follows.

We recall that the RMS (effective) value of a function, such as current i(t), is defined as

T
aws = |z jo 2dt (7.122)

Substitution of (7.119) into (7.122), will produce the terms I;, I;.[cos(w,t—6,)]* , and other

similar terms representing higher order harmonics. The result will also contain products of cosine
functions multiplied by a constant, or other cosine terms of different harmonic frequencies. But
as we know, from the orthogonality principle, the integration of (7.122), will produce all zero
terms except the cosine squared terms which, for each harmonic, will be

(7.123)
as in (7.121).

|
Example 7.6

Consider the waveform of Figure 7.44.

ot

—1-1

Figure 7.44. Waveform for Example 7.6
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Find the I;,,5 value of this waveform by application of
a. relation (7.122)

b. relation (7.121)

Solution:

a. By inspection, the period is T = 27 as shown in Figure 7.45.

m wt

—f-1

Figure 7.45. Waveform of Example 7.6 showing period T = 27
Then,

2n

12,5 = Tj dt =5~ 12d((nt) - %T U:lzd(mt)Jrj (—l)zd(wt)}

T

T 2m 1
ET‘E [(x)t|0 +(”t|n ]1= 5-7—1[271] =1
or
Igms =1

b. In Subsection 7.4.1, Page 7-11, we found that the given waveform may be written as

i(t) = ;—t (sin(nt + %sin?»wt + %sinSwt + ) (7.124)
and as we know, the RMS value of a sinusoid is a real number independent of the frequency
and the phase angle, and it is equal to 0.707 times its maximum value, that is,

Ixms = 0.7071.. . Then, from (7.121) and (7.124),

4 1, o 11 11 B
IRMS_;E/\/O"'E(I) +§(§) +§(§) +... =097 (7125)

This is a good approximation to unity, considering that higher harmonics have been
neglected.
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7.12 Computation of Average Power from Fourier Series
We can compute the average power of a Fourier series from the relation

Pave = Pdc+Plave+P2ave+

= Viclae + Virmslirms €080 + Voryslrmscos0, + ...

The proof is obtained from the definition of average power, i.e.,
1" 1T .
Pe = T, pdt = T Jo vidt

and the expression for the alternate trigonometric Fourier series, that is,

f(t) = %a0+ z c,cos(nwt—0,)

n=1

(7.126)

(7.127)

(7.128)

where f(t) can represent voltages and currents. Then, by substitution of these series for v and i

into (7.127), we will find that the products of v and i that have different frequencies, will be
zero, and only the products of the same frequency terms will have non-zero values. The non—zero

values will represent the average power for each harmonic in (7.126).
|
Example 7.7

For the circuit of Figure 7.46, compute:

a. The current i (t) given that v, (t) = 6 (coswt—% cos3(nt)V where ® = 1000 r/s.

b. The average power P, delivered by the voltage source.

R
Ny
1 C .
B ic(t)
@ 10_3 T
Vi, (1) 5 F

Figure 7.46. Circuit for Example 7.7

Solution:

a. We will use the subscripts 1 and 3 to represent the quantities due to the fundamental and
third harmonic frequencies respectively. Since the excitation consists of two sinusoids of dif-
ferent frequencies, we can use phasor quantities, and we will denote them with capital letters.
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Then,
Vi (t) = 6cosot & V, | =6£0°V
_j _ _j .
= = -3
®,;C 10’ x107/3
Z, = 1-j3 = J10£-71.6°
V. o
Iop = =l = 020%  _190.,71.6° = iq,(t) = 1.90c0s (ot +71.6%) A (7.129)
Zy  J10£-71.6°
Next,

Vi3(t) = —2cos30t = 2¢os (3ot + 180°) & V, 5 = 2£180° V

S B
03C  3%10°%x107°/3

Z, = 1-jl1 = J2/-45°

_ Vi . 2/180°

Ie; = 1.41£225° = 1.41£(225-135)°

Zy, . J2/-45° (7.130)
& igs(t) = 1.41cos(3wt-135°) A

From (7.129) and (7.130),

i(t) = i (t) +i4(t) = 1.90cos(wt+ 71.6°) + 1.41 cos(3mwt—135°) (7.131)

b. The average power delivered by the voltage source is

P.ove = Virmslirms€0860; + Vipyslirms 0865
7.132
= i-wcos(71.6°)+i~ﬁcos(—l35°) ( )
202 202
or
P,ye = 08w (7.133)
Check:

The average power absorbed by the capacitor is zero, and therefore, the average power
absorbed by the resistor, must be equal to the average power delivered by the source. The
average power absorbed by the resistor is

Pave = 3loR = 3 nge = L) = 3(190° - 141%) = 08 w

ave ) max 2(Ilmax
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7.13 Evaluation of Fourier Coefficients Using Excel®

The use of Fourier series is not restricted to electric circuit analysis. It is also applied in the anal-
ysis of the behavior of physical systems subjected to periodic disturbances. Examples include
cable stress analysis in suspension bridges, and mechanical vibrations.

Quite often, it is necessary to construct the Fourier expansion of a function based on observed
values instead of an analytic expression. Examples are meteorological or economic quantities
whose period may be a day, a week, a month or even a year. In these situations, we need to eval-
uate the integral(s) using numerical integration.

The procedure presented here, will work for both the waveforms that have an analytical solution
and those that do not. Even though we may already know the Fourier series from analytical
methods, we can use this procedure to check our results.

Consider the waveform of f(x) shown in Figure 7.47, were we have divided it into small pulses of
width Ax . Obviously, the more pulses we use, the better the approximation.

If the time axis is in degrees, we can choose Ax to be 2.5° and it is convenient to start at the zero
point of the waveform. Then, using a spreadsheet, such as Microsoft Excel, we can divide the
period 0° to 360° in 2.5° intervals, and enter these values in Column A of the spreadsheet.

f(x)

NI
Figure 7.47. Waveform whose analytical expression is unknown

Since the arguments of the sine and the cosine are in radians, we multiply degrees by n
(3.1459...) and divide by 180 to perform the conversion. We enter these in Column B and we
denote them as x. In Column C we enter the corresponding values of y = f(x) as measured
from the waveform. In Columns D and E we enter the values of cosx and the product ycosx
respectively. Similarly, we enter the values of sinx and ysinx in Columns F and G respectively.

Next, we form the sums of ycosx and ysinx, we multiply these by Ax, and we divide by & to
obtain the coefficients a; and b, . To compute the coefficients of the higher order harmonics, we

form the products ycos2x, ysin2x, ycos3x, ysin3x, and so on, and we enter these in subse-
quent columns of the spreadsheet.
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Figure 7.48 is a partial table showing the computation of the coefficients of the square waveform,
and Figure 7.49 is a partial table showing the computation of the coefficients of a clipped sine
waveform. The complete tables extend to the seventh harmonic to the right and to 360° down.

7.14 Evaluation of Fourier Coefficients Using MATLAB®

We can also use MATLAB to evaluate the coefficients of a Fourier series as illustrated with the
following simple example.

Example 7.8

Let f(t) = coswt where ® = 1. Use the exponential Fourier series to evaluate the average value
C, and the first 3 harmonics C,, C,, C; using MATLAB.

Solution:

We use the following MATLAB script where the statement int(f,t,a,b) where f represents the
function to be integrated, t is a symbolic variable for the symbolic expression, and a and b are
numeric values for the definite integral a to b.

syms t % Define symbolic variable t

T=1; % Period of the signal

w=2"pi/T; % radian frequency omega

for n=0:3 % Evaluate DC component and first 3 harmonics

Cn=(1/T)*int(cos(w*t)*exp(-j*'w*n*t), t, 0, 1) % Exponential Fourier Series, relation (7.99)
end

MATLARB displays the following:
Cn =0 Cn=12 Cn=0 Cn=0
The values displayed by MATLAB indicate that C, = 1/2 is the only nonzero frequency com-

ponent, and since cosmt is an even function, all C, coefficients in relation (7.95), Page 7-32 are
realand C_, = C_, = 1/2. Therefore,

f(t) = ...+O+%e_jm+0+%ejm+0+... = e___iz_e__ = cosmt

Also, for the trigonometric Fourier series, from (7.100), Page 7-33,
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Figure 7.48. Numerical computation of the coefficients of the square waveform (partial |
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Figure 7.49. Numerical computation of the coefficients of a clipped sine waveform (partial listing)
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7.15 Summary

e Any periodic waveform f(t) can be expressed as

1 Z .
f(t) = 30+ Z (a,cosnmt + b, sinnwt)

n=1

where the first term a,/2 is a constant, and represents the DC (average) component of f(t).
The terms with the coefficients a, and b, together, represent the fundamental frequency
component o . Likewise, the terms with the coefficients a, and b, together, represent the sec-
ond harmonic component 2w, and so on. The coefficients a,, a,, and b, are found from the
following relations:

1 1 27
an = ECJ.O f(t)dt

1 27
a = —I f(t) cosntdt
o

1 2n

b, = T_JO f(t) sinntdt

e If a waveform has odd symmetry, that is, if it is an odd function, the series will consist of sine
terms only. We recall that odd functions are those for which —f(-t) = f(t).

e If a waveform has even symmetry, that is, if it is an even function, the series will consist of
cosine terms only, and a, may or may not be zero. We recall that even functions are those for

which f(-t) = f(t)
o A periodic waveform with period T, has half-wave symmetry if
SE(t+T/2) = (1)

that is, the shape of the negative half—cycle of the waveform is the same as that of the positive
half-cycle, but inverted. If a waveform has half~wave symmetry only odd (odd cosine and odd
sine) harmonics will be present. In other words, all even (even cosine and even sine) harmon-
ics will be zero.

o The trigonometric Fourier series for the square waveform with odd symmetry is

- 4 Gngc+ dsinsot s L )=4A s L
f(t) = p sm(nt+3sm3(nt+ssm50)t+... = z nsmn(x)t
n = odd
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e The trigonometric Fourier series for the square waveform with even symmetry is
n-1
f(t) = A(cosmt—%cos3wt+ ;COSSwt— ) = ‘% z (-1) 2 Illcosn(nt
n = odd

e The trigonometric Fourier series for the sawtooth waveform with odd symmetry is
f(t) = A(smwt— lsm2(x)t+ lsm3(1)t—lsm4(ut+ ) = =N"(-)"" —s1nn0)t
2 3 4 B Z

e The trigonometric Fourier series for the triangular waveform with odd symmetry is
(n-1)

f(t) = = (sm(nt ésm30)t+é-lgsm5(nt Z-ésm70)t+ ): 2 z (-1) 2 ;llzsinn(nt
n = odd

e The trigonometric Fourier series for the half~wave rectifier with no symmetry is

f(t) = ——+é51 t_A[coszt_l_ cosdt . cos6t  cos8t }
2 nl 3 15 35 63

¢ The trigonometric form of the Fourier series for the full-wave rectifier with even symmetry is

2A 4A =
f(1) = 24 _I2
O ==-7 >

n=24,6,...

3 cosnmt

(n"—1)

e The Fourier series are often expressed in exponential form as

f(t) = ..+ Ce 24 C e 4 Cp + e’ + 0 +

where the C, coefficients are related to the trigonometric form coefficients as

_ l( _bn) _1 :
C,= 5 a, ; = 2(an+an)
_ l( bn) 1.

C, = 3 a, + ; = 2(an jb,)
CO = aO

e The C; coefficients, except C,, are complex, and appear as complex conjugate pairs, that is,

C_, =C*

—n n
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In general, for o # 1,
_ 1 T —jnmt _ 1 m —jnmt
Co= 7 jo f(He " d(ot) = 5= jo f(t)e "' d(wt)

We can derive the trigonometric Fourier series from the exponential series from the relations

a, = C,+C_,
and
bn = j(cn_ C—n)

For even functions, all coefficients C; are real

For odd functions, all coefficients C; are imaginary
If there is half-wave symmetry, C, = 0 for n = even
C_, = C* always

A line spectrum is a plot that shows the amplitudes of the harmonics on a frequency scale.

e The frequency components of a recurrent rectangular pulse follow a sinx/x form.

The line spectrum of an impulse train consists of a train of equal amplitude, and are equally
spaced harmonics.

The RMS value of a waveform consisting of sinusoids of different frequencies, is equal to the
square root of the sum of the squares of the RMS values of each sinusoid. Thus,

2 2 2 2
Irms = /\/IO + 1 rms + L rus + -+ + Inrms

or

2
1I

2 1.2 1.2
Ixms = IO+§Ilm+§Izm+...+§Nm

We can compute the average power of a Fourier series from the relation

Pave = Pdc+Plave+P2ave+

= Vielae + Virmslirms €080, + Vopyslhrmscos6, + ...

We can evaluate the Fourier coefficients of a function based on observed values instead of an
analytic expression using numerical evaluations with the aid of a spreadsheet.
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7.16 Exercises

1. Compute the first 5 components of the trigonometric Fourier series for the waveform shown
below. Assume o = 1.

f(t)
+ A

NS o

I O T

2. Compute the first 5 components of the trigonometric Fourier series for the waveform shown
below. Assume ® = 1.

f(t)

| | | | | | mt
| | T » I

3. Compute the first 5 components of the exponential Fourier series for the waveform shown
below. Assume w = 1.

f(t)

ot

0

4.Compute the first 5 components of the exponential Fourier series for the waveform shown
below. Assume w = 1.

f(t)
A/2 —

S -A/2
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5. Compute the first 5 components of the exponential Fourier series for the waveform shown
below. Assume w = 1.

f(t)
A

ot

0

6. Compute the first 5 components of the exponential Fourier series for the waveform shown
below. Assume ® = 1.

AN ANNYS
NSV NS
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7.17 Solutions to End-of-Chapter Exercises
1.
i,

NS l

t t
-2n -7 0 T 27 ®

This is an even function; therefore, the series consists of cosine terms only. There is no half-

wave symmetry and the average (DC component) is not zero. We will integrate from 0 to &
and multiply by 2. Then,

T T
a, = gJ. étcosntd‘[ = 2—éj tcosntdt (1)
Wy T 7o

From tables of integrals,

1 X .
xcosaxdx = —cosax + =sinax
a

a
and thus (1) becomes

2A( 1 t . TO2A0 1 t . 1
a, = — —cosnt + —sinnt = —| —cosnm+ -sinntwr— — -0
nz 22 n 2\ 2 2

T n n n

0

and since sinntt = 0 for all integer n,

2A 1

a, = —2(-1—2cosnn——2) = %A—z(cosnn—l) (2)
m ' n n

We cannot evaluate the average (1/2)a, from (2); we must use (1). Then, forn = 0,

n 2

! n
2

T
2100

A
2 2’

el _ A
2 T 2

a
a3

0
or

(1/2)/a, = A/2

We observe from (2) that for n = even, a, _ ,ye, = 0. Then,

forn=1, a =—4—‘é, forn = 3, a =:ié, forn=35, a =—ii, forn=7, a = 4A
1 2 3 2 5 5 2 3 5 2
T 3'm 5" 7m
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and so on. Therefore,

f(t) = %ao—ﬁ(cost+lcos3t+ic055t+—l—cos7t+...) = %—4A Z icosnt

2 9 25 29 2
n = odd
2.
ot
This is an even function; therefore, the series consists of cosine terms only. There is no half-
wave symmetry and the average (DC component) is not zero.
Average = Lo, = Area _ 2x[(A/2) (/)] + An _ 3A-(1/2) _ 3A
2 Period 21 21 4
n/2 b4
a, = QJ‘ =—tcosntdt + QJ‘ Acosntdt (1)
Ty T s
and with

1 X . 1 .
xcosaxdx = —Ccosax + =sinax = —2(cosax+axsmax)
a

a a
relation (1) above simplifies to
n/2
a = 4;;“[ lz(cosnt + ntsinnt)} + 2;Asmnqn/z
2l nw n
0
_ AA (COSM RLULPENS Vi S 0) + %(sinnn - sinrit)
n’n’ 2 2 2 nn ?

and since sinntt = 0 for all integer n,

_4A  nm  2A . nm  4A 2A.nn_4A( nm )
a, = —5C08— + —sin— - — - =—sin— = —

n 2 2 2
2 nTm n7m 2
i 2 2 e 2

forn = 1, a1=f‘—‘—;“(o_1)=_‘-‘%, forn = 2, a2=f‘—‘%(_1_1)=_2—1§
T T 47 T

forn = 3, a3:ié2(0_1):_4—A2, forn =4, a,==2(1-1) =0
In on 727r

We observe that the fourth harmonic and all its multiples are zero. Therefore,
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f(t) = %—%(cost+ %cos2t+ écos3t+ )
3.
f(t)
A —
0 = o wt

This is neither an even nor an odd function and has no half~wave symmetry; therefore, the
series consists of both cosine and sine terms. The average (DC component) is not zero. Then,

c =L j Mf(t)e_jnmd(wt)
too2n ),

and with ® = 1
c = L jznf(t)e‘j'“dt—L j " AeMdt 4 j T o] = A j "ty
noo2m XN i 2m g

The DC value is

i

A "o A A
= — t = —t = —
Co 27;!0“1 2|, 2
Forn=0,
A T —jnt A —jnt T A —jnm
C = dt = - = — 1_
" o jo © Sonne | nntl e )
Recalling that
—jnm ..
e = coSnT —jsinnm
for n = even, ¢ = | andforn = odd, e = . Then,
A
Cn:even = ]2nn(1_1) =0
and

A A
= L 1-(-1] = &
Cn:odd j2nn[ ( )] jIlTE

By substitution into

—j2mt [ j2mt

f(t) = ... +C_,e +C_1e_jwt+C0+Clej f e L

we find that
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f(t) = %-FJ%( - %efﬂ(m— eI ey %eﬁm + )

The minus (-) sign of the first two terms within the parentheses results from the fact that
C_, = C.*. For instance, since C, = 2A/jm, it follows that C_, = C;* = -2A/jn. We

observe that f(t) is complex, as expected, since there is no symmetry.

f(t)
A2 —

— | -A/2

This is the same waveform as in Exercise 3 where the DC component has been removed.
Then,

f(t) = J%( - %e_ﬂwt— eI 4 e %eﬂwt + )

[t is also the same waveform as in Example 7.3, Page 7-34, except that the amplitude is
halved. This waveform is an odd function and thus the expression for f(t) is imaginary.

f(t)

- 0 n
i i ot
-1/2 /2

This is the same waveform as in Exercise 3 where the vertical axis has been shifted to make
the waveform an even function. Therefore, for this waveform C, is real. Then,

T . n/2 .
€= [ reMa= 2 [T
27T n 2T w2
The DC value is
Co= 27 2 A(m,m) A
CTon|, 2m\2 27 2

Forn#0,
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n/2

dt =

c - éjn/zejnt —_Le*jm
-m/2 —j2nm

_ - ?nn(efjnn/z e jnn/z)

-1/2

A | jnm/2 —nn/2y A Qdnm/2_ inm/2 A on
JZnTc( -¢ ) = g J—2 =

and we observe that for n = even, C, = 0

For n = odd, C, alternates in plus (+) and minus (-) signs, that is,

Cc. =2 ifn=1509,..
nTm

C,=-2 ifn=3711..
nTm

Thus,

f(ity = 2 4 (J_ri“iej“m)

2 nm
=odd

where the plus (+) sign is used with n = 1,5,9, ... and the minus (-) sign is used with
n = 3,7,11,.... We can express f(t) in a more compact form as

A n-1)/2 A jnot
1l = = -1
=5+ Y D"V e
n = odd

N W( o
N \A/ \/

We will find the exponential form coefficients C, from

C = - f(t) it g
21
From tables of integrals
ax eax
jxe dx = —z(ax—l)
a

Then,
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0 . T .
C, = —I—U (BB 1)e™at+ [ (&ét—l)eﬂmdt}
2n i i

-7 0

Integrating and rearranging terms we obtain

jam  —jnm jnm  —jnm jnm_ —jnm

an_l__ﬂé_kﬂé_(nn'g___?_g____'_e +e )_g_ée —¢
2 j2 2 n J2

4A

2 2
2n'm

. nmw .
(— 1 + nmsinn® + cosnT — —2— s1nn7c)

and since sinnm = 0 for all integer n,

C, = —%—%(cosnn— 1)
n

_4A

2 2
nTm

For n = even, C, = 0 and for n = odd, cosnm = -1, and C, =

Also, by inspection, the DC component C, = 0. Then,

f(t) = _ﬁ( + le—j3wt " e—jwt + ejth + lejf%wt + )
n 9 9

- i3 - . .
The coefficients of the terms ¢”°*" and e are positive because all coefficients of C, are

real. This is to be expected since f(t) is an even function. It also has half-wave symmetry and
thus C, = 0 for n = even as we've found.
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Chapter 8

The Fourier Transform

his chapter introduces the Fourier Transform, also known as the Fourier Integral. The defi-

nition, theorems, and properties are presented and proved. The Fourier transforms of the

most common functions are derived, the system function is defined, and several examples
are provided to illustrate its application in circuit analysis.

8.1 Definition and Special Forms

We recall that the Fourier series for periodic functions of time, such as those we discussed on the
previous chapter, produce discrete line spectra with non-zero values only at specific frequencies
referred to as harmonics. However, other functions of interest such as the unit step, the unit
impulse, the unit ramp, and a single rectangular pulse are not periodic functions. The frequency
spectra for these functions are continuous as we will see later in this chapter.

We may think of a non-periodic signal as one arising from a periodic signal in which the period
extents from — o to + o . Then, for a signal that is a function of time with period from — o to + oo,
we form the integral

F(o) = jwf(t)e*j“"dt (8.1)

and assuming that it exists for every value of the radian frequency w, we call the function F(w) the Fou-
rier transform or the Fourier integral.

The Fourier transform is, in general, a complex function. We can express it as the sum of its real
and imaginary components, or in exponential form, that is, as

F(0) = Re{F(0)} +jIm{F(0)} = [F(w)e"® (8.2)

The Inverse Fourier transform is defined as

f(t) = 517; [ TF()e”do (8.3)

We will often use the following notation to express the Fourier transform and its inverse.

F (1)} = F(o) (8.4)

and

7 {F(0)} = f(t) (8.5)
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8.2 Special Forms of the Fourier Transform

The time function f(t) is, in general, complex, and thus we can express it as the sum of its real
and imaginary parts, that is, as

f(t) = fre(t) +Jfin(t) (8.6)

The subscripts Re and Im will be used often to denote the real and imaginary parts respectively.
These notations have the same meaning as Re{f(t)} and Im{f(t)}.

By substitution of (8.6) into the Fourier integral of (8.1), we obtain

F@) = [ fre®e?™dt+jf  fi(ed (8.7)

and by Euler’s identity

F(o) = | [ fpu(H)cosot + £, (D sinot]dt — j | [ fpu (O sinot—f, (0 coswt]dt (8.8)

From (8.8), we see that the real and imaginary parts of F(w) are

Fre(®) = | [ o (O cosot + £, (D sinot]dt (8.9)

and _
Fi.(0) = —j [ £ (D) sinwt—f,_(t)cosot]dt (8.10)

We can derive similar forms for the Inverse Fourier transform as follows:
Substitution of (8.2) into (8.3) yields
f(t) = 2%5 m[FRe(m) +jF, (0)]e 'do (8.11)
and by Euler’s identity, -
f(t) = %c oo[FRe((x))cos(x)t—FIm((x))sin(x)t]d(x) (8.12)

ﬂi [ [Fre@)sinot+ Fy, (@) cosotldo

Therefore, the real and imaginary parts of f(t) in terms of the Inverse Fourier transform are

foo(t) = %{j T [F o (0)cosOt—F, (@) sinot]do (8.13)

and
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fn(®) = 32| [Fe(@)sinot + Fy, () cosotldo (8.14)

Now, we will use the above relations to derive the time to frequency domain correspondence for
real, imaginary, even, and odd functions in both the time and the frequency domains. We will
show these in tabular form, as indicated in Table 8.1. The derivations are shown in Subsections

8.2.1 and 8.2.2.

TABLE 8.1 Time Domain and Frequency Domain Correspondence (Refer to Tables 8.2 — 8.7)

f(t) F(w)

Real Imaginary | Complex Even Odd

Real
Real and Even
Real and Odd

Imaginary

Imaginary and Even

Imaginary and Odd

8.2.1 Real Time Functions
If f(t) is real, (8.9) and (8.10) reduce to

Fre(@) = [ fre(Dcosotd: (8.15)

and

Fin(@) = - fr()sinotdt (8.16)

Conclusion: If f(t) is real, F(w) is, in general, complex. We indicate this result with a check
mark in Table 8.2.

We know that any function f(t) can be expressed as the sum of an even and an odd function.

Therefore, we will also consider the cases when f(t) is real and even, and when f(t) is real and
5

odd .

* In our subsequent discussion, we will make use of the fact that the cosine is an even function, while the sine is an odd func-
tion. Also, the product of two odd functions or the product of two even functions will result in an even function, whereas the
product of an odd function and an even function will result in an odd function.
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TABLE 8.2 Time Domain and Frequency Domain Correspondence (Refer also to Tables 8.3 — 8.7)

f(t) F(w)
Real Imaginary | Complex Even Odd

Real (%4
Real and Even
Real and Odd
Imaginary
Imaginary and Even
Imaginary and Odd

a. fg.(t) is even

If fr.(-t) = fR.(t), the product fy (t)cosmt, with respect to t, is even, while the product
fre(t)sinot is odd. In this case, (8.15) and (8.16) reduce to:

Fre(@) = 2[ fre(Dcosotdt  fe(t) = even (8.17)
0

and

F (0) = _j fro(D)sinotdt = 0 f.(t) = even (8.18)

Therefore, if fz.(t) = even, F(w) is real as seen in (8.17).
To determine whether F(w) is even or odd when f; (t) = even, we must perform a test for
evenness or oddness with respect to ®. Thus, substitution of —» for ® in (8.17), yields

Fpo(-0) = 2j mfRe(t)cos(—m)tdt = 2[ wfRe(t)coswtdt = Fp (0) (8.19)
0 0

Conclusion: If f(t) is real and even, F(w) is also real and even. We indicate this result in
Table 8.3.
b. fg.(t) is odd

If —fr.(-t) = fz.(t), the product fp (t)cosmt, with respect to t, is odd, while the product
fro(t)sinot is even. In this case, (8.15) and (8.16) reduce to:
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TABLE 8.3 Time Domain and Frequency Domain Correspondence (Refer also to Tables 8.4 — 8.7)

f(t) F(w)
Real Imaginary | Complex Even Odd
Real [%4
Real and Even (4 v
Real and Odd
Imaginary
Imaginary and Even
Imaginary and Odd
Fp (0) = j fr (D) cosotdt = 0 fo (1) = odd (8.20)
and
Fin(@) = 2] fre(Dsinotdt  fre(t) = odd (8.21)
0

Therefore, if fz.(t) = odd, F(w) is imaginary.

To determine whether F(w) is even or odd when fi.(t) = odd, we perform a test for evenness

or oddness with respect to . Thus, substitution of —» for ® in (8.21), yields

Fi, (-0) = —2j oofRe(t)sin(—(n)tdt =2 j mfRe(t)sinwtdt = —F,(0) (8.22)
0 0

Conclusion: If f(t) is real and odd, F(w) is imaginary and odd. We indicate this result in
Table 8.4.

TABLE 8.4 Time Domain and Frequency Domain Correspondence (Refer also to Tables 8.5 — 8.7)

f(t) F(w)
Real Imaginary | Complex Even Odd
Real 4
Real and Even (4 v
Real and Odd (4 v
Imaginary
Imaginary and Even
Imaginary and Odd
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8.2.2 Imaginary Time Functions

If f(t) is imaginary, (8.9) and (8.10) reduce to

Fre(®) = | £, (Osinotdt (8.23)

and

Fi.(0) = walm(t)coso)tdt (8.24)

Conclusion: If f(t) is imaginary, F(o) is, in general, complex. We indicate this result in Table
8.5.

TABLE 8.5 Time Domain and Frequency Domain Correspondence (Refer also to Tables 8.6 — 8.7)

f(t) F(w)
Real Imaginary | Complex Even Odd

Real "4
Real and Even (4 v
Real and Odd v v
Imaginary v
Imaginary and Even
Imaginary and Odd

Next, we will consider the cases where f(t) is imaginary and even, and f(t) is imaginary and odd.
a. f,(t) is even

If f;,,(-t) = f;,,(t), the product f (t)cosmt, with respect to t, is even while the product
fi,(t)sinwt is odd. In this case, (8.23) and (8.24) reduce to:

Fp.(0) = j f,_(t)sinotdt = 0 f,_(t) = even (8.25)

and

Fia(®) = 2 fu(Dcosotdt  fi,() = even (8.26)
0

Therefore, if £}, (t) = even, F(w) is imaginary.

To determine whether F(w) is even or odd when f;, (t) = even, we perform a test for even-

ness or oddness with respect to o . Thus, substitution of —w for ® in (8.26) yields
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F,. (-0) = 2j mflm(t)cos(—w)tdt =2 j mflm(t)coswtdt = Fp,(0) (8.27)
0 0

Conclusion: If f(t) is imaginary and even, F(w) is also imaginary and even. We indicate this
result in Table 8.6.

TABLE 8.6 Time Domain and Frequency Domain Correspondence (Refer also to Table 8.7)

f(t) F(w)
Real Imaginary | Complex Even Odd

Real (%4
Real and Even v v
Real and Odd v 4
Imaginary 4
Imaginary and Even (4 v
Imaginary and Odd

b. f,,(t) is odd

If —f,,,(-t) = f},,(t), the product fj,,(t)coswt, with respect to t, is odd, while the product
f,,(t)sinwt is even. In this case, (8.23) and (8.24) reduce to

Fre(@) = [ fiu(Dsinotdt = 2] fip(sinotdt fi, (1) = odd (8.28)
—co 0

and

Fin(®) = | Cf(heosotdt = 0 £ (1) = odd (8.29)

Therefore, if f;,,(t) = odd, F(w) is real.

To determine whether F(w) is even or odd when f,,(t) = odd, we perform a test for evenness

or oddness with respect to . Thus, substitution of —» for ® in (8.28) yields
Fpo(-0) = 2 j fi,.(t)sin(-0)tdt = -2 j fi () sinotdt = —Fp,(0) (8.30)
0 0

Conclusion: If f(t) is imaginary and odd, F(w) is real and odd. We indicate this result in
Table 8.7.
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TABLE 8.7 Time Domain and Frequency Domain Correspondence (Completed Table)

Sf® F(o)
Real Imaginary | Complex Even Odd

Real 4

Real and Even (4 v

Real and Odd v v
Imaginary v

Imaginary and Even v v

Imaginary and Odd (74 v

Table 8.7 is now complete and shows that if f(t) is real (even or odd), the real part of F(w) is
even, and the imaginary part is odd. Then,

Fp (-0) = Fy (o) f(t) = Real (8.31)
and
Fi.(-0) = -F_(0) f(t) = Real (8.32)
Since,
F(w) = Fr.(®) +jF,(®) (8.33)

it follows that
F(-0) = Fp.(-0) +jF,(-0) = Fp.(0)-jF, (o)

or

F(-0) = F*(0) f(t) = Real (8.34)

Now, if F(®) of some function of time f(t) is known, and F() is such that F(-0) = F*(®), can
we conclude that f(t) is real? The answer is yes; we can verify this with (8.14), Page 8-3, which
is repeated here for convenience.

£ (1) = 517—J [Fg(0)sinot + F;, (o) cosot]do (8.35)

We observe that the integrand of (8.35) is zero since it is an odd function with respect to ®

sk
because both products inside the brackets are odd functions .

Therefore, f;,,(t) = 0, that is, f(t) is real.

* Inrelations (8.31) and (8.32) above, we determined that Fy (o) is even and F (o) is odd.
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Accordingly, we can state that a necessary and sufficient condition for f(t) to be real, is that
F(-o) = F¥*(w).
Also, if it is known that f(t) is real, the Inverse Fourier transform of (8.3) can be simplified as fol-

lows:

From (8.13), Page 8-2,
fre(®) = 3= | [Fre(©)cosot-F(@)sinotldo (8.36)
and since the integrand is an even function with respect to w, we rewrite (8.36) as

fre() = 25 [ [Fro(@)cosot-Fy, (0)sinotldo
2nd,

(8.37)

lj A(m)cos[mt+(p(m)]dm:%ReJ F(w)ej[wt+tp(w)]dw

oy 0

8.3 Properties and Theorems of the Fourier Transform

The most common properties and theorems of the Fourier transform are described in Subsections
8.3.1 through 8.3.14 below.

8.3.1 Linearity

If F,(w) is the Fourier transform of f|(t), F,(®) is the transform of f,(t), and so on, the linear-

ity property of the Fourier transform states that

a fi(t)y+a, f,(t)+... +a,f (t) & a,F (0)+a,F,(0)+...+a,F (o) (8.38)

where a; is some arbitrary real constant.

Proof:

The proof is easily obtained from (8.1), Page 8-1, that is, the definition of the Fourier transform.
The procedure is the same as for the linearity property of the Laplace transform in Chapter 2.

8.3.2 Symmetry

If F(w) is the Fourier transform of f(t), the symmetry property of the Fourier transform states that

F(t) © 2nf(-w) (8.39)
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that is, if in F(w), we replace o with t, we obtain the Fourier transform pair of (8.39).
Proof:

Since

f(t) = Zin Fo)e ”'do

then,

2nf(—t) = J.mF(w)e_jmdw

Interchanging t and o, we obtain
2nf(-w) = j F(t)e ' 'dt

and (8.39) follows.

8.3.3 Time Scaling

If a is a real constant, and F(w) is the Fourier transform of f(t), then,

1 ®
f(at) & o ( . ) (8.40)

that is, the time scaling property of the Fourier transform states that if we replace the variable t in
the time domain by at, we must replace the variable ® in the frequency domain by w/a, and
divide F(w/a) by the absolute value of a.

Proof:
We must consider both cases a>0 and a<0.

Fora>0,

F [f(at)} = wa(at)e_jmtdt (8.41)

We let at = 1; then, t = t/a, and (8.41) becomes

T

F (f(1)} = j_:f('c)e_jm(;)d(g) - Ellj_:f('c)e_j (Oﬂtdr - ip(‘i’)

a

For a<0,

F [f(-at)} = jwf(—at)e*j‘”tdt
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and making the above substitutions, we find that the multiplying factor is —1/a. Therefore, for
1/]a] we obtain (8.40).

8.3.4 Time Shifting

If F(w) is the Fourier transform of f(t), then,

f(t—t,) < F ()e " (8.42)

that is, the time shifting property of the Fourier transform states that if we shift the time function f(t)
by a constant t,, the Fourier transform magnitude does not change, but the term ot is added to

its phase angle.

Proof:

F1f(t-t)} = J.mf(t—to)e_jmdt

Welet t—t, = 7;then, t = T+t,, dt = dt, and thus

—Jo(T +t))

Fite-t0) = [ 0™ Ve = [ e Ve

or
T (f(t—t))} = e “F(w)
8.3.5 Frequency Shifting
If F(w) is the Fourier transform of f(t), then,
¢ () o F (0 ) (8.43)

. T . , jo,t . . rs
that is, multiplication of the time function f(t) by ¢ ° , where o, is a constant, results in shifting

the Fourier transform by o, .
Proof:

T ('™ = jmej‘”‘”f(t)e*j"”dt

—oo

or

T (i)} = wa(t)e_j(m_mo)dt = F(0-0,)

Also, from (8.40) and (8.43)
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"' fat) & LF( 2222 ) (8.44)

lal a

The Frequency Shifting Property, that is, (8.43) is also used to derive the Fourier transform of the
modulated signals f(t)cosmt and f(t)sinwt. Thus, from

Jo,t
e’ f(t)ye F(o-ow,)

and . .
jogt oyt
cosmyt = ¢
2
we obtain
(1) cos gt &5 T2 =) ;F (@ + 0) (8.45)
Similarly,
() sinwt < A2 “’O)j_ZF (©+ ) (8.46)
8.3.6 Time Differentiation
If F(w) is the Fourier transform of f(t), then,
d" . n
— f(t) © (jo) F(w) (8.47)
dt

that is, the Fourier transform of d f(t), if it exists, is (jw)"F (w).
dt"
Proof:

Differentiating the Inverse Fourier transform, we obtain

(?Tif(t) - ;1—n(2inj F(0)e J"”dw) = 5= j F(w) e ®dw
- 2—17-517 F(o)(jo)"e '*'d :(jm)n(z—lﬁIwF(m)ejmdm)

and (8.47) follows.
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8.3.7 Frequency Differentiation

If F(w) is the Fourier transform of f(t), then,

n

4 F(o) (8.48)
do

(=iD"f() &

Proof:

Using the Fourier transform definition, we obtain

dij“ o di“(-[if(t)e_jmdt) - '[7 f(t) —e 0t

J CH(0" "t = (—jt)nj f(t)e_j‘”tdt
and (8.48) follows.

8.3.8 Time Integration

If F(w) is the Fourier transform of f(t), then,

J. f(t)dtr F(m)

+mF(0)d(m) (8.49)

Proof:

We postpone the proof of this property until we derive the Fourier transform of the Unit Step
Function uy(t) in Subsection 8.4.6, Page 8-22, and the proof for the Time Integration Property,

Page 8-23. In the special case where in (8.49) F(0) = 0, then,

[ fydee lij((%)“l (8.50)

and this is easily proved by integrating both sides of the Inverse Fourier transform.

8.3.9 Conjugate Time and Frequency Functions

If F(w) is the Fourier transform of the complex function f(t), then,

*(t) © F*(-m) (8.51)

that is, if the Fourier transform of f(t) = fg.(t) + f;,,(t) is F(®), then, the Fourier transform of

Pk(t) = fRe(t)_fIm(t) is F*(_O‘))
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Proof:

F(o) = jm f(t)e 7 'dt = jw [Foo(t) +f, (1€ dt

= [ fre®edt+if A0 dt
Then,

F*(0) = j foo(t)e " dt—j j £, ()el®'dt
Replacing o with —o, we obtain

Fi(-0) = | () — (017t

—oo

and (8.51) follows.

8.3.10 Time Convolution

If F,(w) is the Fourier transform of f,(t), and F,(®) is the Fourier transform of f,(t), then,

£, (t)*f,(t) © F(0)F,(o) (8.52)

that is, convolution in the time domain, corresponds to multiplication in the frequency domain.

Proof:

oo

T ot = [ [ s@be-ne |

(8.53)
= [ tol[ e dt]de
J nolf ]

and letting t—t = o, then, dt = do, and by substitution into (8.53),
FLLO RO} = J.oo fl(T)Um fZ(G)e_jme_jdeJdT - ,[N fl(T)e_jdej-m fz(G)e_jmdo

The first integral above is F,(w) while the second is F,(w), and thus (8.52) follows.
Alternate Proof:

ot,

We can apply the time shifting property f(t—t,) & F ((n)e_j into the bracketed integral of

(8.53); then, replacing it with F 2(oo)e_jwto, we obtain
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g{fl(t)*fZ(t)} - J.oofl(T)U oofz(t—17)6_j(m<1‘[}117 = Jwﬁ(’f)drF z(w)efjmto

= jmfl(r)e*j"”der(w) = F(0)F,(0)

8.3.11 Frequency Convolution

If F (o) is the Fourier transform of f,(t), and F,(®) is the Fourier transform of f,(t), then,

BOR() © 5-F, (0)Fy(0) (8.54)

that is, multiplication in the time domain, corresponds to convolution in the frequency domain
divided by the constant 1/27.

Proof:
F (D0}

[ tro e = .[_:El{EU_:Fl(X)ejxtdx}fz(t)e_jmdt

—oo

3l B[] e0 e = o FoF- 0
and (8.54) follows.

8.3.12 Area Under £(t)

If F(w) is the Fourier transform of f(t), then,

F(0) = j f(t)dt (8.55)
that is, the area under a time function f(t) is equal to the value of its Fourier transform evaluated
atw = 0.

Proof:

Using the definition of F(w) and that e_jm‘w _, = L, we observe that (8.55) follows.

8.3.13 Area Under F(m)

If F(w) is the Fourier transform of f(t), then,
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£0) = EI;J " F(w)do (8.56)

that is, the value of the time function f(t), evaluated at t = 0, is equal to the area under its Fou-
rier transform F(w) times 1/27.

Proof:

In the Inverse Fourier transform of (8.3), we let ejm|

_o = 1, and (8.56) follows.

t

8.3.14 Parseval’s Theorem

If F(w) is the Fourier transform of f(t), Parseval’s theorem states that

« 2 1
[ Ifora = il

—oo

" IF () do (8.57)

that is, if the time function f(t) represents the voltage across, or the current through an 1 Q

resistor, the instantaneous power absorbed by this resistor is either v2/R, v2/1, v, or i’R, i%.
Then, the integral of the magnitude squared, represents the energy (in watt-seconds or joules)
dissipated by the resistor. For this reason, the integral is called the energy of the signal. Relation
(8.57) then, states that if we do not know the energy of a time function f(t), but we know the
Fourier transform of this function, we can compute the energy without the need to evaluate the
Inverse Fourier transform.

Proof:

From the frequency convolution property,

RO © 5-F, (0)4Fy(0)

or

FHOBM) = [ HORMIT = 2= [ F(oF0-nd (8.58)

Since (8.58) must hold for all values of w, it must also be true for ® = 0, and under this condi-
tion, it reduces to

| monoi = [ FeoRcod (8.59)

—oo

For the special case where f,(t) = f,*(t) , and the conjugate functions property £#(t) < F*(-m),

by substitution into (8.59), we obtain:

8-16 Signals and Systems with MATLAB © Computing and Simulink ® Modeling, Third Edition
Copyright © Orchard Publications

JIUBGITENVE V.|


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Properties and Theorems of the Fourier Transform

J.:[f(t)f*(t)]dt - El;cj_:F(m)F*[_(—m)]dm - 51;5 _:F(m)F*(w)dm

Since f(t)f*(t) = |f(t)* and F(w)F*(w) = |F(w)|*, Parseval’s theorem is proved.
For convenience, the Fourier transform properties and theorems are summarized in Table 8.8.

TABLE 8.8 Fourier Transform Properties and Theorems

Property f(t) F(w)
Linearity a, fi(t) +a, L(t)+ ... a,F(w)+a,F,(o0)+...
Symmetry F(t) 2nf(-m)

Time Scalin,
g f(at) LF (U_J)
la]” \a
Time Shifting f(t—t,) -jot,
F(w)e
F Shifti ‘ -
requency Shifting . ontf(t) F(w-w,)
Time Differentiation n . .n
4 f(t) (jw) F(w)
dt"
Frequency Differentiation )
- RO 4" pw)
do"
Time Integration t F(w)
J' f(1)dt J_U) +mF(0)5(w)
Conjugate Functions £ (t) F*(~0)
Time Convolution £L()%F, (1) F,(0) - Fy(w)
Frequency Convolution f,(t) - £,(t) 1

=PI () Fy(0)

Area under f(t) oo
F(0) =I f(t)dt

—00

Area under F(m) | =
£(0) = 271.[ F(o)do

Parseval’s Theorem . 5 L R
I_m'f(t)' de = 5- j_m|F<<n>| do
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8.4 Fourier Transform Pairs of Common Functions

The Fourier transform pair of the most common functions described in Subsections 8.4.1 through

8.4.9 below.

8.4.1 The Delta Function Pair

5(t) < 1 (8.60)

Proof:

The sifting theorem of the delta function states that

wa(t)S(t—tO)dt = f(t,)

and if f(t) is defined at t = 0, then,

j f(1)S(t)dt = £(0)
By the definition of the Fourier transform
F(o) = j (e dt = 3| _ =1

and (8.60) follows.

Likewise, the Fourier transform for the shifted delta function 8(t —t,) is

S(t—tg) e " (8.61)

We will use the notation f(t) <> F(®) to show the time domain to frequency domain correspon-
dence. Thus, (8.60) may also be denoted as in Figure 8.1.

f(t) F(w) T4

S(t) «—>

0] t 0 ®

Figure 8.1. The Fourier transform of the delta function

8.4.2 The Constant Function Pair

A & 2AT8(0) (8.62)
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Proof:

0w=0

7 71{2An8(m)} = ZLRJ‘ ZATCS((D)ejmd(D = AI S(w)ejmd(n = Ae'™ =A

and (8.62) follows.

The f(t) <> F(») correspondence is also shown in Figure 8.2.

f(t) F(m)

«—> 2ATd(w)

A

t
0 o

Figure 8.2. The Fourier transform of constant A

Also, by direct application of the Inverse Fourier transform, or the frequency shifting property
and (8.62), we derive the transform

jo,

¢ " o 218(0 - o) (8.63)

The transform pairs of (8.62) and (8.63) can also be derived from (8.60) and (8.61) by using the
symmetry property F(t) & 2nf(-m)

8.4.3 The Cosine Function Pair

cosm,t = %(e oot e_jmot) & nd(0 — W) + (W + m) (8.64)

Proof:

This transform pair follows directly from (8.63). The f(t) <> F(w) correspondence is also shown
in Figure 8.3.

cosm,t Fre(®)

AN e 1%
FAVIIVAY R S R

Figure 8.3. The Fourier transform of f(t) = cosm,t
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Chapter 8 The Fourier Transform

We know that cosw,t is real and even function of time, and we found out that its Fourier trans-
form is a real and even function of frequency. This is consistent with the result in Table 8.7.

8.4.4 The Sine Function Pair

sinwyt = jlz(e Joot_ e_jwot) S Jnd(m — wy)—jnd(w + w,) (8.65)

Proof:

This transform pair also follows directly from (8.63). The f(t) <> F(w) correspondence is also
shown in Figure 8.4.

sinm,t Fin()

AN e LT
AT/ S

Figure 8.4. The Fourier transform of f(t) = sinm,t

We know that sinw,t is real and odd function of time, and we found out that its Fourier trans-

form is an imaginary and odd function of frequency. This is consistent with the result in Table

8.7.

8.4.5 The Signum Function Pair

sgn(t) = uy(t) —uy(-t) @J—%—J (8.66)

where sgn(t) denotes the signum function shown in Figure 8.5.

f(t)

-1

Figure 8.5. The signum function
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Proof:

To derive the Fourier transform of the sgn(t) function, it is convenient to express it as an expo-
nential that approaches a limit as shown in Figure 8.6.

f(t)
1

—e "uy(~t)

—at

e u(t)

Figure 8.6. The signum function as an exponential approaching a limit

Then,
sgn(t) = lim [e™ () ~ e"ug(~1)] (8.67)
and
-0 S
F{sgn(t)} = lim I —e" _Jwtdt+ e e J"’tdt}
a—>0 Y _
-0 .
= 1im || _e““l‘””du g @riony J (8.68)
a—>0 Y _
=1im_ m + 1 :|:_:1_+_1_:_2_
ano0la—jo a+jol —jo jo jo

The f(t) <> F(w) correspondence is also shown in Figure 8.7.

£(t)

1 / Flm(m)
RS 0
t )
0
-1

Figure 8.7. The Fourier transform of sgn(t)

We now know that sgn(t) is real and odd function of time, and we found out that its Fourier
transform is an imaginary and odd function of frequency. This is consistent with the result in

Table 8.7.
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8.4.6 The Unit Step Function Pair

ug(t) © 1d(w) + J%) (8.69)

Proof:

If we attempt to verify the transform pair of (8.69) by direct application of the Fourier transform
definition, we will find that

* : S —jot|”
F(o) = j f(t)e 1t = F(o) = j ey = &

o (8.70)
o B

0

but we cannot say that ¢’ approaches 0 as t — o, because ¢?“' = 1/-ot, that is, the magni-

tude of e is always unity, and its angle changes continuously as t assumes greater and greater
values. Since the upper limit cannot be evaluated, the integral of (8.70) does not converge.

To work around this problem, we will make use of the sgn(t) function which we express as

sgn(t) = 2uy(t) -1 (8.71)

This expression is derived from the waveform of Figure 8.8 below.

f(t) ] 2

-1
Figure 8.8. Alternate expression for the signum function

We rewrite (8.71) as

_1 _ 1,1
uy(t) = 2[1 +sgn(t)] = 5 + 2sgn(‘[) (8.72)
and since we know that 1 & 2n§(w) and sgn(t) & 2/(jw), by substitution of these into (8.72)
we obtain

Uy(t) & 18(0) + -

jo
and this is the same as(8.69). This is a complex function in the frequency domain whose real part
is t8(w) and imaginary part —1/®.
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The f(t) <> F(») correspondence is also shown in Figure 8.9.

f(t)

. Fin(@) /1
Fr.(®)
t w

Figure 8.9. The Fourier transform of the unit step function

Since u,(t) is real but neither even nor odd function of time, its Fourier transform is a complex
function of frequency as shown in (8.69). This is consistent with the result in Table 8.7.

Now, we will prove the time integration property of (8.49), Page 8-13, that is,

F(m)

j f(t)dr & +1F(0)5(0)

as follows:

By the convolution integral,
t

up()*f(t) =j f(T)uy(t —1)dt

and since u,(t—1) = 1 for t> 1, and it is zero otherwise, the above integral reduces to

t

uy(t)*£(t) :j f(t)dr

Next, by the time convolution property,
u,(1)*f(t) & Ug(o) - F(w)
and since

Up(0) = 18(w) +
](1)

using these results and the sampling property of the delta function, we obtain

F((n) F(o)

Uy(m) - F(w) = (nS(w)+,i)F(oa) = = nwé(w)F(w) + =nF(0)d(w) +
Jo jo

Thus, the time integration property is proved.
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8.4.7 The ¢ '**‘u,(t) Function Pair

e_jwotuo(t) & md(0 - w,) +

Jj(0 —wg)

Proof:

From the Fourier transform of the unit step function,

u,(t) © nd(m) + —1—
jo

and the frequency shifting property,

¢ f(t) & F (0 - o)
we obtain (8.73).

8.4.8 The (cosw,t)uy(t) Function Pair

4 1 1
t)(uot =[6(w - )
(cosmyt)(upt) & 2[ (0 =) +0(w + )] + 2oy 2oy
S E[S(w — ) +0(w+ my)] + 2jm 5
2 Wy — ®
Proof:
We express the cosine function as
cosWyt = %(ejoJOt _jmot)
From (8.73),
e 0, (1) © (0 — ) + -
J(0—)
and
jo,t
t 5
e uy(t) & mo(mw+ wy) +j(u)+u)0)
Now, using
1

uy(t) © nd(m) + —
jo

we obtain (8.74).

(8.73)

(8.74)
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8.4.9 The (sinw,t)u,y(t) Function Pair

Q)]
2

(sinm,t) (uyt) @J%[S(w — ) +8(0 + wg)] +

2

Wy — O

2

Proof:

We express the sine function as

jogt  —jogt

. 1
sin®yt = j-z(e )
From (8.73),
—jo,t
e’ uy(t) o nd(w-my) + -
o(t) ( 0) o_o)
and
oot (t) © nd(w + ) +
©o ’ J(© + o)
Using

(1) & () + -
jo

we obtain (8.75).

8.5 Derivation of the Fourier Transform from the Laplace Transform

(8.75)

If a time function f(t) is zero for t <0, we can obtain the Fourier transform of f(t) from the one-

sided Laplace transform of f(t) by substitution of s with jo.

Example 8.1

It is known that & [e *'u,(t)]= g:_l——&. Compute F fe ™uy(0)}

Solution:

1
s=jo s+

F e Mup(t)} = &L [e ¥ uy(t)]

Thus, we have obtained the following Fourier transform pair.

-t
e Uuy(t) e -
o(0) jo + o

L:j(n

_ 1
jo+ o

(8.76)
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Example 8.2

It is known that

S+ O

<L [(e * coswyt)u,(t)]= :

2
(s+0) +

Compute F1 (e * cosm,t)uy(t)}
Solution:

F {(e ™ cosmpt) ug(t)} = &£ [(e_atcosmOt)UO(t)]‘SﬂG)

S+ 0 _ jo+a

2 2 . 2 2
(s+a) +wm, . (jo+a) +
s=])

Thus, we have obtained the following Fourier transform pair.

(e * coswyt)uy(t) < ____j_O_J_-_F_ZQL____E (8.77)
(jo+a) + o,

We can also find the Fourier transform of a time function f(t) that has non—zero values for t<0,
and it is zero for all t>0. But because the one-sided Laplace transform does not exist for t<0,
we must first express the negative time function in the t >0 domain, and compute the one-sided
Laplace transform. Then, the Fourier transform of f(t) can be found by substituting s with —jo.
In other words, when f(t) = 0 for t>0,and f(t)#0 for t<0, we use the substitution

FLt) = LU0, (8.78)

|
Example 8.3

Compute the Fourier transform of f(t) = el

a. using the Fourier transform definition
b. by substitution into the Laplace transform equivalent
Solution:

a. Using the Fourier transform definition, we obtain
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0 , o0 , 0 . o .
%Z{e—alt\} = J. et +.[ e et = I eI g +I SRR T:
oo 0 oo 0
_ L1 2
a-jo a+jo 2,42

and thus we have the transform pair

e 2 (8.79)

2 2
w +a

b.By substitution into the Laplace transform equivalent, we obtain

Fiey = pe™| .+ =

s=jo s=—jo s+a

-1 1 __2
jo+a —jo+a

2 2
o +a

and this result is the same as (8.79). We observe that since f(t) is real and even, F(w) is also real
and even.

8.6 Fourier Transforms of Common Waveforms

In this section, we will derive the Fourier transform of some common time domain waveforms.

These are described in Subsections 8.6.1 through 8.6.6 below.

8.6.1 The Transform of f(t) = Alu,(t+ T)—uy(t-T)]
The symmetric rectangular pulse waveform
f(t) = Alug(t+T)—ug(t—T)] (8.80)

is shown in Figure 8.10.
f(t)

-T 0 T
Figure 8.10. Rectangular pulse waveform f(t) = Aluy(t+T)—uy(t-T)]

Using the definition of the Fourier transform, we obtain
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T
F(w)

oo . T . —jot
[ fmeta = [ ae?dr = A
—o -T -J0 -T
Ae—jwt B

. oA sinwT AT sinoT
jO

jo ) oT

T

We observe that the transform of this pulse has the sinx/x form, and has its maximum value

2AT at oT = 0." Thus, we have the waveform pair

sinomT

Alug(t+T) —ug(t-T)] & 2AT =2

(8.81)

The f(t) <> F(®) correspondence is also shown in Figure 8.11, where we observe that the o axis
crossings occur at values of ®T = +nm where n is an integer.

F(0)
f(t)

-T 0 T t N AV </2” T

Figure 8.11. The waveform f(t) = Al[uy(t+ T)—uy(t—T)] and its Fourier transform

We also observe that since f(t) is real and even, F(w) is also real and even.

8.6.2 The Transform of f(t) = A[u,(t) —uy(t—2T)]

The shifted—to—the-right rectangular waveform

f(t) = Alug(t)—ug(t—2T)] (8.82)
is shown in Figure 8.12.

£(t)

A

t

0 2T
Figure 8.12. Pulse for f(t) = Aluy(t) —uy(t—2T)]

* We recall that lim 2% = |
x—>0 X
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Using the definition of the Fourier transform, we obtain

2T

. . 0 .
_ ol _iot _ 2T _iwt _ Ae—]&)t _ Ae—Jmt _ A(I—C_J(DzT)
F(w)_j f(t)e dt—J.Ae d=0c_| -4ac_| _All-e’ )
oo 0 -] 0 Jo 2T Jw
and making the substitutions
1 = eju)T . e—jmT
—jo2T —joT —joT (8.83)
€ =e e
we obtain
Ae 0T T _doT ioT( sinmT ioT( sinmT
F(o) = ( ) = 2Ae™ (T) = 2ATe (T) (8.84)

Alternate Derivation:

We can obtain the Fourier transform of (8.82) using the time shifting property, i.e,

f(t—t,) = F ()e "

and the result of Subsection 8.6.1. Thus, multiplying 2AT §%9;—I by e T we obtain (8.84).

. * . . . .
We observe that F(w) is complex since f(t) is neither an even nor an odd function.

8.6.3 The Transform of f(t) = A[uy(t+ T) + uy(t) —u,(t—T)—uy(t—2T)]

The waveform

f(t) = Alug(t+T)+uy(t) —ug(t—T)—uy(t—2T)] (8.85)
is shown in Figure 8.13.
f(t)
2A
A
t
-T 0 T 2T

Figure 8.13. Waveform for f(t) = A[uy(t+T) +u,(t) —ug(t—T) —u,y(t—2T)]

We observe that this waveform is the sum of the waveforms of Subsections 8.6.1 and 8.6.2. We
also observe that this waveform is obtained by the graphical addition of the waveforms of Figures

*  We recall that ¢ consists of a real and an imaginary part.
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8.10 and 8.12. Therefore, we will apply the linearity property to obtain the Fourier transform of
this waveform.

We denote the transforms of Subsections 8.6.1 and 8.6.2 as F,(w) and F,(w) respectively, and
we obtain

F (0) +Fy(®) = 2AT % + 2ATe_ij(

sin®

F(w) oT

2AT(1 +e7%T)

sinwT —2ATe 2 (e 2 te 2jsmwT (8.86)

oT oT
Q)T) sinoT

.0T
4AT T (
[§] coS ) oT

We observe that F(m) is complex since f(t) of (8.85) is neither an even nor an odd function.

8.6.4 The Transform of f(t) = Acosw,t[u,(t+ T)—uy(t—T)]
The transform of the waveform

f(t) = Acosoyt[ug(t+T) - uy(t—T)] (8.87)
can be obtained from (8.45), Page 8—12, that is,

F(w-w)+F(0+0,)
2

f(t)cosw,t &

and from (8.81), Page 8-28, that is,

sinoT
oT

Alug(t+T) —ug(t—T)] < 2AT
Then,

Acosyt[ug(t+T)—uy(t—T)] < AT [Sin[((’J —0y)T] , sin[(w+ mO)T]}

(0-my)T (0 + )T (8.88)

. . . b
We also observe that since f(t) is real and even, F(w) is also real and even.

*  The sinx/x is an even function.
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8.6.5 The Transform of a Periodic Time Function with Period T

The Fourier transform of a periodic time function with period T can be derived from the defini-
tion of the exponential Fourier series, that is,

=3 ™ (8.89)

n=—oo

where w, = 2n/T, and from (8.63), Page 8-19, that is,
¢ o 218 (m — )

Then,
C.e"" e 2mC,8(0 - mp)

j2o,t

C,e  ©2nC3(0—-2w) (8.90)

n

C.e"" o 2nC, (0 - nw,)

n

Taking the Fourier transform of (8.89), and applying the linearity property for the transforms of
(8.90), we obtain

T (it} = %7{ i cnej“‘”"t} - i c.F " = 2n i C.5(®-nwy)  (8.91)

n=-—c

n=—oo n=—oo

The line spectrum of the Fourier transform of (8.91) is shown in Figure 8.14.

F(w)

anc, 2mC, e,
2nC_, 2nC, 21C
4

----- e I

Figure 8.14. Line spectrum for relation (8.91)

The line spectrum of Figure 8.14 reveals that the Fourier transform of a periodic time function
with period T, consists of a train of equally spaced delta functions. The strength of each

3(® —nw,) is equal to 271 times the coefficient C,,.
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8.6.6 The Transform of the Periodic Time Function f(t) = A i O(t—nT)

The periodic time function
f(t) =AY 8(t-nT) (8.92)

consists of a train of equally spaced delta functions in the time domain, and each has the same
strength A, as shown in Figure 8.15.

f(t)

..... IERNAREEE

4T 3T 2T -T 0 T 2T 3T 4T

Figure 8.15. Waveform for f(t) = A Z §(t—nT)

n=—oo

Since this is a periodic function of time, its Fourier transform is as derived in Subsection 8.6.5,
that is, relation (8.91). Then,

F(w) = 2m i C.8( — nwy) (8.93)

n=—oo

where 0, = 2n/T, and C, is found from the exponential Fourier series

T/2 R
c =41 f(tye ' dt (8.94)
T )
From the waveform of Figure 8.15, we observe that, within the limits of integration from -T/2 to
+T/2, there is only the impulse 8(t) at the origin. Therefore, replacing f(t) with §(t) and using
the sifting property of the delta function, we obtain

1 ¢7/2 —jnwot 1
C, == d(t)e dt = = (8.95)
T ) T
Thus, we see that all C,, coefficients are equal to 1/T, and (8.93) is expressed as
F(0) = 22§ §(0-nwy) (8.96)
T 2 0 '

n=—oco
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The Fourier transform of the waveform of Figure 8.15 is shown in Figure 8.16.
F(w)

A

(@)

40, 30, 20, -0, 0 ©, 20, 30, 40,
Figure 8.16. The Fourier transform of a train of equally spaced delta functions

Figure 8.16 shows that the Fourier transform of a periodic train of equidistant delta functions in
the time domain, is a periodic train of equally spaced delta functions in the frequency domain.
This result is the basis for the proof of the sampling theorem which states that a time function f(t)
can be uniquely determined from its values at a sequence of equidistant points in time.

8.7 Using MATLAB for Finding the Fourier Transform of Time Functions

MATLARB has the built—in fourier and ifourier functions to compute the Fourier transform and
its inverse. Their descriptions and examples, can be displayed with the help fourier and help

ifourier commands. In examples 8.4 through 8.7 we present some Fourier transform pairs, and
how they are verified with MATLAB.

Example 8.4

_1t2 1 2

2 2®
e~ o J2me (8.97)
This time function, like the time function of Subsection 8.6.6, is its own Fourier transform multi-
plied by the constant /27.

syms t v w x; ft=exp(—t"2/2); Fw=fourier(ft)

Fw =
2M(1/2) *pin(1/2) *exp (-1/2*w"2)
pretty(Fw)
1/2 1/2 2
2 pi exp(- 1/2 w )

% Check answer by computing the Inverse using "ifourier"
ft=ifourier(Fw)
ft =
exp(-1/2*x"2)
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Example 8.5

1 2
2 -

el o %j Jnoe * (8.98)
syms t v w x; ft=t"exp(—t"2); Fw=fourier (ft)

Fw =
-1/2*i*pin(1/2) *w*exp (-1/4*w"2)

pretty(Fw)

1/2 2
- 1/2 1 pi w exp(- 1/4 w )

Example 8.6

— e ug(t) +35(t) & — - +3 (8.99)

syms t v w x; fourier(sym('—exp(—t)*Heaviside(t)+3*Dirac(t)'))

ans =
-1/ (1l+i*w)+3

1 ——
Example 8.7
ug(t) & Td(w) + - (8.100)
Jo

syms t v w x; uO=sym('Heaviside(t)'); Fw=fourier(u0)

Fw =
pi*Dirac(w)-1/w
]

We have summarized the most common Fourier transform pairs in Table 8.9.

8.8 The System Function and Applications to Circuit Analysis

We recall from Chapter 6 that, by definition, the convolution integral is

h(t) *u(t) = J.Dou(t—'c)h('c)dr (8.101)

We let
g(t) = f(t)*h(t) (8.102)
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TABLE 8.9 Common Fourier transform pairs

a>0

f(t) F(w)
8(t) 1
S(t—1ty) oty
1 218 (w)
-jot, 273 (® — )
sgn(t) 2/(jw)
(1) Ly 1S (w)
jo
cosm,t T[S(® - wg) + (W + )]
sinw,t JT[3(w = 0g)-8(0 + )]
1
—at
e u(t) jo+a
a>0 a>0
B 1
te atuO(t) . 2
(jo+a)
a>0
a>0
e_atcoswotuo(t) jota

(j(1)+a)2+(1)2
a>0

e “sin ytu,(t)

Q)

(o + a)2 + mz

a>0 450
Aluy(t+T)—uy(t-T)] AT sinoT
oT

and recalling that convolution in the time domain corresponds to multiplication in the frequency

domain, we obtain

f(t)*h(t) = g(t) & G(w) = F(w) - H(o)

(8.103)

We call H(w) the system function. From (8.103), we see that the system function H(w) and the

impulse response h(t) form the Fourier transform pair
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h(t) & H(w) (8.104)

Therefore, if we know the impulse response h(t), we can compute the response g(t) of any input
f(t), by multiplication of the Fourier transforms H(w) and F(w) to obtain G(w). Then, we take
the Inverse Fourier transform of G(w) to obtain the response g(t).

Example 8.8

For the linear network of Figure 8.17 (a) below, it is known that the impulse response is as shown
in Figure 8.17 (b). Use the Fourier transform method to compute the response g(t) when the
input f(t) is as shown in Figure 8.17 (c).

3 f(t) = 2[ug(t) —ue(t—3)]
Li S
+f(t) Neisvﬁ( g(t)t h(t) = 3e ! 2_
- t } " t
(a) 0‘ (b) 0 1 © ) 3

Figure 8.17. Figure for Example 8.8.
Solution:

To facilitate the computations, we denote the input as f(t) = f,(t) + f,(t) where
f1(t) = 2uy(t)
and
£,(t) = —2u,(t-3)
The system function H(w) is the Fourier transform of the impulse response h(t). Thus,

3
jo+2

F{ht)} = H(w) =

Let F,(w) be the Fourier transform of f,(t), that is,

T {10} = Fi(o) = 2(nd()+ L )
jo

Then,
3 1
Gl((i)) = H((D) 'Fl((D) = m -2(7‘[5((1))+j6)

or
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T §(w) + —

G, (0) = - 3
1(©) jo+2 jo(jo +2)

(8.105)

To evaluate the first term of (8.105), we apply the sampling property of the delta function, i.e.,
X(0) - 5(w) = X(0) - 5(w)

and this term reduces to 3nd(w) or 1.5[21d(w)]. Since 1 & 2nd8(w), the Inverse Fourier trans-
form of this term is

F 1150208(@)]} = 1.5 (8.106)

To find the Inverse Fourier transform of the second term in (8.105), we use partial fraction
expansion. Thus,
3 _ 1515

jo(jo+2)  jo (ju+2)

and therefore,

(1) = 1.5+7_1{L§— 13 }: 15+ _1{0.75.3— L2 }
jo (jo+2) jo  (jo+2)

or

1.5 +0.75sgn(t) — 1.5¢ " "uy(t)

&) (8.107)

1.5+ 0.75[2uy(t) — 17— 1.5¢ > up(t) = 0.75 + 1.5(1 —e “Yuy(t)

Next, we denote the response due to the second term of the input as g,(t) , and replacing u,(t)
in (8.107) with u,(t—3), we obtain

o, (t) = 075+ 1.5(1 —e 2"y (t = 3) (8.108)
Now, we combine (8.107) with (8.108), and we obtain

g(t) = gi(t)—g,(1)
or

g(t) = 15{(1-e " Yug(t) = (1 —e " Dyuy(t-3)}

Example 8.9
For the circuit of Figure 8.18, use the Fourier transform method, and the system function H(w)

to compute vy (t) . Assume i (07).
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R
4Q |+

(‘l‘ v (1)
v (1) = 5e 7 uy(t) ZH

Figure 8.18. Circuit for Example 8.9

Solution:

We will find the system function H(w) from the phasor equivalent circuit shown in Figure 8.19.

R

4Q 1 |+
<+ Vi(w) = Vi, (o)

Vi, (o) j2m |~

Figure 8.19. Phasor circuit for Example 8.9

From the phasor circuit of Figure 8.19,

j2m jo
Voul®) = 777576 Vinl®) = 75775 Vin(®)
and the system function is ‘
H(o) = You® __jo
Vi, (o) jo+2
Also, . s
-3t
Vi, (t) = Se "up(t) &V, (w) = 513
Then, ) 5
JO I I
\% = H(o)V, (o) = 12— .. =
out (©) (@)Vin(©) jo+2 jo+3 jm+2+j(n+3
and by partial fraction expansion, we find that r; = —10 and r, = 15. Thus,
15 10
V. (o) = -
our(®) jo+3 jo+2
and
cg -1y 15 -10 -3t -2t
t) = t) = - = 15¢7 — 10e
vi(®) = Voul(t) {jw+3 jw+2}
or

vi(t) = 53" =2e 2 uy(t) (8.109)
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Example 8.10

For the linear network of Figure 8.20, the input—output relationship is

d
(—ﬁvout(t) +4v () = 10v;, (1)

(8.110)

where v, (t) is as shown in Figure 8.20. Use the Fourier transform method, and the system func-

tion H(w) to compute the output v, ,(t).

3

Linear

+ + _ _ -2t
Vi, (1) Network Vou_t(t) vin(t) = 3e

0] t

Figure 8.20. Network for Example 8.10
Solution:
Taking the Fourier transform of both sides of (8.110), and recalling that

n

L f(1) e (j0)"F(0)
dt

we obtain,
joV (o) +4V (o) = 10V, (0)
or
(jo+4)V, (o) = 10V, (o)
and thus,
H(w) = seu® __10 8.111)
Vi, (o) jo+4
Also,
V(@) = F {vi,()} = F GePuy(t)) = — (8.112)
jo+2
and
_ v _ 10 3 __n I,
Voul®) = H(@) - Vin(0) = 2 072 "o+ jo+2
By partial fraction expansion, we find that r, = —15 and r, = 15 . Then,
15 —-15
= A1
Voul®) j(o+2+joo+4 @.113)
Therefore,
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v () = & 1{, ] } = 15¢e 2 e Yu, () (8.114)
jo+2 jo+4

Example 8.11

The voltage across an 1 Q resistor is known to be vg(t) = 3efztu0(t) . Compute the energy dissi-

pated in this resistor for 0 < t < e, and verify the result by application of Parseval’s theorem.
Solution:
The instantaneous power absorbed by the resistor is

pr = vi/l = vi = 9¢ M uy(t) (8.115)
and thus, the energy is

2 Coty o | 9 ) .
Wy = Io vepdt = Io 9¢ "dt = 9_4 ) =7° Lo = 2.25 joules (8.116)
Parseval’s theorem states that
= 2 1 ¢~ 2
Lo|f(t)| dt = 2—nj7w|F(m)| do (8.117)
Since
F(o) = F 3¢ 2 uy(t)} = — (8.118)
Jo+2
and
F)® = F(0) Fi0) = —— (8.119)
0 +2
by substitution into the right integral of (8.117) we obtain
1 ¢~ 9
R = z—nj_w o (8.120)

We observe that the integrand of (8.120) is an even function of w ; therefore, we can multiply the
integral by 2, and integrate from 0 to . Then,

2 ¢ 9 9¢° 1
= — do = = do (8.121)
: 27IJ-0 o +2° n'[o o +2

From tables of integrals,
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J-zl 2dx:latan)—(+C
a”+x a a

Thus,

Wy = 2 (l atang)

~3 2 O = 2.25 joules (8.122)

sz
2 2

We observe that (8.122) is in agreement with (8.116).
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8.9 Summary

The Fourier transform is defined as

F(0) = jwf(t)e*j"“dt

The Inverse Fourier transform is defined as

f(t) = 51;5 F(o)e ' do

The Fourier transform is, in general, a complex function. We can express it as the sum of its
real and imaginary components, or in exponential form as

F(0) = Re{F(0)} +jIm{F(0)} = |[F(0)e*"

We often use the following notations to express the Fourier transform and its inverse.

F (1)} = F(o)

T {F@)} = £

If f(t) is real, F(m) is, in general, complex.
If f(t) is real and even, F(w) is also real and even.
If f(t) is real and odd, F(w) is imaginary and odd.
If f(t) is imaginary, F(®) is, in general, complex.
If f(t) is imaginary and even, F(w) is also imaginary and even.
If f(t) is imaginary and odd, F(w) is real and odd.
If F(-w) = F*(w), f(t) is real.
The linearity property states that

a fi(t)+a,f,(t)+...+a,f (t) @ aF (0)+a,F,(0)+...+a,F (0)

The symmetry property states that
F(t) & 2nf(-w)
The scaling property states that

f(at) & éF( %)
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e The time shifting property states that
—jot,
f(t-t,) @ F(w)e
e The frequency shifting property states that
joot
f(t) © F (0 - w,)
e The Fourier transforms of the modulated signals f(t)coswt and f(t)sinwt are

F(w-—w) +F(0+wn,)
2

f(t)cosmt &

F(o-0y)-F(0+ 0,
j2

f(t)sinw,t &

e The time differentiation property states that

n

L f(t) & (j0)"F (o)
dt

e The frequency differentiation property states that

n

..\n d
(-t) f(t) & — F(w)
do
e The time integration property states that
t
I f(1)dt < F(@) F(‘”) + TF(0)8(w)

e If F(w) is the Fourier transform of the complex function f(t), then,
P4 (1) & F*(-0)
e The time convolution property states that
f,(t)*f,(t) © F,(0)F,(®)

e The frequency convolution property states that
1
fi(Hf(t) & 2_nF1(00)*F2(03)

e The area under a time function f(t) is equal to the value of its Fourier transform evaluated at
o = 0. In other words,
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F(0) = wa(t)dt

The value of a time function f(t), evaluated at t = 0, is equal to the area under its Fourier
transform F(w) times 1/27. In other words,

£(0) = 2in “F(o)do

Parseval’s theorem states that

« 2 1¢° 2
jﬁwm=ﬁhmwmo

—oco

The delta function and its Fourier transform are as shown below.

f(t) F(w) T

S(t) «— >

0| t 0 ®
The unity time function and its Fourier transform are as shown below.

f(t) 1 F(m)

«— 2718(w)

0 t 0 \ )

. . . jogt T
The Fourier transform of the complex time function e~ ° is as indicated below.
jo,t
e | ©2nd(m-wm,)

The Fourier transforms of the time functions cosw,t, and sinw,t are as shown below.

cosm,t Fre(m)

AT e 1%
(AVAYAY Rt S
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sin,

Y s
TRYRTAY I

e The signum function and its Fourier transform are as shown below.

f(t)

1 FIm(m)
. DS — 0

e The unit step function and its Fourier transform are as shown below.

f(t)

FIm(O‘))
Fre(®)
t (O]
K

. . —jot .
e The Fourier transform pairs of e ~ * u,(t), u,(t)cosm,t, and uy(t)sinm,t are as follows:

70y (1) © 18 (w — wg) +

J(0—0g)

uy(t)coswt < g[S(m - ) + (W + my)] + —EJ'QJ—‘E

Wy—®
T o’
up(t) sinwgt & Z[8(0 - ) +3(w + @) ] + ———
j2 0y — O

e If a time function f(t) is zero for t<0, we can obtain the Fourier transform of f(t) from the
one-sided Laplace transform of f(t) by substitution of s with jo.
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e Ifa time function f(t) = 0 for t=>0,and f(t)#0 for t<0, we use the substitution
FLWOY = LU,

to obtain the Fourier transform of f(t) from the one-sided Laplace transform of f(t).

eThe pulse function f(t) = Afuy(t+ T)—uy(t—T)] and its Fourier transform are as shown below.

F(o)
f(t)

P el VY. e

e The Fourier transform of a periodic time function with period T is

oo

F (1)} = ?{ i cnej"w‘)t} = Y ¥ (" = 2 i C,8(w - noy)

n=—oo
n=—oo n=-—oc

e The Fourier transform of a periodic train of equidistant delta functions in the time domain, is a
periodic train of equally spaced delta functions in the frequency domain.

e The system function H(®w) and the impulse response h(t) form the Fourier transform pair

h(t) < H(o)
and
f(t)*h(t) = g(t) & G(w) = F(0) - H(®)
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8.10 Exercises

1. Prove that

jw u,()8(t)dt = 1/2

2. Compute
c7 —at
F {te " uy(t)} a>0

3. Sketch the time and frequency waveforms of
f(t) = coswot[ug(t+ T) —ug(t—T)]
4. Derive the Fourier transform of
f(t) = Alug(t+3T)—up(t+T) +ug(t—T) —ug(t—3T)]
5. Derive the Fourier transform of

f(6) = Reluy(t+T)-vg(t-T)]

6. Derive the Fourier transform of
f(t) = (% t+ A) [ug(t+ T ) —uy(t)] + (_’% t+ A) [uo(t) _ uo(t _ gﬂ

7. For the circuit below, use the Fourier transform method to compute v (t).

R,
NV
1Q C
+
~) Vo) R Z 059
Vin(t) 1F

Vi ()= 50cos4tuy(t)

8. The input—-output relationship in a certain network is

d? d
d—t2vout(t) + Savout(t) +6v,,(t) = 10v; (1)

Use the Fourier transform method to compute v, (t) given that v, (t) = 2e Mu(t).

9.In a bandpass filter, the lower and upper cutoff frequencies are f; = 2 Hz, and f, = 6 Hz
respectively. Compute the 1 Q energy of the input, and the percentage that appears at the

output, if the input signal is v, (t) = 36_2tu0(t) volts.
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10. In Subsection 8.6.1, Page 8-27, we derived the Fourier transform pair

sinomT

Alug(t+7T) - ug(t-T)] & 2AT =22

F(w)
£(t)

-T 0 T ' | V‘Z“\y 0 Q/Z” ~ ot

Compute the percentage of the 1 Q energy of f(t) contained in the interval -t/T<w<n/T
of F(w).
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8.11 Solutions to End-of-Chapter Exercises

J w30 = [ u®%umde = [ uy©du)

and since at t = +oo, uy(t) = 1 whereas at t = —eo, uy(t) = 0, we replace the limits of inte-
gration with 1 and 0. Then,
1

2
[ us(hdauy(n) = Y =12
. 2

F(o) =J' f(t)e Tt =_[ I =J‘ feU0+ )t 4
. o .

From tables of integrals
eaX
Jxeaxdx = —2(ax— 1)
a

Then,

—(jo+ay—1] B _ _[(o+ay+1]

jo+a)t

oo ray [ 0

F(®) =

(jo+ a)2 e(

. 2
0 “(Jo+a)’|

With the upper limit of integration we obtain

1

F(w)| _, = Go+a)

To evaluate the lower limit of integration, we apply L'Hopital’s rule, i.e.,

d, .

. —[(w+a)t+1 .
[Go+a)t+1] | _ o gilUe e+l -t (jo +2) o
M oy, L o ra)’) TG+ o v ay

and thus
I
F(o) = .
(jo+a)
Check:
F(o) = F(s)|_,
and since

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 8-49
Copyright © Orchard Publications

JIUNGITENE V.|


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 8 The Fourier Transform

te " 'uy(t) & -
(s+a)

it follows that
1

(s+ a)2

_ 1

(jo + a)2

F(w) =

s=jo

From Subsection 8.6.4, Page 8-30,

Acoswyt[uy(t+ T)—uy(t—T)] & AT [Sin[((ﬂ —0y)T] , sin[(+ (DO)T]J

(w-wy)T (0 +wy)T
and using the MATLAB script below,

fplot(‘cos(x)',[-2*pi 2*pi —-1.2 1.2])
fplot('sin(x)./x',[-20 20 -0.4 1.2])

we obtain the plots below.

=
C
7
=
<
I
1y E
=

f(t) = Alug(t+3T)—uy(t+T) +uy(t—T) —uy(t-3T)]

f(t)

T
3T 2T -T 0| T o7 3T

From Subsection 8.6.1, Page 8-27,

sinmT

Alug(t+T) —ug(t-T)] & 2AT =22

and from the time shifting property,

f(t—t,) = F ()e "
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Then,

f(t) = Afug(t+3T) = ug(t+ T) + ug(t— T) — ug(t = 3T)] & F(w)= 2AT SRQT it 2oty

or
. 2mt —j2mt
_ sinmT (eJ +e ) sinoT
F(w)= 4AT oT 2 4ATcos20T ——— oT
5.
A
(1) = 2 tfug(t+ T)-uy(t-T)] =7t
_____ I
I
-T ! t
| 0 T
|
A~ A

oo _ T 4 . ‘
F(w) = I f(t)e_mtdt _ J’ %te_ﬂmdt _ %J’ e 90t
- -T -T

From tables of integrals or integration by parts,

ax

J.xeaxdx = 9——2—(ax— 1)

a
Then,
A e ! A e ! A e . '
Flw) = 5-——= (jot-1)| =35-—-(-jot-1)| =3 = [-(ot+1)]
(jw) -T -0 -T -0 -T
= 27 T+ 1) - " (oT+1)]
o°T
= %(ij 0Ty ot +joT - JUT ejmT)
o°T
_ —[](DT (e_l(DT e—jcoT)_(eju)T_e—jmT)]
®°T

and multiplying both the numerator and denominator by j2 we obtain

F(w) = (0TcosoT - sinwT)

J2A|:_](DT(CJ(DT —jmT) _ (eju)T _ e—jmT):| _ J__%_A_
j2

®°T j2 w’T

We observe that since f(t) is real and odd, F(w) is imaginary and odd.
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Alternate Solution:

Ay £, (t)
T A/T

_____ “A

The waveform of f,(t) is the derivative of the waveform of f,(t) and thus f,(t) = tf,(t). From
Subsection 8.6.1, Page 8-27,

éT sinwT A sinwT

L) 25T =0 = oT

From the frequency differentiation property, transform pair (8.48), Page 8-13,

n

(0"t(1) & L= F(o)
do"
or
n nd”
(1) & "< F(o)
do"
Then,
(o B B _(_1_( sinoT) . _g_(sinw
F (D) = th(D)} = (de 2A oT _JzAdw oT )
= j2A[(wT)TCOS(DT —2T(sian)} = jzzA((x)Tcos(x)T— sinwT)
(oT) o' T

We denote the given waveform as f, (t), that is,

fi (1) = (% t+ A) [ug(t+T)—ue(t)] + (—% t+ A) [uo(t) —uo(t - %)}

[0 = 2t £y(t) hos
A A/T
a
t T ¢
T 0 T T 0y 2| 12,
“A/T
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We observe that f, (t) is the integral of f, (t). Therefore, we will find F, (®), and by integra-

tion we will find F, (w).

We begin by finding the Fourier Transform of the pulse denoted as f;(t), and using F;(®) and

the time shifting and linearity properties, we will find F, (o).

N 2 L T/2
T2 A ot Al Ale ™
F3(m):j D@ =2 & = o =—
12T Ao/, Tvio 7,
_ é(ejw(T/Z)_e—jw(T/Z)) _2A . 0T _  sin(@T/2)
T jo T T 2 oT/2

Using the time shifting property
—jot,
f(t-t,) ©F(w)e
the Fourier transform of the left pulse a of f, (t) is

_ A SIN(OT/2)  jo(T/2)
F,,(w) = A—wT/Z e
Likewise, the Fourier transform of the right pulse b of f, (t) is

sin(wT/2) o J0(T/2)

Fap(0) = A= 772

and using the linearity property we obtain

Fy(©) = Fyy(0) +Fyy(o) = ASHOTA) . (00D 30072
_ iy ASIn(0T/2) (ej“"m)—e‘j“)(m)) _ .2Asin2(0)T/2)
ST 2 i2 - wT/2

This sinz(x)/ x curve is shown below and it is created with the following MATLAB script:

fplot(‘sin(x./2)./2./x',[0 16*pi 0 0.5])

/\/\/\ ~ 0]
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Now, we find F, (w) of the triangular waveform of f, (t) with the use of the integration prop-
erty by multiplying F, (o) by 1/jw. Thus,
1 . sin’(0T/2) _ 2A sin’(0T/2) _  2A

F(0) = (1/jo) - Fy(0) = — - jaaSl@l/72) _ 24

- sin*(wT/2)

We can plot F,(®) by letting T/2 = 1. Then, F, (o) simplifies to the form K[(sinx)/x]*

This curve is shown below and it is created with the following MATLAB script.
fplot(‘(sin(x)./x).A2',[-8*pi 8*pi O 1])

@

Vi (1)

1\I

By KCL

ve(t) = vi (1) i1 dve N ve®) _
1 dt 0.5

dve
F + 3VC = Vin

Taking the Fourier transform of both sides we obtain
joVe(o) +3Ve(w) = Vi (o)
(o +3)Ve(w) = V; (o)

and since
Vour(®) = Ve(m),
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(j(JJ + 3)Vout(m) = Vin(m)

and
H(o) = el _ 1
Vi, (o) jo+3
where
v, ()= 50cosdtuy(t) & V. () = S0m[S(w—4) +5(w +4)]
Then,
waw>=de>=fﬂwrvhm»=j5%§~wnmw»4>+&w+4n

and

g _1{VC((D)} _ 1 r 50n[8(w—4)+6(m+4)]_ejmtdm

2_71_00 jo+3

vel(t)

=) =)

:25j M-ejmtdm+25f Sw+4) oty
. Jo+3 o Jo+3

Next, using the sifting property of 8(w), we simplify the above to

25( o J4 . e—j4t) _ 25[ o4t . o ] ) s(ej‘“-e*j53'1°+e7j4t-ej53'10)
j4+3 j4+3 5117 5 53 °

vel(t)

j(4t—53.1° —j(4t-53.1°
i( )+e 3 ( )

10 5 = 10cos(4t—53.1°)

d2 d _
aFvout(t) 57 Vau(t) +6vou (1) = 10V, (1) = 2e Uy (1)

Taking the Fourier transform of both sides we obtain

SN2 e _ _ 10, 2
[(w) +5J(1)+6]V0ut((1)) = 10Vin(w) =10 jo+l
[ +2) - (jo +3)]V,,(©) = 10V, (0) = —22

jo+1

20

Voul®) = Go+1)-(jo+2)- (o +3)

We use the following MATLAB script for partial fraction expansion where we let jo = s.

syms s; collect((s+1)*(s+2)*(s+3))
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ans =
S"3+6*s"2+11*s+6

num=[0 0 0 20]; den=[1 6 11 6]; [num,den]=residue(num,den); fprintf(' \n");...
fprintf('r1 = %4.2f \t', num(1)); fprintf('p1 = %4.2f', den(1)); fprintf(' \n');...
fprintf('r2 = %4.2f \t', num(2)); fprintf('p2 = %4.2f', den(2)); fprintf(' \n');...
fprintf('r3 = %4.2f \t', num(3)); fprintf('p3 = %4.2f', den(3))

rl = 10.00 pl = -3.00
r2 = -20.00 p2 = -2.00
r3 = 10.00 p3 = -1.00
Then,
V. (@) = ~ 20 10 =20 10
(o+1)-o+2)-(jo+3) (o+l1) (o+2) (o+3)
and thus
Vo) = F TV, (@) = 10 —20e 7 +10e!
= 10(e " =2 + ¢ Yuy ()

The input energy in joules is

oo 0072 0072 007
W, = le|vhxtﬂ2d1 - j0\3e " = j0\3e " = J; 9¢*dt
=2§fm=9gﬁo=2=z%J

4y 4 4

and the Fourier transform F, (o) of the input v, (t) is

3
jo+2

F (v, ()} = F (3¢ uo(D)} =

The energy at the output for the frequency interval 2 Hz< <6 Hz or 4n rad < ® < 127 rad

is
do = —
@ ZnJ

do

e 5 Ll 3
- F(o)l“dn = —
out = oq _ool (@) ZnI_w’j(,)+2

2 2
4 O +2

and from tables of integrals

I 21 dx = latan)—(
X +a a a

[\

Then,
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121
=2 L@ _2( 12m 4_71)_2 _
W = o 2atan . = In atan 7 atan2 = 4n(atan6n atan2m)
fprintf(' \n'); fprintf('atan(6*pi) = %4.2f \t', atan(6*pi)); fprintf(‘atan(2*pi) = %4.2f', atan(2*pi))
atan(6*pi) = 1.52 atan(2*pi) = 1.41
and thus
9
W = 5(1.52—1.41) = 0.08)J

Therefore, the percentage of the input appearing at the output is

W
—outy 100 = 998 _ 3560,
W, 225

n

10.

Alug(t+T) —ug(t—T)] & 2AT ﬂ%‘fr—)z

F(w)
f(t)

—T 11
T 0 . t ~_ 72n\/ 5 \/Zn N~ T
First, we compute the total energy of the pulse in terms of f(t).
~ 2 T o
Wior = | [fO1°dt = [ A%de
oo T
and since f(t) is an even function,
T T
Wit = 2[ A%dt = 247 = 2A™T
0

Next, we denote the energy in the frequency interval /T rad<w<=n/T rad as W, in the

frequency domain we obtain

1 n/T

Wou = El;tJ._ZIF(w)Izdw = —I

2AT
2n -n/T

dw

sin(nT‘2
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and since F(w) is an even function,
n/T . 2 202 /T .. 2
=21J' 4A2Tzsmwwa=4ATJ‘ sin"mT

w
out s Tamd, (0T)> T Jy (oT)

do (1)

For simplicity, we let ®T = y. Then, = y/T and do = (1/T)dy. Also, when o = 0,
y = 0,and when w = n/T or T = m, y = . With these substitutions we express (1) as

\

AA'T ™ sinzy AN'T T sinzy AA'T ™ sinzy )
out = I 2dy = T J‘ 2 dy = '[ 2 dy ( )
T o ((y/T)T) T Sy T % vy

But the last integral in (2) is an improper integral and does not appear in tables of integrals.”
Therefore, we will attempt to simplify (2) using integration by parts. We start with the familiar

relation
d(uv) = udv+vdu
from which
Id(uv) = Iudv+jvdu
or

judv = uV—deu

Letting u = sinzy and dv = 1/y°, it follows that du = 2cosysiny = sin2y and v = -1/y.
With these substitutions (2) is written as

W =

out

4A2T{sin2y

Y - 2
—J. :lsin2ydy} _ A T[0+J.
T -y y T

T -
szydy}
0o "0 y

‘ (3)

2

. 4A2TJ‘ Tsindy 8A2TJ' Tsin2y
noJ, 2y v = noJ, 2y Y

The last integral in (3) is also an improper integral. Fortunately, some handbooks of mathe-
matical tables include numerical values of the integral

T .

Smmx

[
0o X

* It is shown in Advanced Calculus textbooks that if the upper limit is o, then

- - . 2
sinx sSin X
j-———dx:j——-z-—dx:’-‘
0o X 0 x 2

but for other finite limits are not equal.
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for arguments of mx in the interval 0 <x < 10. Then, replacing 2y with w we obtain w = 2y,
y = w/2,dy = (1/2)/dw, and for y = 0, w = 0 whereas for y = n, w = 2n. Then, by
substitution into (3) we obtain

_8A2TJ‘2”sinW(1 ) 4A2Tj2nsmw @

W —dw dw
out nl, w T, w

2

From Table 5.3 of Handbook of Mathematical Functions, 1972 Edition, Dover Publications,

with mx = 27 or x = 2 we obtain

and thus (4) reduces to

Wi = 1.418

Therefore, the percentage of the output for the frequency interval -n/T rad<w <7n/T rad is

w 2 )
_Tout 1009 = (AA T/”Z) 1418 100% = M%x 100% = 90.3%

Wiotal 2A°T

Since this computation involves numerical integration, we can obtain the same result much

faster and easier with MATLARB as follows:

First, we define the function fourierxfm1 and we save it as an .m file as shown below. This file
must be created with MATLAB’s editor (or any other editor) and saved as an .m file in a drive
that has been added to MATLAB’s path.

function y1=fourierxfm1(x)

x=x+(x==0)*eps;% This statement avoids the sin(0)/0 value.
% It says that if x=0, then (x==0) = 1

% but if x is not zero, then (x==0) =0

% and eps is approximately equal to 2.2e-16

% It is used to avoid division by zero.

y1=sin(x)./x;

Then, at MATLAB’s Command prompt, we write and execute the program below.

% The quad function below performs numerical integration from 0 to 2*pi
% using a form of Simpson's rule of numerical integration.

value1=quad(‘fourierxfim1',0,2*pi)

valuel =
1.4182
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Chapter 8 The Fourier Transform

We could also have used numerical integration with the integral

dx

)
J‘”smx
2
0 X

thereby avoiding the integration by parts procedure. Shown below are the function
fourierxfm2 which is saved as an .m file and the program execution using this function.

function y2=fourierxfm2(x)
X=X+(x==0)*eps;
y2=(sin(x)./x)."2;

and after this file is saved, we execute the statement below observing that the limits of integra-
tion are from 0 to 7.

value2=quad(‘fourierxfm2',0,pi)

value2 =
1.4182
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Chapter 9

Discrete-Time Systems and the < Transform

his chapter is devoted to discrete—time systems, and introduces the one-sided £ Trans-

form. The definition, theorems, and properties are discussed, and the Z transforms of the

most common discrete—time functions are derived. The discrete transfer function is also
defined, and several examples are given to illustrate its application. The Inverse Z transform, and
the methods available for finding it, are also discussed.

9.1 Definition and Special Forms

The Z transform performs the transformation from the domain of discrete—time signals, to

another domain which we call z— domain. It is used with discrete—time signals,” the same way
the Laplace and Fourier transforms are used with continuous—time signals. The Z transform
yields a frequency domain description for discrete—time signals, and forms the basis for the design
of digital systems, such as digital filters. Like the Laplace transform, there is the one-sided, and
the two-sided Z transform. We will restrict our discussion to the one-sided Z transform F(z) of
a discrete—time function f[n] defined as

F(z) = i fn]z™" 9.1)

n=0

and the Inverse Z transform is defined as

fln] = j%r@:(z)zk‘ldz 9.2)

We can obtain a discrete—time waveform from an analog (continuous or with a finite number of
discontinuities) signal, by multiplying it by a train of impulses. We denote the continuous signal
as f(t), and the impulses as

Slnl = 3 8[t—nT] 9.3)
nzo
Multiplication of f(t) by 8[n] produces the signal g(t) defined as

g(t) = f(t) - 8[n] = f(t) i O[t—nT] 9.4)
n=0

* Whereas continuous-time signals are described by differential equations, discrete—time signals are described by
difference equations.
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Chapter 9 Discrete—Time Systems and the Z Transform

These signals are shown in Figure 9.1.

f(t)
q / t
0 @N__

d[n]

A N
| 111} n
0 (b)
f()d[n]
0 (c) ill¢

Figure 9.1. Formation of discrete—time signals

Of course, after multiplication by §[n], the only values of f(t) which are not zero, are those for
which t = nT, and thus we can express (9.4) as

g(t) = f[nT] i d[t—nT] = i f[nT]8[t-nT] (9.5)
n=0 n=0

Next, we recall from Chapter 2, that the t—domain to s — domain transform pairs for the delta
function are 8(t) < 1 and 8(t—T) e e ' . Therefore, taking the Laplace transform of both sides
of (9.5), and, for simplicity, letting f [nT] = f [n] , we obtain

oo

G(s) = <« { f[n] i d[t—nT] } = f[n] Z e ™ = i fnle ™" (9.6)
n=0 n=0

n=0
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Relation (9.6), with the substitution z = ¢*", becomes the same as (9.1), and like s, z is also a
complex variable.

The Z and Inverse Z transforms are denoted as

F(z) = Z {f[n]} (9.7)

and

fin] = 2 {F(z)} (9.8)

The function F(z), as defined in (9.1), is a series of complex numbers and converges outside the
circle of radius R, that is, it converges (approaches a limit) when |z > R . In complex variables
theory, the radius R is known as the radius of absolute convergence.

In the complex z — plane the region of convergence is the set of z for which the magnitude of F(z)
is finite, and the region of divergence is the set of z for which the magnitude of F(z) is infinite.

9.2 Properties and Theorems of the £ Transform

The properties and theorems of the £ transform are similar to those of the Laplace transform. In
this section, we will state and prove the most common Z transforms listed in Subsections 9.2.1

through 9.2.12 below.

9.2.1 Linearity

af,[n] + bf,[n] + cf;[n] + ... & aF,(z) + bF,(2) + cF;(2) + ... (9.9)

where a, b, c, ... are arbitrary real or complex constants.
Proof:

The proof is easily obtained by application of the definition of the Z transform to each term on

the left side.

In our subsequent discussion, we will denote the discrete unit step function as uy[n] .

9.2.2 Shift of f[n]u,[n] in the Discrete-Time Domain

fn—mluy[n-m] &z "F(z) (9.10)

Proof:

Applying the definition of the Z transform, we obtain
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Z{f[n-mluyn-m]} = i f[n—rn]uo[n—rn]z_n
n=0

and since uy[n-m] = 0 for n<m and uy[n-m] = 1 for n>m, the above expression reduces to

2 {f[n-m]} = if[n—m]z_n

Now, we let n—m = k;then,n = k+m,and whenn-m = 0 orn = m, k = 0. Therefore,

Z{fln-ml} = 3 f[k] 7 3 fiklz 2™ = 253 flk]z* = 2 ™F(2)
k=0 k=0 k=0

9.2.3 Right Shift in the Discrete-Time Domain

This property is a generalization of the previous property, and allows use of non—zero values for
n < 0. The transform pair is

m-1
f[n-m] ez "F(z)+ Z f [n—m]z " 9.11)

n=0

Proof:

By application of the definition of the £ transform, we obtain

Z {fln-m]} = i fln-m]z"

n=0

Weletn—-m = k;then,n = k+m, and when n = 0, k = —m. Therefore,

{fm-mly = Y fkiz Y = Z Flk]z 2™ = 2™ i frk]z ™
k=-m k=-m k=-m
1 :
- { Z fk]z ™+ Zf Kz~ J:[‘{F(zn > flklz ™
k=-m k=-m .
Whenk = -m, n = 0,and when k = -1, n = m— 1. Then, by substitution into the last summa-

tion term above, we obtain

m-1 m-1
Z{f[n-m]} = Z_m{F(z)+ z f[n—m]zm‘“} =z "F(z) + Z fl[n-mlz "
n=0 n=0

9-4 Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition
Copyright © Orchard Publications


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Properties and Theorems of the Z Transform

and this is the same as (9.11).

Form = 1, (9.11) reduces to

fln—1]e 2z 'F(z)+f[-1] (9.12)

and for m = 2, reduces to

fln-2] ez F(z)+f [-2]+2 f[1] (9.13)

9.2.4 Left Shift in the Discrete-Time Domain

-1
fn+m] oz F(z) + Z fln+mlz " (9.14)

n=-m

that is, if f[n] is a discrete—time signal, and m is a positive integer, the mth left shift of f[n] is
f[n+m].

Proof:

Z{f[n+m]} = S fln+mlz "
0

n=

Weletn+m = k;then,n = k—-m,and when n = 0, k = m. Then,

H{fln+m} = Y frkjz &™) = i fk]z 2™
k=m k=m
oo m-1 m-—1
:zm{zf[k]zk_Zf[k]zk}:zm{nz)_zf[k]zk
k=0 k=0 k=0

When k = 0, n = -m, and when k = m—1, n = —1. Then, by substitution into the last sum-
mation term of the above expression, we obtain

-1 -1
Z{f[n+m]} = zm{F(z)+ Z f[n+rn]z_(n+m)} = 72"F(z) + z fln+mlz "

and this is the same as (9.14).
For m = 1, the above expression reduces to

Z{fn+1]} = zF(z)-f[0]z (9.15)
Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 9-5
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and for m = 2, reduces to

2 {f[n+2]} = 2°F(z) - f[0]2° - f[1]z (9.16)

9.2.5 Multiplication by a" in the Discrete-Time Domain

a"f[n] :}F(E) 9.17)

Proof:

oo

2 {a"f[n]} = ianf[nlz_n= Y L finz Zf[n]( ) =F(§)
a

k=0 k=0

9.2.6 Multiplication by e ™" in the Discrete-Time Domain

"Ten] o F(e''z) (9.18)

Proof:
2 1™ f[n]} = i ™ [n]z™ = i fInle )" = F(eT2)
k=0 k=0

9.2.7 Multiplication by n and n* in the Discrete-Time Domain

nf[n] & —z(—f;F(z)
(9.19)
n’*f[n] & z——F(z) + 229—-F(z)
dz’

Proof:
By definition,
F(z) = i fIn]z"

and taking the first derivative of both sides with respect to z, we obtain

oo

d%F(z) - io(—n)f[n]znl =S nfn]z”

n=20
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Multiplication of both sides by -z yields

oo

W d
Zonf [n]z " = —deF(z)

Differentiating one more time, we obtain the second pair in (9.19).

9.2.8 Summation in the Discrete-Time Domain

i f[m] (Z_Ll )F(z) (9.20)
m=0

that is, the Z transform of the sum of the values of a signal, is equal to z/(z-1) times the Z
transform of the signal. This property is equivalent to time integration in the continuous time
domain since integration in the discrete—time domain is summation. We will see on the next sec-

tion that the term z/(z—-1) is the £ transform of the discrete unit step function uy[n], and

recalling that in the s — domain
1
uy(t) & 3
and

jt f(t)ydt 1@

0

then, the similarity of the Laplace and Z transforms becomes apparent.

Proof:
Let
y[n] = Z x[m] (9.21)
and let us express (9.21) as "
yinl = S x(m]+x[n] 9.22)
m=0

Since the summation symbol in (9.21) is y[n], then the summation symbol in (9.22) is y[n—1],
and thus we can write (9.22) as

y[n] = y[n—-1]+x[n] (9.23)

Next, we take the Z transform of both sides of (9.23), and using the property

x[n-mluy[n-m] &z "X(z)

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 9-7
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we obtain

Y(z) = 7' Y(2) + X(2)
or

Y(z) = X(z) = ;—f—I X(z)

1-7"

and this relation is the same as (9.20).

9.2.9 Convolution in the Discrete-Time Domain

Let the impulse response of a discrete—time system be denoted as h[n], that is, an impulse 8[n],
produces a response h[n]. Likewise, a delayed impulse 8[n-m] produces a delayed response
h[n—-m], and so on. Therefore, any discrete—time input signal can be considered as an impulse
train, in which each impulse has a weight equal to its corresponding sampled value. Then, for any
other input x[0], x[1], x[2], ..., x[m], we obtain

x[0]8[0] — x[0]h[n]
x[1]18[n-1] = x[1]h[n-1]
x[2]8[n-2]— x[2]h[n - 2]

x[m]d[n—m] — x[m]h[n-m]

and the response at any arbitrary value m, is obtained by summing all the components that have
occurred up to that point, that is, if y[n] is the output due to the input x[m] convolved with
h[n], then,

n

y[n] = Z x[m]h[n-m] (9.24)
m=0
or
y[n] = Z h[n-—m]x[m] (9.25)
m=0

We will now prove that convolution in the discrete—time domain corresponds to multiplication in
the Z domain, that is,

fi[n]*f,[n] & F(z) - F,(2) (9.20)

Proof:
Taking the Z transform of both sides of (9.24), we obtain
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Y(z) = z{ i x[m]h[n—m]} - i [ S x[m]h[n—m]}zn
m=0 n=0Lm=0
and interchanging the order of the summation, we obtain
Y(z) = i { i x[m]h[n—m]z_n} = i x[m] i h[n-m]z "

m=0Ln=0 m=0 n=20

Next, we let k = n—m, then, n = k+ m, and thus,

oo

Y(z) = iox[m] ioh[k]z_(km) - Zox[m]z‘m ioh[k]z_k

or
Y(z) = X(z)-H(z) (9.27)

9.2.10 Convolution in the Discrete-Frequency Domain

If f,[n] and f,[n] are two sequences with £ transforms F,(z) and F,(z) respectively, then,

1 zZ\ -1
f,[n] - f,[n] @_IZI i; XFI(V)FZ(\—I)V dv (9.28)

where v is a dummy variable, and {) is a closed contour inside the overlap convergence regions

for X,(v) and X,(z/v) . The proof requires contour integration; it will not be provided here.

9.2.11 Initial Value Theorem

£10] = lim X(2) (9.29)
Proof: :
Foralln>1,as z— o
z = —15% 0
z

and under these conditions f[n]z " — 0 also. Taking the limit as z — o in

F(z) = i fn]z™"
n=0

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 9-9
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we observe that the only non—zero value in the summation is that of n = 0. Then,

S fn]z" = £[0]2° = £[0]
n=0

Therefore, .
lim X(z) = f[0]

Z—>

9.2.12 Final Value Theorem

This theorem states that if f [n] approaches a limit as n — «, we can find that limit, if it exists, by
multiplying the £ transform of f[n] by (z- 1), and taking the limit of the product as z— 1. That
is,

lim f[n] = liml(z— 1)F(z) (9.30)

n— oo

Proof:

Let us consider the Z transform of the sequence f[n+ 1]-f[n], i.e.,
Z {f[n+1]-f[n]} = i (f[n+1]-f[nDz"
n=0

We replace the upper limit of the summation with k, and we let k — . Then,

k
Z{fln+1]-f[nl} = lim { Z(f[n+1]_f[n])z‘“} (9.31)
n=0
F 9.15),
rom (9.15) 2 {fln+1]} = zF(z) - f[0]z (9.32)

and by substitution of (9.32) into (9.31), we obtain

k
zF(z) - f[0]z-F(z) = klim { Z(f[n+1]—f[n])z_n}

n=0

Taking the limit as z— 1 on both sides, we obtain

k
lim{(z-1)F(z)-f[0]z} lim {lim { Z(f[n+1]—f[n])z_n}}
z—1 z—1 |[k—>oo

n=0

k— oo

k
lim { z liml(f[n+ 1]—f[n])z_n}
n=0
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k
lim (z-1)F(z) - lim f[0]z = lim [ E 1im{f[n+1]—f[n]}zn}
z—1 z—1 k— o z— 1
=0

k
lim (z— 1)F(z) - f[0] = lim { Z{f[n+1]}—f[n]}
z—1 k— o =0

Jim {£k]~f[0]} = lim £ [k]~£[0]

lim (k] = lim (z— 1)F(z)
z—1

k— oo

We must remember, however, that if the sequence f[n] does not approach a limit, the final
value theorem is invalid. The right side of (9.30) may exist even though f[n] does not approach
a limit. In instances where we cannot determine whether f[n] exists or not, we can be certain
that it exists if X(z) can be expressed in a proper rational form as

- A(2)
X(@) = 54
where A(z) and B(z) are polynomials with real coefficients.

For convenience, we summarize the properties and theorems of the Z transform in Table 9.1.

9.3 The Z Transform of Common Discrete-Time Functions

In this section we will provide several examples to find the Z transform of some discrete—time
functions. In this section, we will derive the Z transforms of the most common discrete—time
functions in Subsections 9.3.1 through 9.3.5 below.

9.3.1 The Transform of the Geometric Sequence

The geometric sequence is defined as

0 n=-1,-2,-3, ...
f[n] = { N (9.33)
a n=20,1,2,3, ...
From the definition of the Z transform,
F(z) = i flnlz™ = i 2"z = i (az " (9.34)
n=0 n=0 n=0

To evaluate this infinite summation, we form a truncated version of F(z) which contains the
first k terms of the series. We denote this truncated version as F,(z). Then,
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TABLE 9.1 Properties and Theorems of the X transform

Property / Theorem Time Domain % transform
Linearity af,[n] +bf,[n] + ... aF,(z) + bF,(z) + ...
Shift of x[n]u,[n] f [n—m]Juy[n-m] z "F(z)
Right Shift f[n-m] m-1

z "F(z) + > fin- mlz "
n=0

Left Shift f[n+m] n ! n
z F(z)+ z f[n+m]z
Multiplication by a® a"f [n] F (g)
a
Multiplication by et e ™ Tf [n] F(eaTz)
Multiplication by n nf [n] ., d F(2)
dz
Multiplication by n? n’f [n] 2

d 2d
deF(z) +7z deF(z)

Summation in Time

miof [m] (Z—%—JF(Z)

Time Convolution f,[n]*f,[n] F,(z)-F,(z)

Frequency Convolution f,[n] - f,[n]

j%t {) xF, (V)Fz(\%) v 'dv

Initial Value Theorem f[0] = lim F(z)
Z—> o0
Final Value Theorem lim f[n] = lim (z— 1)F(2)
n— oo z—1
LSl -1 2 2 k-1 _—(k—1)
F (z) = Zaz =l+az +az +..+a z (9.35)
n=20

and we observe that as k — o0, (9.35) becomes the same as (9.34).

To express (9.35) in a closed form, we multiply both sides by az ' . Then,
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az_le(z) =az '+az +az +..+az" (9.36)

Subtracting (9.36) from (9.35), we obtain

Fk(z)—azlek(z) = 1-az"

or

k -k -1.k
F,(2) = l-az _ l-(az ) (9.37)

-1 -1
1-az 1-az

for az ' #1

1k
To determine F(z) from F,(z), we examine the behavior of the term (az "' in the numerator of
_ 1.k _ BT
(9.37). We write the terms az "and (az 1) in polar form, that is, az - ‘az l‘eje and
R ik
(az”')" = |az!|"*® (9.38)

From (9.38) we observe that, for the values of z for which ‘azfl‘ <1, the magnitude of the com-

1k
plex number (az”') — 0 as k — o and therefore,

F(z) = lim Fy(2) = ; L_ - - (9.39)
- —az B

for ‘az_1| <1
_ 1k
For the values of z for which ‘az 1‘ > 1, the magnitude of the complex number (az ") becomes

unbounded as k — «, and therefore, F(z) = klim F,(z) is unbounded for |az_1| >1.
—> oo

In summary, the transform

F(z) = i (az )"

n=0

converges to the complex number z/(z-a) for ‘az_l‘ <1, and diverges for ‘az_l‘ > 1. Also,
since

a
z

_ |al

|z

laz!| =

then, |az_l‘ <1 implies that |z| > |a| , while ‘az_l‘ > 1 implies |z| < |a| and thus,
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2 for |z >]al

Z{a"uy[n]} = i a'z" = zZ—a (9.40)
n=0

unbounded for |z| <]|a]

The regions of convergence and divergence for the sequence of (9.40) are shown in Figure 9.2.

Im[z] Region of
Convergence
F(z) = %

Region of] la|

Divergence Rel[z]
F(z) > e

Figure 9.2. Regions of convergence and divergence for the geometric sequence a"

To determine whether the circumference of the circle, where |z| = |a] |, lies in the region of con-
vergence or divergence, we evaluate the sequence F,(z) at z = a. Then,

k=l n n 4 22 k=1 —(k=1)
az =1+az +az +...+a 'z

ey | s—a (9.41)

1+1+1+...+41=k

F(2)

We see that this sequence becomes unbounded as k — «, and therefore, the circumference of the
circle lies in the region of divergence.

9.3.2 The Transform of the Discrete-Time Unit Step Function

The definition and the waveform of the discrete—time unit step function uy[n] are as shown in Fig-
ure 9.3.

uy[n]

0 n<0 1
uy[n] = 1 n>0

n

Figure 9.3. The discrete unit step function uy[n]

From the definition of the Z transform,
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oo

F(z) = i flnlz" = 3 (112" (9.42)
n=0

n=0

As in Subsection 9.3.1, to evaluate this infinite summation, we form a truncated version of F(z)
which contains the first k terms of the series, and we denote this truncated version as F,(z).
Then,

k-1
F (z) = Z z"=1+z " +z2°+..+z &V (9.43)

n=0
and we observe that as k — e, (9.43) becomes the same as (9.42). To express (9.43) in a closed

form, we multiply both sides by z”' and we obtain
z_le(z) T T (9.44)

Subtracting (9.44) from (9.43), we obtain

Fo(z)-7 'Fi(z) = 1-2°
or
_k 1.k
Fi(z) = =2 = 1= ) (9.45)
-z 1-z
for 7' #1
. -1,k -1k jke ~1.k
Since (z) = |z ‘ e ,ask—oo, (z ) — 0. Therefore,
F(z) = limF(z) = —— = _Z (9.46)
k— oo 1 —271 z—1

for |z| > 1, and the region of convergence lies outside the unit circle.

Alternate Derivation:

The discrete unit step u,[n] is a special case of the sequence a" with a = 1, and since 1" = 1,

by substitution into (9.40) we obtain

2 for |7 >|1

Rfwnlt = Y (1z" =1 z-1 9.47)
n=0

unbounded for |z| <|1]
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9.3.3 The Transform of the Discrete-Time Exponential Sequence
The discrete—time exponential sequence is defined as

naT

f[n] = e = uyln]
Then,

oo

-naT _-n —-aT -1 -2aT -2 -3aT -3
F(z):Ze z =1l+e z +e 'z +e z +
n=0

and this is a geometric sequence which can be expressed in closed form as

Z [e ™ uyln]] = = (9.48)
€

for e Tz Y <1.

9.3.4 The Transform of the Discrete-Time Cosine and Sine Functions
Let

f,[n] = cosnaT
and
f,[n] = sinnaT

To derive the Z transform of f;[n] and f,[n], we use (9.48) of Subsection 9.3.3, that is,

-naT Z
(S =

-aT
z—¢
and replacing —naT with jnaT we obtain
24 [ejnaT] = X [cosnaT + jsinnaT] = Z_ -
z—e’*
—jaT
) . z zZ—¢
= & [cosnaT] + < [sinnaT] = T . Ty

2 ..
Z [cosnaT] +j& [sinnaT] = z —zzcosaT +jzsinaT
z"—2zcosaT + 1

Equating real and imaginary parts, we obtain the transform pairs

2
cosnaT & —2 —2zcosal (9.49)

z" —2zcosaT + 1

9-16 Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition
Copyright © Orchard Publications

JIUNGITENE V.|


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

The Z Transform of Common Discrete—Time Functions

and

sinnaT < —2c0saT (9.50)

z- —2zcosaT + 1

To define the regions of convergence and divergence, we express the denominator of (9.49) or

(9.50) as

(z—e'™T) . (z—eT) (9.51)

We see that both pairs of (9.49) and (9.50) have two poles, one at z = e’*T and the other at

z = ¢ " that s, the poles lie on the unity circle as shown in Figure 9.4.

Im[z] Region of
Convergence
Pole
1
Region|o Refz]
Divergence
Pole

Figure 9.4. Regions of convergence and divergence for cosnaT and sinnaT

From Figure 9.4, we see that the poles separate the regions of convergence and divergence. Also,
since the circumference of the circle lies on the region of divergence, as we have seen before, the
poles lie on the region of divergence. Therefore, for the discrete—time cosine and sine functions
we have the pairs

2
cosnaT & —= —zcosal for |z|>1 (9.52)

z°—2zcosaT + 1

and

sinnaT & zsinal for |z|>1 (9.53)

72 —2zcosaT + 1

. . . . * .
It is shown in complex variables theory that if F(z) is a proper rational function , all poles lie
outside the region of convergence, but the zeros can lie anywhere on the z-plane.

*  This was defined in Chapter 3, page 3—1.
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9.3.5 The Transform of the Discrete-Time Unit Ramp Function

The discrete—time unit ramp function is defined as

f[n] = nuy[n]

Then,

Z {nu,[n]} = i nz" = 04z 4227432 +... (9.54)
n=0

We can express (9.54) in closed form using the discrete unit step function transform pair

Z {uln]} = i(l)z‘“: Z_ for |z| > (9.55)

z—1
=0
Differentiating both sides of (9.55) with respect to z, we obtain

L300 - £(:2)

or

- -n-1 -1
IS
n=0

(z-1)°
Multiplication by —z yields

oo

inz_n = nZ(l)Z_n =2z
n=0 n

= (z-1)

and thus we have the transform pair

(9.56)

nuyy[n] & 5
(z—1)

We summarize the transform pairs we have derived, and others, given as exercises at the end of

this chapter, in Table 9.2.
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TABLE 9.2 The Z transform of common discrete—time functions

f[n] F(z)
d[n] 1
d[n-m] o
a uy[n] Z |z| > a
z—a
uoln Z_ g1
z—-1
—naT
(e ugln] Z_ e <1
7 efaT
(cosnaT)u,[n] 72 —7cosaT 2> 1
5 z| >
z"—2zcosaT + 1
(sinnaT)uy[n] zsinaT
0 5 |z] > 1
z"—2zcosaT + 1
(ancosnaT)uO[n] 22 —azcosaT 12|
5 z|>a
7z —2azcosaT +a
(a"sinnaT)u,[n] azsinaT |z|>a

2
z" —2azcosaT +a

up[n]-uy[n-m] z' -1
2" Nz-1)
nug[n] z/(z-1)
n’ug[n] 2(z+1)/(z-1)°

[n+ 1]up[n]

Z/(z-1)

annuo[n]

(az)/(z—a)’

n 2
a n uy[n]

az(z+a)/(z—a)’

ann[n + 1]uy[n]

2a22/(z - a)3
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9.4 Computation of the £ Transform with Contour Integration*

Let F(s) be the Laplace transform of a continuous time function f(t) and F*(s) the transform of
the sampled time function f(t) which we denote as f*(t). It is shown in complex variables theory

that F*(s) can be derived from F(s) by the use of the contour integral

F(s) = — § IF#dv (9.57)
C

1 —sT vT
j2m _e e

where C is a contour enclosing all singularities (poles) of F(s), and v is a dummy variable for s.
We can compute the Z transform of a discrete—time function f[n] using the transformation

F(2) = F¥6)| _ o (9.58)

By substitution of (9.58) into (9.57), and replacing v with s, we obtain

g _EG)
Fo) = 52 §>C — ds (9.59)
Next, we use Cauchy’s Residue Theorem to express (9.59) as
F(s) . F(s)
F(z) = Y Res———— = lim (s—-p)——— (9.60)
; 1z S =Py k 1-7z'e"
s =py

Example 9.1
Derive the Z transform of the discrete unit step function u,[n] using the residue theorem.

Solution:

We learned in Chapter 2, that
&£ [uy(t)]= 1/s
Then, by residue theorem of (9.60),

*  This section may be skipped without loss of continuity. It is intended for readers who have prior knowledge of complex vari-
ables theory. However, the following examples will show that this procedure is not difficult.
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F(s) . 1/s
F(z) = lim (s —p)——= = lim (s - 0)————
s =Py X 17" s=0 1z "'
1 1/s 1 1 V4
= lms 1= lim = =
520 [z e" o0ttt z-1

for |z| > 1, and this is the same as (9.47), Page 9-15.

Example 9.2

. . . . —naT . .
Derive the Z transform of the discrete exponential function ¢ uy[n] using the residue theo-

rem.
Solution:
From Chapter 2,
L [e " uy()]= ——
s+a
Then, by residue theorem of (9.60),
F(s) . 1/(s+a)
F = lim (s— = lim (s+a
(Z) s%pk( pk) _Z_l sT s%—a( )1 _Z_lesT
T 1 1 Z
= m 1 sT 1 -aT -aT
A | e’ 1- zZ—

for |z| > 1 and this is the same as (9.48), Page 9-16.
I
Example 9.3
Derive the Z transform of the discrete unit ramp function nuy[n] using the residue theorem.
Solution:
From Chapter 2,

L [tuy(t)]= 1/5°

Since F(s) has a second order pole at s = 0, we need to apply the residue theorem applicable to a
pole of order n. This theorem states that

-1

)(s—pk)jsl_l[l F(_SI)GSJ (9.61)

F(z) = shi‘})k( 5
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Thus, for this example,

2
F(z)= lim Al s 1o g i[ ! J = Z
s—0ds l_Z‘IGST 1— sT

for |z| > 1, and this is the same as (9.56), Page 9-18.

9.5 Transformation Between s and z Domains

It is shown in complex variables textbooks that every function of a complex variable maps (trans-
forms) a plane xy to another plane uv. In this section, we will investigate the mapping of the
plane of the complex variable s, into the plane of the complex variable z.

Let us reconsider expressions (9.6) and (9.1), Pages 9-2 and 9-1 respectively, which are repeated
here for convenience.

G(s) = i fnle ™" (9.62)
n=0
and
F(z) = i f[n]z " (9.63)
n=0

By comparison of (9.62) with (9.63),
G(s) = F@)| _ . 9.64)

Thus, the variables s and z are related as

zZ=ce (9.65)
and
s = %lnz (9.66)
Therefore,
F(1) = GO)| | (9.67)
SZT nz

Since s, and z are both complex variables, relation (9.67) allows the mapping (transformation) of
regions of the s-plane into the z-plane. We find this transformation by recalling that s = o+ jo
and therefore, expressing z in magnitude-phase form and using (9.65), we obtain
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z = 2|20 = |z]e’® = 7Tt (9.68)
where,
1z| = ¢°" (9.69)
and
0 =T (9.70)
Since
T = 1/f,

the period T defines the sampling frequency f,. Then, o, = 2xf, or f, = ©,/2n, and

T = (2m)/w,
Therefore, we express (9.70) as
0= 0= = 212 (9.71)
(DS (DS

and by substitution of (9.69) and (9.71) into (9.68), we obtain

z = "l i2n(0/0)) (9.72)

The quantity e 127/ in (9.72), defines the unity circle; therefore, let us examine the behav-
ior of z when o is negative, zero, or positive.

Casel 6<0: When o is negative, from (9.69), we see that |z| < 1, and thus the left half of the
s -plane maps inside the unit circle of the z-plane, and for different negative val-
ues of o, we obtain concentric circles with radius less than unity.

Case Il 6>0: When o is positive, from (9.69), we see that |z| > 1, and thus the right half of the
s -plane maps outside the unit circle of the z-plane, and for different positive val-
ues of o we obtain concentric circles with radius greater than unity.

Case IIl 6 = 0: When o is zero, from (9.72), we see that z = e 12™(®/9) and all values of ®
lie on the circumference of the unit circle. For illustration purposes, we have
mapped several fractional values of the sampling radian frequency o, and

these are shown in Table 9.3.

From Table 9.3, we see that the portion of the jo axis for the interval 0 < < o, in the s—plane,

maps on the circumference of the unit circle in the z—plane as shown in Figure 9.5. Thus, in dig-
ital signal processing the unit circle represents frequencies from zero to the sampling frequency,
and the frequency response is the discrete—time transfer function evaluated on the unit circle.
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TABLE 9.3 Mapping of multiples of sampling frequency

® |z| b
0 1 0
0,/8 1 n/4
o,/4 1 n/2
3w,/8 1 3n/4
0,/2 1 T
50,/8 1 5m/4
30,/4 1 31/2
T0,/8 1 Tn/4
o, 1 2n
jo s—plane Im[z] z—plane
o = 0250,
__________ "&)S— - - - - — —
+ 0.8750, : 0.1250,
10750, : 037305 |)=1
+ 0.625m, : 0 = 0.50, =" Re[z]
+0.5m, ! 0 = W,
103750, l
-0.250, ! 0.625w, 0.8750,
+0.1250, :
L _ . o) o = 0.75w,
o<0 c=0 c>0

Figure 9.5. Mapping of the s—plane to z—plane

The mapping from the z—plane to the s —plane is a multi-valued transformation since, as we have
seen, s = (1/T) Inz , and it is shown in complex variables textbooks that

Inz = Inz +j2nm (9.73)
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9.6 The Inverse £ Transform

The Inverse Z transform enables us to extract f[n] from F(z). It can be found by any of the fol-
lowing three methods:

a. Partial Fraction Expansion
b. The Inversion Integral
c. Long Division of polynomials

These methods are described in Subsections 9.6.1 through 9.6.3 below.

9.6.1 Partial Fraction Expansion

This method is very similar to the partial fraction expansion method that we used in finding the
Inverse Laplace transform, that is, we expand F(z) into a summation of terms whose inverse is
known. These terms have the form

k’ b b b
Z7P1 (z-p)’ 2P

(9.74)

where k is a constant, and r; and p; represent the residues and poles respectively; these can be

real or complex.

Before we expand F(z) into partial fractions, we must express it as a proper rational function.
This is done by expanding F(z)/z instead of F(z), that is, we expand it as

Fz) _k, n , B | (9.75)

z Z Z-DP; Z—-DP,

and after the residues are found from

r, = lim (z—pk)F—(Z—) = (z—pk)F—(Z—) (9.76)

Z = Py Z V4 z=p,

we rewrite (9.75) as
F(z) = k+—2 4 D2
Z-p1 Z-P2

. 9.77)

Example 9.4

Use the partial fraction expansion method to compute the Inverse Z transform of

F(z) = 1 9.78)
(1-052")(1-0752")y(1-2")
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Solution:

We multiply both numerator and denominator by z* to eliminate the negative powers of z. Then,

3

F(z) = z
(z-0.5)(z-0.75)(z-1)

Next, we form F(z)/z, and we expand in partial fractions as

F(z) _ z Lo I I3

Z  (2-05)Z-075)z—1) _ (z=03)  (z=075)  (z=1)

The residues are

2
V4

o (0.5)°
T (2-075)(z=1)

= 05-07505-1) >

‘z =05

7’ ~ (0.75)

oo (2—0.5)(2—1)‘“075 ©(0.75-0.5)(0.75-1)

2
z

r; =
(z—0.5)(z—0.75)

12

051025 °

‘z =1
Then,

F(z) _ z 2 9 8

Z  (2-05)Z-075)(z—1) _ (z=03)  (z=075)  (z=1)

and multiplication of both sides by z yields

3

F(z) = Z =2z ,_ 9z . 8 (9.79)
(2=05)(2—075)(z—1) _ (z=05)  (z=075)  (z-1)

To find the Inverse Z transform of (9.79), we recall that

n Z
a & —
Z—a

for |z| > a. Therefore, the discrete—time sequence is

fn] = 2(0.5)"=9(0.75)" + 8 (9.80)
Check with MATLAB:
Dz=(z-0.5)*(z—0.75)*(z-1) % The denominator of F(z)
collect(Dz); % Multiply the three factors of D(z) to obtain a polynomial
ans =

z"3-9/4*z"°2+13/8%z-3/8
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num=[0 1 0 O]; % The coefficients of the numerator
den=[1 -9/4 13/8 -3/8]; % The coefficients of the denominator
fprintf(' \n');

[num,den]=residue(num,den); % Verify the residues in (9.79)
fprintf('r1 = %4.2f \t', num(1)); fprintf('p1 = %4.2f \t', den(1));...
fprintf('r2 = %4.2f \t', num(2)); fprintf('p2 = %4.2f \t', den(2));...
fprintf('r3 = %4.2f \t', num(3)); fprintf('p3 = %4.2f \t', den(3))

rl = 8.00 pl = 1.00 r2 = -9.00 p2 = 0.75 r3 = 2.00 p3 = 0.50

symsnz
fn=2%(0.5)"n-9*(0.75)"n+8; % This is the answer in (9.80)
Fz=ztrans(fn,n,z); simple(Fz) % Verify answer by first taking Z transform of f[n]

ans =
8*z73/(2*z-1)/(4*z-3)/ (z-1)

iztrans(Fz) % Now, verify that Inverse of F(z) gives back f[n]

ans =
2*(1/2)"n-9*(3/4) "n+8

We can use Microsoft Excel to obtain and plot the values of f[n] . The spreadsheet of Figure 9.6
shows the first 25 values of n but only part of the spreadsheet is shown.

n f[n]
0.000 1.0000 | g, - == TR SORAEEIEE VN T A
1.000 2.2500
2.000 3.438 | 7 -
3.000 4.453 | 4|
4.000 5.277
5.000 5.927 |
6.000 6.429 | , |
7.000 6.814
8.000 7.107 | 31
9.000 7.328
10.000 7.495
11.000 7.621 | 1-
12.000 7.715
13.000 7.786 T e N o
14.000 7.84
15.000 7.88

11
13
15
17
19
21
23
25

Figure 9.6. The discrete—time sequence f[n] = 2(0.5)" = 9(0.75)" + 8 for Example 9.4
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Example 9.5

Use the partial fraction expansion method to compute the Inverse Z transform of

12z

F(z) = — 122 9.81)
(z+1)(z-1)
Solution:
Division of both sides by z and partial expansion yields
F(z) _ 12 -0 L B
Z (z+1)(z-1) @+ op? (@Z-D
The residues are
12 12
r, = 5 = 5 = 3
(z-1D7,_, (1-1)
;o 12 __12
z+D| _, (d+1)
d/ 12 -12
r, = — = = -3
3 dz(z+1)2=1 (z+1)2
Then,
F(z) _ 2. 3 . 6, 33
zZ (z+)(z-1) @D go1)? @-D
or
F(z) = 12z = 3z + 67 - -3z
z+1)(z-1)> @=CD) go1? (-1
Now, we recall that
uyln] & 2
0 z-1
and
nyy[n] & z 5
(z—1)
for |z| > 1.
Therefore, the discrete—time sequence is
fn] = 3(-1)"+6n-3 (9.82)

Check with MATLAB:
syms n z; fn=3*(—1)"n+6*n-3; Fz=ztrans(fn); simple(Fz)

ans =
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12*z/(z+1)/ (z-1)"2
We can also use the MATLAB dimpulse function to compute and display f [n] for any range of

values of n. The following script will display the first 20 values of f[n] in (9.82).

% First, we must express the denominator of F(z) as a polynomial
denpol=collect((z+1)*((z—1)"2))

denpol =
z"3-z"2-z+1

num=[12 0]; % The coefficients of the numerator of F(z) in (9.81)
den=[1-1-1 1]; % The coefficients of the denominator in polynomial form
fn=dimpulse(num,den,20) % Compute the first 20 values of f[n]

fn =

0

0
12
12
24
24
36
36
48
48
60
60
72
72
84
84
96
96
108
108

The MATLAB function dimpulse(num,den) plots the impulse response of the polynomial
transfer function G(z) = num(z)/den(z) where num(z) and den(z) contain the polynomial
coefficients in descending powers of z. Thus, the MATLAB script

num=[0 0 12 0]; den=[1 -1 -1 1]; dimpulse(hum,den)
displays the plot of Figure 9.7.
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< 10° Impulse Response
3 T T
95 __L. ________________________ E
2 __L. ________________________ E
o
o H
3 H
T T T E
e i
£ '
< H
1] O 4
DAaF-------4 ,L,,,,,,,,,,,,,;,,,,,,,,,,,,,g ,,,,,,,,,,,,,,,,,,,,,,,,,, -
1] I I i A
0 1 2 3 4 5
Time (sec) x10*

Figure 9.7. The impulse response for Example 9.5
|
Example 9.6
Use the partial fraction expansion method to compute the Inverse Z transform of

F(z) = 22+1 (9.83)
(z—1)(z"+2z+2)

Solution:

Dividing both sides by z and performing partial fraction expansion, we obtain

= + .+ _
Z gz-1)(P+2z+42) % Z—1 (z+1-j) (z+1+])

F(Z) - z+1 _ I 1) I3 Ty (984)

The residues are

z+1
(z—1)(z> +22+2)

= -0.5

r, =

1
-2
z=0
z+1
rn, = ——-——— =

- = 04
(2)(2*+22+2)| _,

wiN

z+1
I'3 = N
(z2)(z-1)(z+1+))

= = 0.05+j0.15
i=_14j  CG1+DE2+)G2)

r, = r*; = 0.05-0.15
Then,
F(z) _ 241 _ =05, 04, 0.05+j0.15  0.05-j0.15
z Z(Z—l)(22+22+2) z z-1 (z+1-j) (z+1+]))

or
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0.4z + (0.05 +j0.15)z + (0.05-30.15)z
z—1 (z+1-7)) (z+1+))
0.4z + (0.05 +j0.15)z + (0.05-30.15)z
z—1 z—(=1+4j) z—(—=1-))
0.4z + (0.05 +j0.15)z + (0.05-30.15)z
71 Z_ﬁejns" Z_ﬁe—j135°

-05+

F(z)

=-05+

-05+

Recalling that
S[n]le1
and

n Z
a uy[n] & —
z—a

for |z] > a, we find that the discrete—time sequence is

fn] = —0.58[n]+ 0.4(1)" + (0.05 +j0.15)(/2¢ j135° n
+(0.05-70.15) (27"
= —0.58[n]+0.4+0.05([2 "M 10,052 T
+§0.15(42"%e 1) —j0.15 (/27
or
f[n] = -0.58[n] +0.4 + A{%ncosnBS"—%lsinnwso (9.85)

We will use the MATLAB dimpulse function to display the first 8 values of f[n] in (9.85). We
recall that his function requires that F(z) is expressed as a ratio of polynomials in descending
order.

syms n z
collect((z—1)*(z"2+2*z+2)) % First, expand denominator of given F(z)

ans =
z "3+272-2

The following script displays the first 10 values of f[n] and plots the impulse response shown in
Figure 9.8.

num=[0 0 1 1];den=[1 1 0 -2]; fn=dimpulse(num,den,11), dimpulse(num,den,16)

fn =

o
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NN DNOO

-6

Impulse Response

w
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=]
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o
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\
=

)
=]

'
w
=]

_40 1 L
0 H] 10 15
Time (sec)

Figure 9.8. The impulse response for Example 9.6

——
9.6.2 The Inversion Integral

. . . b
The tnversion integral ~ states that

1 n-1
fin] = o= §CF(z)z dz (9.86)

where C is a closed curve that encloses all poles of the integrant, and by Cauchy’s residue theo-
rem, this integral can be expressed as

fn] = ZRes[F(z)z“*l] (9.87)
k

Z =Py

where p, represents a pole of [F(z)z" ' and Res[F(z)z" '] represents a residue at z = Py -

*  This section may be skipped without loss of continuity. It is intended for readers who have prior knowledge of complex vari-
ables theory.
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Example 9.7

Use the inversion integral method to find the Inverse Z transform of

-1 -3
F(z) = 1:|-12z +z —
(1-z )(1-0.75z )

Solution:

Multiplication of the numerator and denominator by z* yields

(2) = z3 + 222 + 1
z(z-1)(z-0.75)

and by application of (9.87),

1 n-2

3 2 n-—
f[n] = ZRes[(Z +27"+ 1)z
k

Z(Z—l)(Z—0.75):| (z-1)(z-0.75) }

3 2
_ ZRes[(Z +27"+ 1)z
Pk k

zZ= Z=Dpg

We are interested in the values f[0], f[1], f[2], ..., thatis, valuesof n = 0, 1,2, ....

For n = 0, (9.90) becomes

3 2
f10] = ZRe{ Az r2z +1) H
- 72 (z-1)(z-0.75)
Z =Py
:Res[ (Z3+222+1) } +Re{ (z3+2zz+1) }
2(z-1)(z-0.75)])| 2(z-1)(z-0.75)]|
+Res{ (z3+222+1) }
2(z-1)(z-0.75))| 5

(9.88)

(9.89)

(9.90)

(9.91)

The first term on the right side of (9.91) has a pole of order 2 at z = 0; therefore, we must eval-

uate the first derivative of

(z3 +27% + 1)
(z-1)(z-0.75)

atz = 0. Thus, forn = 0, (9.91) reduces to

{(f +27° + 1)} {(23 +27° + 1)}
+ | A + | F—
,—0 | 22 (z=0.75) 1 2(z-1)

zZ=

_dr (@272 +1)
£1o1 = dz[ (z—l)(z—0.75)}

or

z=0.75

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition

Copyright © Orchard Publications ..

9-33


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 9 Discrete—Time Systems and the Z Transform

f[O]:%8+16—%:1 (9.92)

Forn = 1, (9.90) becomes

f[1]

(2’ +27°+ 1)
Zk:Res[ 2(z—1)(z— 0.75)}

Z:pk

(z3+222+1) (z3+222+1)
Res[ 2z-1)(z- 0.75)1: T Res[ 22— 1)(z- 0.75)J o

3 2
(z7+2z2 +1) (9.93)
" Res[ 2(z—1)(z- 0.75)}‘2 oo
3 2
_[(z3+222+1)J +[(z3+222+1)J N (z"+2z +1)
T le-DE-075)| L aE-0T75) |, 2(z—1)
z= z= z2=0.75
_ 4161801
3 12 4
For n>2 there are no poles at z = 0, that is, the only poles are at z = 1 and z = 0.75. There-
fore,
3 2 n-2
B (z"+2z +1)z
fln] = ZRG{ (z—1)(z-0.75) }
k —
(z3+222+1)zr172 (z3+222+1)21172 9.94
= Res + Res (9.94)
(Z—1)(z=0.75) (Z—1)(z=0.75)
zZ= z=0.75
) (2> +22° + 1)z 2 2> +22° + 12" 2
= (z-0.75) * Z-1)
= z=10.75
for n>2.

From (9.94), we observe that for all values of n> 2, the exponential factor 2" % is always unity for
z = 1, but varies for values z# 1. Then,

(2 +22°+ 1)
fn] '[ (Z—0.75) }‘

n-2

[(23 + 2(22_+1;)z J

z=1

2207 (9.95)
_ 4, 10757 +2(0.75)° +11(0.75)"
0.25 20.25
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or

fln] = 16 +

(163/64)(0.753 _ 16_%(0_75)“
(~0.25)(0.75)
forn>2.

We can express f[n] forall n>0 as

163

fn] = 2388[n]+‘§‘8[n—1]+16—7(0.75)“ (9.96)

where the coefficients of 8[n] and §[n— 1] are the residues that were found in (9.92) and (9.93)
for n = 0 and n = 1 respectively at z = 0. The coefficient 28/9 is multiplied by 8[n] to
emphasize that this value exists only for n = 0 and coefficient 4/3 is multiplied by §[n—-1] to
emphasize that this value exists only forn = 1.

Check with MATLAB:
syms z n; Fz=(z"3+2*z"2+1)/(z*(z-1)*(z-0.75)); iztrans(Fz)

ans =
4/3*charfcen[l] (n)+28/9*charfcn[0] (n)+16-163/9*(3/4)"n

We evaluate and plot f[n] for the first 20 values. This is shown on the spreadsheet of Figure 9.9.

:[8%0 Discrete Time Sequence of f[0] =1, f[1] = 3.75,

3.750 and f[n] = 16—(163/9)*(3/4)" for n > 2

5813 16 N
8.359
10.270
11.702
12.777
13.582 8 -
14.187
14.640
14.980
15.235

15.426 0 -
15.570 12 3 45 6 7 8 9 101112 13 14 15 16 17 18 19 20 21

12

PRS2 ©ONOO R WN 2OS

Figure 9.9. The discrete—time sequence for Example 9.7
|
Example 9.8

Use the inversion integral method to find the Inverse Z transform of
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F(z) = 1 1 (9.97)
(1-z )(1-0.75z ")
Solution:

Multiplication of the numerator and denominator by z* yields

2

_ V4
Fo) = a0 ©-98)

This function has no polesat z = 0. The polesare at z = 1 and z = 0.75. Then by (9.87),

n+1

= Zk:ReS[(z _ l)Z(z _ 0.75)}

2 n-1

Z Z
flnl = Zk:ReS[(z— 1)(z—o.75)J

Z =Py Z =Py
n+1 n+l
— Z z
- Res[(z— 1)(z- 0-75)J o RGSLZ— D(z~ 075)} 2075 (9.99)
_ Zn+1 Zn+1 ~ 1n+1 (0.75)n+1
- [(z—0.75)HZ:1+[(z— 1)JL:0.75 T 025 T (~0.25)
RN (UVZ) RIS (PP
(0.25)(0.75) 3

9.6.3 Long Division of Polynomials

To apply this method, F(z) must be a rational function, and the numerator and denominator
must be polynomials arranged in descending powers of z.

Example 9.9

Use the long division method to determine f[n] for n = 0, 1, and 2, given that

-1 2 -3
F(z) = 1+12 +2z7 -1i-3Z 1 (9.100)
(1-0.25z H)(1-0.5z )(1-0.75z )
Solution:

First, we multiply numerator and denominator by z°, expand the denominator to a polynomial,
and arrange the numerator and denominator polynomials in descending powers of z. Then,
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The Inverse Z Transform

F(z) = 7 +7°+27+3
z) =
(z-0.25)(z-0.5)(z-0.75)

Next, we use the MATLAB collect function to expand the denominator to a polynomial.
syms z; den=collect((z—0.25)*(z—0.5)*(z—0.75))

den =
z"3-3/2*z"2+11/16*z-3/32
Thus,
172042243
F(z) = — z 2Z z (9.101)
2~ (3/2)7% +(11/16)z-3/32
Now, we perform long division as shown in Figure 9.10.
Divisor 142,1,8 2. Quotient
2 16
3 32 11 3 3.2 .
z -3z +16Z_3_2 Z+7 +2z+3 Dividend
2 16 32
52, 21 35 Ist Remainder
AT
§22—E 42 —l—éz_1
2 4 32 64
81 2nd Remainder
= Z— .+
16
Figure 9.10. Long division for the polynomials of Example 9.9
We find that the quotient Q(z) is
5 .1 81 -2
Q(z)—1+2z t1eZ te (9.102)
By definition of the Z transform,
F(z) = i flnlz" = F[O]+f[1]z " +f[2]2 " +... (9.103)
n=0
Equating like terms in (9.102) and (9.103), we obtain
f[0] =1, f[1] = 5/2 and f[2] = 81/16 (9.104)
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We will use the MATLAB dimpulse function to verify the answers, and to obtain the sequence
of the first 15 values of f[n] .

num=[1 1 2 3]; den=[1 -3/2 11/16 —-3/32]; fn=dimpulse(num,den,15),...
dimpulse(num,den,16)

fn =

.0000
.5000
.0625
.9688
.2070
.6191
.2522
L7220
.3115
.1195
L1577
.4024
.8189
L3727
.0338

P RPEPDNWPRSOUIO WO OoUu NP

Impulse Response

12

Amplitude

Time (sec)

Figure 9.11. Impulse response for Example 9.9
|

Table 9.4 lists the advantages and disadvantages of the three methods of evaluating the Inverse Z
transform.

9.7 The Transfer Function of Discrete-Time Systems

The discrete—time system of Figure 9.12, can be described by the linear difference equation
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The Transfer Function of Discrete—Time Systems

TABLE 9.4 Methods of Evaluation of the Inverse Z transform

Method Advantages Disadvantages
Partial Fraction Expansion | @ Most familiar e Requires that F(z) is a
e Can use the MATLAB proper rational function

residue function

Inversion Integral e Can be used whether F(z) e Requires familiarity with
is a rational function or not the Residues theorem

Long Division e Practical when only a small e Requires that F(z) is a
sequence of numbers is desired proper rational function

e Useful when Inverse Z
has no closed form solution

e Can use the MATLAB
dimpulse function for
large sequence of numbers

e Division may be endless

x[n] y[n]
Linear Discrete—Time System |[——

Figure 9.12. Block diagram for discrete—time system

y[n]+b,y[n-1]+b,y[n-2]+ ... +b,y[n—k] (9.105)

= agx[n] +a;x[n—-1]+a,x[n-2]+ ... +a,x[n-k]

where a; and b, are constant coefficients. In a compact form, relation (9.105) is expressed as
k k
ylnl = > ax[n—i]- > by[n—i] (9.106)
i=0 i=0

Assuming that all initial conditions are zero, taking the Z transform of both sides of (9.106), and
using the Z transform pair
[f[n-m]] &z "F(z)
we obtain
Y(2)+b,2 ' Y(2) +b,2 2Y(2) + ... + bz “Y(z)
1 12 5 - ‘ (9.107)
= a,X(z)+a;z X(z)+a,z X(z2)+...+az X(z)
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(1+b,z ' +byz ° + ...+ b,z )Y(2)

. 5 L (9.108)
= (ag+a,z +a,z +...+3z )X(z)
1 2 X
agta;z +a,z +..+az
Y(2) = TR —X(2) (9.109)
l+b,z +byz " +...+bz
We define the discrete—time system transfer function H(z) as
ag+2a,z  +a,z H...+az "
H(z) = X&) - DT 782 70 TP 9.110)
D@ 14b,27 b,z 4.+
and by substitution of (9.110) into (9.109), we obtain
Y(z) = H(2)X(z) (9.111)

The discrete impulse response h[n] is the response to the input x[n] = §[n], and since

Z ¢8[n]} = iS[n]Z_n -1
n=0

we can find the discrete—time impulse response h[n] by taking the Inverse Z transform of the dis-
crete transfer function H(z), that is,

h[n] = Z '{H(2)} (9.112)

Example 9.10

The difference equation describing the input—output relationship of a discrete—time system with
zero initial conditions, is

y[n]=0.5y[n—1]+0.125y[n-2] = x[n]+x[n—1] (9.113)
Compute:

a. The transfer function H(z)
b. The discrete—time impulse response h[n]

c. The response when the input is the discrete unit step uy[n]
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Solution:

a. Taking the Z transform of both sides of (9.113), we obtain

Y(2)-0.52 'Y (2) + 0.1252°Y(2) = X(z) +z ' X(2)
and thus

Y(z) 1+z 74z
H(z) = 2 = - e (9.114)
() 120527 +0.1252 72— 052+0.125

b. To obtain the discrete—time impulse response h[n], we need to compute the Inverse Z trans-

form of (9.114). We first divide both sides by z and we obtain:

H(z) _ z+1 (9.115)
z 72 —052+0.125

Using the MATLAB residue function, we obtain the residues and the poles of (9.115) as fol-
lows:

num=[0 1 1]; den=[1 -0.5 0.125]; [num,den]=residue(num,den);fprintf(' \n');...

disp('r1 ="); disp(num(1)); disp('p1 ="); disp(den(1));...
disp('r2 ="); disp(num(2)); disp('p2 =); disp(den(2))

rl =
0.5000 - 2.50001
pl =
0.2500 + 0.25001
r2 =
0.5000 + 2.50001
p2 =
0.2500 - 0.25001
and thus,
H(z) _ _05-j25 _ _ 05+j25
Zz  7-025-j025 7-025+j025
or
Hez) = (050252 (05+j25)2  _ (05-j25)2 , _(05+25)z (9
Z-(025+j025)  2-(025-J0.25)  ,_ 025 /261 7025 /30"
Recalling that

n Z
a w[n] & —
z—a

for |z| > a, the discrete impulse response sequence h[n] is
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hin] = (0.5 -72.5)(0.2542¢ )" + (0.5 +j2.5)(0.25./2¢ ")
= 0.5[(0.2542)"e ™1 +0.5[(0.25./2)"e "]
—i2.5[(0.2542) e ™) +32.5[(0.25.42) e 7]
- 05 (025&)( jn4s° ]Il45 )] J25(025ﬁ) ( jn45s° 7_]1’1450)
or N
h[n] = (%) (cosn45° + 5sinn45°) (9.117)
c. From Y(z) = H(z)X(z), the transform u,y[n] <:>Z_L1, and using the result of part (a) we
obtain:
_ 2 +z z z(zz+z)
Y(z) = 5 = —
z —05z+0.125 %2~ (z'-0.5z+0.125)(z—- 1)
or

Y(z) _ (2" +7) ©.118)
Z (22 -05z+0.125)(z— 1)

We will use the MATLAB residue function to compute the residues and poles of expression
(9.117). First, we must express the denominator as a polynomial.

syms z; denom=(z"2-0.5*z+0.125)*(z—1); collect(denom)

ans =
z"3-3/2*2"2+5/8%z-1/8

Then,

Y(z) _ 2 +2 9.119)
Z  2_(3/2)22+(5/8)2-1/8

Now, we compute the residues and poles.

num=[0 1 1 0]; den=[1 -3/2 5/8 —1/8]; [num,den]=residue(num,den); fprintf(' \n");...
disp('r1 ="); disp(num(1)); disp('p1 ="); disp(den(1));...

disp('r2 ='); disp(num(2)); disp('p2 = '); disp(den(2));...

disp('r8 ="); disp(num(3)); disp('p3 ="); disp(den(3))

rl =
3.2000
pl =
1.0000
r2 =
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-1.1000 + 0.30001

p2 =

0.2500 + 0.25001
r3 =

-1.1000 - 0.30001i
p3 =

0.2500 - 0.25001

With these values, we express (9.119) as

Y(z) _ 2+ _ 32 -11+j03 . -1.1-j03 (9.120)
z 23-3/2)22+(5/8)z-1/8 z-1 2z-0.25-j0.25 2z-0.25+j0.25 '

or

32z (11+j03)z  (-1.1-j0.3)z
Z—1 7-025-j025  7-025+j0.25
32z (-11+4j03)z  _(-1.1-j03)z
z=1 5 _025/2¢% 2-025./2¢7%°

Y(z)
(9.121)

+

Recalling that

n Z
a uy[n] & —
zZ—a

for |z] > a |, we find that the discrete output response sequence is
jase.n
)

3.2+ (- 1.1 +j0.3)(0.25./2¢ )" - (1.1 +j0.3)(0.25./2¢ )

y[n]

3.2-1.1[(0.2542)" (e ™ + e ™)1 +j0.3[(0.25.42)" (e 1" = 1™

)]
or
2 2

n n
32-22 (T ) cosn45°-0.6 (T ) sinn45°

y[n]
(9.122)

32— (-“4Q ) (2.2cosn45° + 0.6sinn45°)

The plots for the discrete—time sequences h[n] and y[n] are shown in Figure 9.13.

The plot for y[n] can be readily obtained with the Simulink model shown in Figure 9.14
where in the Function Block Parameters dialog box for the Discrete Transfer Fen block the
Numerator and Denominator coefficients were specified as [1 1 0] and [1 -0.5 0.125]
respectively in accordance with the transfer function of relation (9.114), Page 9-41, where we
found that

Y(z) _ 1+7" _ 74z

H(z) = X(z) T 2" 2
() 12052 +0.1252 72— 0.52+0.125
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n h[n] yIn]
0.000 1.000 1.000
1.000 1.500 2.500
2.000 0.625 3.125 35
3.000 0.125 3250 | 0 n n n n . n n n
4.000 -0.02 3.234

5.000 -0.02 3.211 251
6.000 -0.010 3.201 20 -
7.000 0 3.199
8.000 0.000 3.199
9.000 0.000 3.200
10.000 0.000 3.200 05

11.000 3E-05 3.200 g | J
12.000 -0 3.200
13.000 -0 3.200

h[n] and y[n] for Example 9.10

1.5 -

1.0 |

-0.5
1 2 3 4 5 6 7 8 9 10 11

Figure 9.13. Plots of h[n] and y[n] for Example 9.10

z
2.z ]
j > 720,540,125 >

Step Discrete Scope
Transfer Fcn

Figure 9.14. Model for Example 9.10

The plot for y[n], displayed on the Scope block of Figure 9.14, is shown in Figure 9.15.

Figure 9.15. Output waveform for the model of Figure 9.14
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9.8 State Equations for Discrete-Time Systems

As with continuous time systems, we choose state variables for discrete—time systems, either from
block diagrams that relate the input—output information, or directly from a difference equation.

Consider the block diagram of Figure 9.16.

u b Ko [t N sy
gﬁ /
A
d

Figure 9.16. Block diagram for a continuous time system
We learned in Chapter 5 that the state equations representing this continuous time system are

¢ = AX+b
)y( = cz:dz ©.123)

In a discrete—time block diagram, the integrator is replaced by a delay device. The analogy
between an integrator and a unit delay device is shown in Figure 9.17.

. 1
x(t) det\ x(t) xln+ 1] Delay |t

continuous—time discrete—time
=4 [X(t)] = [x(t)] %{X[H+1]} %{X[n]}
1/s Z—l
s—domain z—domain

Figure 9.17. Analogy between integration and delay devices

Example 9.11

The input—-output relation for a discrete—time system is
y[n+3]+2y[n+2]+5y[n+1]+y[n] = u[n] (9.124)

where u[n]is any input, and y[n] is the output. Write the discrete-time state equations for this
system.
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Solution:

We choose our state variables as the output and the output advanced by one and by two time
steps. Thus, we choose the discrete state variables as

x;[n] = y[n] X;[n] = y[n+1] X3[n] = y[n+2] (9.125)
Then,
x;[n+1] = y[n+3]

Xp[n+1] = y[n+2] = x;[n]
x;[n+1] = y[n+1] = x,[n]

Thus, the state equations are

X;[n+1] = x,[n]
X[n+1] = x;5[n]
X3[n+1] = -2x;[n] - 5x,[n] - x,[n] = u[n]
and in matrix form,
X [n+1] 0 1 of |xinl| |0
X, [n+1][ =] 0 0 1| |x,[n]| + |o|uln] (9.126)
xsn+ 1] |=1-5-2] |xym]| |1
[
The general form of the solution is
n-1 .
x[n] = A"x[0] + ZAn_l_lb[i]u[i] (9.127)

i=0
The discrete—time state equations are written in a more compact form as

oo~ et
We can use the MATLAB c2d function to convert the continuous—time state—space equation

x(t) = Ax(t) + bu(t) (9.129)
to the discrete—time state space equation
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where the subscript disc stands for discrete, n indicates the present sample, and n + 1 indicates
the next sample.

Example 9.12

Use the MATLAB c2d function to convert the continuous time state space equation

x(t) = Ax(t) +bu(t)
where

A = {0 1} and b = H 9.131)
3 4 1

to discrete—time state space equation with sampling period Tq = 0.1 s.

Solution:
Adisc=[0 1; -3 -4]; bdisc=[0 1]'; [Adisc,bdisc]=c2d(Adisc,bdisc,0.1)

Adisc =
0.9868 0.0820
-0.2460 0.6588
bdisc =
0.0044
0.0820

and therefore, the equivalent discrete—time state—space equation is

X[n+1] _ | 09868 0.0820]  |x[n] + |0-0044 uln] (9.132)
X,[n+1] —0.2460 0.6588| |x,[n] 0.0820

The MATLAB d2c function converts the discrete—time state equation
x[n+1] = Ay x[n] +by.uln]
to the continuous time state equation
x(t) = Ax(t) +bu(t)

We can invoke the MATLAB command help d2c¢ to obtain a detailed description of this func-
tion.
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9.9 Summary

The Z transform performs the transformation from the domain of discrete—time signals, to
another domain which we call z—- domain. It is used with discrete—time signals, the same way
the Laplace and Fourier transforms are used with continuous—time signals.

The one-sided Z transform F(z) of a discrete—time function f[n] defined as

F(z) = i fnlz"
n=0
and it is denoted as
F(z) = Z {f[n]}

The Inverse Z transform is defined as

1 k-1
fin] = = {;F(z)z dz
and it is denoted as
-1

fln] = Z {F(2)}

The linearity property of the £ transform states that
af,[n] +bf,[n] + cfy[n] + ... & aF,(z) + bF,(z) + cF;(2) + ...
The shifting of f[n]u,[n] where uy[n] is the discrete unit step function, produces the < trans-
form pair
f{n—mluy[n-m] ez "F(z)

The right shifting of f[n] allows use of non-zero values for n <0 and produces the £ transform
pair

m-1
fln-m]ez "E(z)+ Z f [n—m]z "
n=0

For m = 1, this transform pair reduces to

fln—1]ez 'F(z)+f[-1]
and for m = 2, reduces to

fln-2] ez F(z)+f[-2]+2z 'f[-1]
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e The mth left shifting of f[n] where m is a positive integer, produces the Z transform pair

-1
fn+m] ez F(z) + z f[n+m]z "
n=-m
For m = 1, the above expression reduces to

Z{fln+1]} = zF(z)-f[0]z

and for m = 2, reduces to
2If[n+2]} = Z2F(z) - f[0]2° = f[1]z

Multiplication by a" produces the Z transform pair

anf[n]@F(E)

Multiplication by ¢™*" produces the Z transform pair

e e [n] & F(eaTz)

Multiplications by n and n® produce the Z transform pairs

d
nf[n] & —Z&F(Z)

2
d 2d
d_zF(Z) +z —ZF(Z)

dz

nzf[n] Sz

The summation property of the Z transform states that

miof [m] & (Z_LI)F(z)

Convolution in the discrete-time domain corresponds to multiplication in the z-domain, that
is,
fi[n]*f,[n] & F,(2) - F5(2)

Multiplication in the discrete—time domain corresponds to convolution in the z-domain, that
is,

1 zZ\ -1
f,[n]- f,[n] (:)Jz—n § XFI(V)FZ(;)V dv
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o The initial value theorem of the Z transform states that

£10] = lim X(2)

zZ—> o
e The final value theorem of the Z transform states that

lim f[n] = lim (z-1)F(2)
z—1

n— oo

e The Z transform of the geometric sequence

0 n=-1,-2,-3,...
f[n] = N
a n=0,1,273,...

is
z
o _ —— for |z|>|a
%[an]zzanznz 7Z—a || ||
n=0

unbounded for |z| <]|a]

e The Z transform of the discrete unit step function uy[n] shown below

uy[n

1
0 n<0 1
uy[n] = 1 n>0
0
N N E . -

is
2 for |7 >|1

Zlugn]] = i [z =1 z-1

n=0 unbounded for |z| <|1]

e The Z transform of the discrete exponential sequence

f[l’l] - e—naT
is
z [e—naT] - 1 - Z

—aT -1 —aT
l-¢e 'z z—¢

for [eT27Y <1

e The Z transforms of the discrete—time functions f,[n] = cosnaT and f,[n] = sinnaT are
respectively
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2
z” —zcosaT
cosnaT & for |z|>1

72 —2zcosaT + 1

. zsinaT
sinnaT & for |z|>1

z-—2zcosaT + 1

e The Z transform of the discrete unit ramp f[n] = nuy[n] is

nyy[n] & 5
(z—1)

e The Z transform can also be found by means of the contour integral

1 F(v)
#(g) = — § — V)
F*(s) 2n i S dv

and the residue theorem.

e The variables s and z are related as

sT
zZ=ce€
and
s = %mz
e The relation
F(z) = G(s)
S:TIHZ

allows the mapping (transformation) of regions of s -plane to z-plane.

e The Inverse Z transform can be found by partial fraction expansion, the inversion integral,
and long division of polynomials.

e The discrete—time system transfer function H(z) is defined as

-1 -2 -k
N(z) _ Q+21Z2 +22 +...+3Z

1 =50

1+ blz_1 + bzz_2 + ... +bkz_k
e The input X(z) and output Y(z) are related by the system transfer function H(z) as
Y(2) = H(z)X(2)

e The discrete—time impulse response h[n] and the discrete transfer function H(z) are related
as

h[n] = 2 {H(z)}
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e The discrete—time state equations are

x[n+ 1] = Ax[n] + bu[n]
y[n] = Cx[n] + du[n]

and the general form of the solution is

x[n] = A"x[0] + nZ_:IAn_l_ib[i]u[i]
i=0
e The MATLAB c2d function converts the continuous time state space equation
X(t) = Ax(t) + bu(t)
to the discrete—time state space equation
x[n+1] = Ay x[n] +by; uln]
e The MATLAB d2c function converts the discrete—time state equation
x[n+1] = Ay x[n]+byuln]
to the continuous time state equation

X(t) = Ax(t) + bu(t)
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9.10 Exercises

1. Find the Z transform of the discrete—time pulse p[n] defined as

(n] 1 n=0,1,2,....m-1
n =
P 0 otherwise

2. Find the Z transform of a"p[n] where p[n] is defined as in Exercise 1.

3. Prove the following Z transform pairs:

a. dnje1 b dn-11ez" c na'uyln]e—"7
(z-a)
N 2
d. nzanuo[n] = 9__2_(2____%) e. [n+1]yy[n] e 5
(z-a) (z-1)

4. Use the partial fraction expansion to find f[n] = Z _I[F(z)] given that

A

F(z) = -1 -1
(1-z )(1-0.5z )

5. Use the partial fraction expansion method to compute the Inverse Z transform of

2
V4

F(z) = -
(z+1)(z-0.75)

6. Use the Inversion Integral to compute the Inverse Z transform of

-1 -3
1+2z +2z

F(z) = — —
(1-z )(1-0.5z )

7. Use the long division method to compute the first 5 terms of the discrete—time sequence
whose Z transform is

L2 3
F(Z)Z Z zZ —-Z

—1 2 -3
1+z +z " +4z

8.
a. Compute the transfer function of the difference equation

y[n]-y[n-1] = Tx[n-1]

b. Compute the response y[n] when the input is x[n] = ¢ ™"
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9. Given the difference equation
yln] —yln-1] = 3{x[n] +x[n 11}

a. Compute the discrete transfer function H(z)

. —naT
b. Compute the response to the input x[n] = ¢

10. A discrete—time system is described by the difference equation

y[n]+y[n-1] = x[n]
where

y[n] = 0 for n<0
a. Compute the transfer function H(z)
b. Compute the impulse response h[n]
c. Compute the response when the input is x[n] = 10 for n>0

11. Given the discrete transfer function

H(z) = __22_:1;2___
8z°-2z-3

write the difference equation that relates the output y[n] to the input x[n].
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9.11 Solutions to End-of-Chapter Exercises
1.

otherwise z

1 n=0,1,2,....m-1 1-
pln] = 0

By the linearity property

""" ’ uy[n] & —

—m
uy[n-m] <z

p[n] = uy[n] —uy[n-m]

z—-1

__z _m_Z _ z(1-z") _ 1—7z"
<tplnl} = =5 -2 21 L
2.

n Z

a f[l’l] @F(a)
and from Exercise 1,

pln] & ——

1-2z
Then,
ol ](:)1—(2/21)_m (@ —z™/a " _ a_l(a_m—z_m) _a@ "=z _1-a"z"
apin ) -1~ , -1 -1,,-1  -m, -1 -1, -1 -1, -1
—(z/a) (a —z )/a a (a -z ) a(a -z ) 1-az
or
anp[n]@m
z—a
3.
a.
R{3[n]t = Y 8[nlz" = 81012 = 1

n=20

b.

Z{d[n-m]} = ZS[n—m]z_n

n=0

and since 8[n—m] is zero for all n except n = m, it follows that

Z{d[n-m]} = Z 8[0]1z" =2z ™

n=0
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C.
From (9.40), Page 9-14,

f[n] = a"u,[n] & F(z) = Z—f-; (1)

Differentiating (1) with respect to z and multiplying by -z we obtain

d _ zZ—a-7 _ _az
—ZdZF(Z)— Z 2)

(z-a)  (z-a)

Also, from the multiplication by n property

nf[n] = n(a"u,[n]) & _zd%F(z) (3)

and from (2) and (3)

n(anuo[n])@ az > 4
(z-a)

we observe that for a = 1 (4) above reduces to

Z
(z-1)°

nyy[n] &

From (9.40), Page 9-14,

fln] = a"u,[n] & F(z) = Z%a (1)

and taking the second derivative of (1) with respect to z we obtain

2

2
Sro - 55 - Sla5)] - ) - e - 2 0

Also, from the multiplication by n’ property

2
n’*f[n] = n°(a"u,[n]) & zd%F(z) + ZZd—ZF(Z) 3)
dz

From Exercise 9.3(c), relation (2)

dpe) = 22 )

V4
dz (Z_a)2

and by substitution of (2) and (4) into (3) we obtain
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2 2 2, .2
2 - 2 2a - - -
n’(a"u,[n]) < az_ . _ 2az  —az(z—a) _ 2az —az +a'z _ az(z+a)

(z-a)’ (z-a)’ (z—a)’ (z—a)’ (z—a)’

We observe that for a = 1 the above reduces to

z(z+ 1)

n’uy[n] & :
(z-1)

Let f[n] = uy[n] and we know that
uo[n](:»z_il (1)

The term (n+ 1)uy[n] represents the sum of the first n values, including n = 0, of uy[n]

and thus it can be written as the summation
n
g[n] = (n+ 1)uy[n] = z u,[k]
k=0

Since summation in the discrete-time domain corresponds to integration in the continu-
ous time domain, it follows that

u;[n] = (n+ 1)uy[n]

where u,[n] represents the discrete unit ramp. Now, from the summation in time property,

Zn: f [k] @(Z_LI)F(Z)
k=0

and with (1) above

G(z) = (;—%)F(z) = -

and thus
/2
[n+1]yy[n] & 5
(z-1)
4.

First, we multiply the numerator and denominator by z° to eliminate the negative exponents
of z.

Then,
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2
A A
F2) =~ = TTHe 03
(1-z")(1-05z") (z-1)(z-0.5)
or
F(z)= Az _ I + I,
z (z-1)(z-0.5) z-1 z-0.5
r, = A2 =2A 1= AZ = A
Z—O.SZ:1 Z_lz:O.S
F(z) _ 2A A
z z—-1 z-0.5
F(z) = 2Az Az
z—-1 z-05
Since
Z Z n
— o1 —Sa
z—1 Z—a

it follows that

2 F@)] = f[n] = 2A—A(

N =
—
=

Il
>
[ —
[\

|
TN
N —
—
(I

F(Z) — I + I I3 V4 (1)

+ =
z z+1 z-0.75 (2—0.75)2 (z+1)(z—0.75)2

and clearing of fractions yields
r(z=0.75)" +1,(z+ 1)(z=0.75) +15(z + 1) = z (2)

With z = 0.75 (2) reduces to 1.75r; = 0.75 from which r; = 3/7

With z = -1 (2) reduces to (—1.75)2r1 = -1 from which r; = -16/49
With z = 0 (2) reduces to (-0.75)’r, = 0.75r, + 15 = 0

or (3/4)° x (~=16/49) - (3/4)r,+3/7 = 0 from which r, = 16/49

By substitution into (1) and multiplication by z we obtain

(=16/49)z , (16/49)z , (4/7) - (0.757)

F(z) = z—(-1) z—-0.75 (2—0.75)2
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V4

Using the transforms uy[n] az
Z

> a"uy[n] = —%—, and na"u,[n] = we obtain
Z—a (Z—a)

fln] = (—}Tg)(—l)“ + G—S)(OJS)“ + %‘n(o.75)“

Check with MATLAB:
syms z n; Fz=z"2/((z+1)*(z—0.75)"2); iztrans(Fz)

ans =
-16/49* (-1) "n+16/49*(3/4) "n+4/7*(3/4) "n*n

Multiplication by z° yields

F(z) = Z3+222+1
"~ z2(z-1)(z-0.5)

From (9.87), Page 9-32,
f[n] = ZRes[F(z)z“*l]
k

Z =Py

and for this exercise,

~ (22 +22° +1)7"?
finl = Zk:Res[ (z—1)(z-05) J

Z=pk

. 2 . ‘ . .
Next, we examine z"  to find out if there are any values of n for which there is a pole at the
origin. We observe that for n = 0 there is a second order pole at z = 0 because

n-2 ‘ -2

1
n=0 - 2
V4

Also, for n = 1 there is a simple pole at z = 0. But for n>2 the only poles are z = 1 and
z = 0.5. Then, following the same procedure as in Example 9.12, for n = 0 we obtain:

f[0]

3 2
ZRe{ 2(2 +22°+ 1) }
" z (z-1)(z-0.5)

=Re{ (22 +27° + 1) } +Re{ (72 +272° + 1) } +Re{ (22 +272°+ 1) }
22(z=1)(z-0.5) 22(z—=1)(z-0.5) 22(z-1)(z-0.5)

zZ= zZ=

Z:pk

z=0.5
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The first term on the right side of the above expression has a pole of order 2 at z = 0; there-
fore, we must evaluate the first derivative of

(z3 +27% + 1)
(z-1)(z-0.5)

at z = 0. Thus, for n = 0, it reduces to

dr (2 +27°+1) ‘ (2 +27°+ 1) (22 +272° + 1)
flo] = & 2 Fez + 1) iz 2z +2) lz+z+])
! dZ[ (Z_l)(Z_O'S):|z=0+|: 2(2-0.5) ’ 2(z-1)
z=0.5

zZ=

6+8-13=1

For n = 1, it reduces to

_ (23+222+ 1)
fiil = ZReS[z(z—l)(z—O.S)J
k —
_ (2 +27° + 1) (7 +272°+ 1) (7 +272°+ 1)
- Res[z(z_ 1)(2_0.5)J Z=O+Res[z(z— 1)(2_0.5)J o +Res[z(z— 1)(2—0.75)J s
or

3.2
(2 +22+ 1) (22 +272° + 1) (z+2z" +1)
= [(z—l)(z—0.75)}‘zzo+[ 2(2-0.75) sz 2Az-1)

z=0.5

2+8-13-(0.5) =35

For n>2 there are no poles at z = 0, that is, the only poles are at z =1 and z = 0.5 .
Therefore,

(2 +22° + 1)z“‘2}
f[n]

Zk:ReS[ (z—1)(z-025)

Z =Py

[(23 +227+ 1)2“‘2}
S

(22 +22° + 1)z 2
(z-1)(z-0.5) }

(z-1)(z-0.5)

+Re{

{(23 1227 4 1)2“‘2}
+

z=0.5

(z—0.5)

(2 +22° + 1) 2
(z-1)

z=0.5

7=

for n>2.
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We can express f[n] forall n>0 as

fn] = 68[n]+28[n—1]+8-13(0.5)"

where the coefficients of §[n] and 8[n— 1] are the residues that were found for n = 0 and

n = 1 at z = 0.The coefficient 6 is multiplied by 8[n] to emphasize that this value exists

only for n = 0 and coefficient 2 is multiplied by 8[n] to emphasize that this value exists only

forn =1.
Check with MATLAB:
syms z n; Fz=(z"3+2*z"2+1)/(z*(z—1)*(z-0.5)); iztrans(Fz)

ans =
2*charfcn([l] (n)+6*charfcn[0] (n)+8-13*(1/2)"n

Multiplication of each term by z° yields

7 vzt Z+z-1
F(Z)= =

-1 -2 -3 302
l+z +z +4z z+z +z+1

The long division of the numerator by the denominator is shown below.

. -1 -3 -4 .
Divisor ‘ z 2z +2z +.. Quotient

32 2 ..
zZ+z +z+1 ‘ zZ+z-1 Dividend

2 -1
Z +z+1+ z

_o_ 5! Ist Remainder

2-27 27057

s '42,24.2,2 2nd Remainder

Therefore,
F(z) = 7277+ 7 (D)
Also,
F(z) = Y fln]z" = 101+ 1]z ' +f[2]z > +f[3]1z° +f[4]z  +... (2)

0
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Equating like terms on the right sides of (1) and (2) we obtain

fl0] = 0 fl1] =1 fl2] = 0 f[3] = -2 fl4] = 1

ylnl—y[ln-1] = Tx[n—1]

Taking the Z transform of both sides we obtain

Y(2)-7"'Y(z) = Tz 'X(2)

and thus y
H(z) = Y(z) _ Tz _ T
X(z) q1_,' z-1
-naT V4
x[n] =e & X(z) = —
z—e
Then, T
Y(2) = H@)X(2) = — - Z_ - Tz —
2=l z_¢ (z-1)-(z—¢e )
or
r r
Y(Z) — T - — 1 + 2 = (1)
Z (z-1)-(z-e¢) z-1 z_ ¢
_ T _ T _ T _ =T
= —aT - —aT = 71 - —aT
z-e | _, l-¢ e
By substitution into (1) and multiplication by z we obtain
V(o) = 12201 e Tz/(1-¢*)
(Z— 1) (Z—eiaT)
Recalling that ﬁ < uy[n] and zia < aug[n] we obtain
T Te—naT T -naT
y[n] = - = —(1-¢ " ugln]
1T 1o 1-e™

yIn]-yln-1] = 2{x[n] +x[n- 1]}

Taking the Z transform of both sides we obtain
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Y(z)-7'Y(z) = g[X(z)H*X(z)]

(1-z2YY(z) = g(l +72 HX(z)

and thus
-1
Y(z) _ T 1+z T z+1
H = ——t = = = -
&= X 2 "2 21
b.
naT V4
x[n] =e o X(z) = —
z—e¢
Then,
T z+1 Z Tz(z + 1
Y(2) = H@)X(2) = 5- - — = z(z )7aT
T~ z-e 2(z=1)-(z-¢e ")
or
Y(Z) - T(Z+1) - — Iy + I - (1)
Z o 2z=1)-(z—e) z-1 L g7
o= T z+1 T 2 T
1= 57 aT =5 AT
2 Z_eaT ) 2 l_eaT l_e—aT
z=1
Tzl S
= === -
2 7z — Zze_aT 2 eaT—l l_e—aT
By substitution into (1) and multiplication by z we obtain
—aT —aT —aT
Y(2) = Tz/(1-¢" ), [(Tz/2) - (e TED)/(1-e )
(z—1) e
Recalling that Z—Z—I < uy[n] and ;E; & a"uo[n] we obtain
y[l’l] _ T " I . e_aT + lefnaT _ T _I Coth(ﬂ) efnaT
- 2 T 1-e? 2 2
10.
a.

y[n]+y[n-1] = x[n]
y[n] = 0 for n<0

Taking the Z transform of both sides we obtain

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition

Copyright © Orchard Publications ..

9-63


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 9 Discrete—Time Systems and the Z Transform

(1+2 HY(2) = X(z)
and thus
H(z) = Y(2) _ 1 __z _ z
X(z) 1470 z+1 z-(-1)
b.
_ -1 _ -1 4 _ n
h[n] = 27 (H(»)} = 2 {Z_(_l)} = (-1)
C.
x[n] = 10 for n=>0
Z
X(z) = 10- %=
~ oz 10z _ 107
Y@ =H@X@) = 5 0 G b1
Y(z) _ 10z =r1+r2= 5+5
z (z+1)(z-1) z+1 z-1 z+1 z-1
L5757 Lt Csey
Y(z)_Z_(_1)+Z_1<:>f[n] 5(-1) +5
11.
H(z) = _z+2
8z°-2z-3

Multiplication of each term by 1/8z” yields

Y(z) . 1/8-(z'+277)

H(z) =
X(2) 1-(/4)z'-(3/8)z7

(' +227) - X(2)

[1 —iz‘l —32_2} Y(z) =

and taking the Inverse Z transform, we obtain

1 [n—1]+‘1—‘x[n—2]

1 3
y[n]—Zy[n—l]—gy[n—Z] §X
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The DFT and the FFT Algorithm

his chapter begins with the actual computation of frequency spectra for discrete time sys-
T tems. For brevity, we will use the acronyms DFT for the Discrete Fourier Transform and

FFT for Fast Fourier Transform algorithm respectively. The definition, theorems, and prop-
erties are also discussed, and several examples are presented to illustrate their uses.

10.1 The Discrete Fourier Transform (DFT)

In the Fourier series topic, Chapter 7, we learned that a periodic and continuous time function,
results in a non periodic and discrete frequency function. Next, in the Fourier transform topic,
Chapter 8, we saw that a non—periodic and continuous time function, produces a non—periodic
and continuous frequency function. In Chapter 9 we learned that the Z and Inverse Z transforms
produce a periodic and continuous frequency function, since these transforms are evaluated on
the unit circle. This is because the frequency spectrum of a discrete time sequence f[n] is

. , o T joT .
obtained from its Z transform by the substitution of z = ¢* = ¢’®" as we saw from the mapping

of the s—plane to the z-plane in Chapter 9, Page 9-23. It is continuous because there is an infi-

nite number of points in the interval 0 to 27, although, in practice, we compute only a finite
number of equally spaced points.

In this chapter we will see that a periodic and discrete time function results in a periodic and dis-
crete frequency function. For convenience, we summarize these facts in Table 10.1.

TABLE 10.1 Characteristics of Fourier and Z transforms

Topic Time Function Frequency Function
Fourier Series Continuous, Periodic Discrete, Non—Periodic
Fourier Transform Continuous, Non—Periodic |Continuous, Non—Periodic
Z transform Discrete, Non—Periodic Continuous, Periodic
Discrete Fourier Transform |Discrete, Periodic Discrete, Periodic

In our subsequent discussion we will denote a discrete time signal as x[n], and its discrete fre-
quency transform as X[m].

Let us consider again the definition of the Z transform, that is,
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F(z) = i fn]z™" (10.1)

n=0
Its value on the unit circle of the z-plane, is

F(e'®T) = i f [nje eT (10.2)
n=0

This represents an infinite summation; it must be truncated before it can be computed. Let this
truncated version be represented by

N-1 —j2n—
X[m] = Z x[n]e (10.3)

n=0

where N represents the number of points that are equally spaced in the interval 0 to 27 on the

@ = (2_“)m
~ UNT

form = 0,1,2,...,N-1.We refer to relation (10.3) as the N —point DFT of X [m] .
The Inverse DFT is defined as

unit circle of the z-plane, and

R jzn‘l‘I\Iﬂ
x[n] = N Z X [m]e (10.4)
m=0

forn=0,1,2,...,N-1.

In general, the discrete frequency transform X [m] is complex, and thus we can express it as

X [m] = Re{X [m]} +Im{X [m]} (10.5)
form=0,1,2,...,N-1.
Since
_jznm
e N o= coszmnn—jsinznl\IInn (10.6)
we can express (10.3) as
N-1 —j21t%l-l N-1 ommn N . 2mmn
X [m] = Zox[n]e = Z_:Ox[n]cos N —] Z_:Ox[n]sm N (10.7)
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For n = 0, (10.7) reduces to X [m] = x[0]. Then, the real part Re{X [m]} can be computed
from

N-1
Re{X [m]} = x[0]+ ¥ x [n]coszn;]nn for m=0,1,2,..,N-1 (10.8)
n=1
and the imaginary part Im{X [m]} from
Im{X[m]} = -5 x[n]sin?™? for m = 01,2, .. N_1 (10.9)
Z_:l N 9 Ly Ly eeey .

We observe that the summation in (10.8) and (10.9) is from n = 1 to n = N—1 since x[0]
appears in (10.8).

Example 10.1

A discrete time signal is defined by the sequence
x[0] =1, x[1]=2, x[2]=2, and x[3] =1
and x[n] = 0 for all other n. Compute the frequency components X[m].
Solution:
Since we are given four discrete values of x [n], we will use a 4 —point DFT, that is, for this exam-

ple, N = 4. Using (10.8) with n = 0, 1, 2, and 3, we obtain

3

2mmn

x[0] + le[n] COS—-—-—N—-—-—
n=

2nm(1)
4

Re{X [m]}

1+ 2cos + 2cos

2nm(2) | ., 27mQ3) (10.10)
4 4

mTt 3mm
1+ 2cos-§— + 2cosmT + cos—2——

Next, for m = 0, 1, 2, and 3, we obtain:

m=0 Re{X[0]} =1+2-(1)+2-(1)+1-(1) =6

m =1 Re{X[1]} =1+2-(0)+2-(-1)+1-(0) = -1 (10.11)
m=2 Re{X[2]} =1+2-(-1)+2-(1)+1-(-1) =0

m=3 [

Re{X[3]} = 1+2-(0)+2-(=1)+1-(0) = —1

Now, we compute the imaginary components using (10.9). For this example,
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3

Im{X [m]} = —Z x[n]sin

n=1

3mn

2tmn . mT . .
—_— = —251n——251nm7r—smT

and for m = 0, 1, 2, and 3, we obtain:

m=0 Im{X [0]} = —2-(0)=2-(0)=1-(0) = 0
m=1 Im{X [1]} = =2 (1)=2-(0)=1-(=1) = -1
m =2 Im{X [2]} = =2-(0)=2-(0)-1-(0) = 0
m =3 Im{X[3]} = -2 (=1)=2-(0)=1-(1) = 1

(10.12)

The discrete frequency components X [m] for m = 0, 1,2, and 3 are found by addition of the
real and imaginary components X, [i] of (10.11) and X, [i] of (10.12). Thus,

X[0] = 6+j0 =6
X[1]=-1-j
X[2] = 0+j0 =0
X [3] = —1+j

(10.13)

Example 10.2

Use the Inverse DFT, i.e., relation (10.4), and the results of Example 10.1, to compute the values
of the discrete time sequence x [n] .

Solution:

Since we are given four discrete values of x [n] , we will use a 4 —point DFT, that is, for this exam-
ple, N = 4. Then, (10.4) for m = 0, 1, 2, and 3, reduces to

x[n]:ZZX[m]e =ZZX[m]e
m=0 m=0 (10.14)
1 jng jmn jn%l
= 1 X[0]+X[1]e +X [2]e +X [3]e

The discrete frequency components x[n] for n = 0, 1, 2, and 3, are:

x[0]

‘1—‘{X [O]+X[1]+X[2]+X[3]}

i{6+(—1—j)+0+(—1+j)}=1
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x[1] = i{X (0] +X [1]-j+X[2]-(-1)+ X [3]-(-])}

= {6+ (1) 40 (D) + (- 1+]) ()} =2

x[2] = ${X[01+X [1]- (-1 +X [2] - 1+ X [3] (-1)}
= {6+ (1)) (D40 14 (- 1+])- (-D} =2

x[3] = %{X (0] +X[1]- (=) +X [2]-(-1)+X [3]-]}

= %{6+(—1—j)‘(—j)+0‘(—1)+(—1+j)‘j}=1

We observe that these are the same values as in Example 10.1.

We will check the answers of Examples 10.1 and 10.2 with MATLAB and Excel.

With MATLAB, we use the fft(x) function to compute the DFT, and the ifft(x) function to com-
pute the Inverse DFT.

xn=[1 2 2 1]; % The discrete time sequence of Example 10.1
Xm=fft(xn) % Compute the FFT of this discrete time sequence
Xm =
6.0000 -1.0000-1.00001 0 -1.0000+1.00001
Xm=[6 -1 0 —1+]; % The discrete frequency components of Example 10.2
xn=ifft(Xm) % Compute the Inverse FFT
Xn =

1.0000 2.0000+0.00001 2.0000 1.0000-0.00001

To use Excel for the computation of the DFT, the Analysis ToolPak must have been installed. If
not, it can installed it by clicking Add—Ins on the Tools drop menu, and following the instructions
on the screen.

With Excel’s Fourier Analysis Tool, we get the spreadsheet shown in Figure 10.1. The instruc-
tions on how to use it, are given on the spreadsheet.

The term e-(2m)/N is a rotating vector, where the range 0 <0 <2m is divided into 360/N equal

segments. Therefore, it is convenient to represent it as WN, that is, we let

Wy=¢ N (10.15)
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and consequently

A [ B ] ¢ | D | E

Input data x(n) are same as in Example 10.1

and are entered in cells A11 through A14

From the Tools drop down menu, we select

Data Analysis and from it, Fourier Analysis

The Input Range is A11 through A14 (A11:A14)

and the Output Range is B11 through B14 (B11:B14

x(n) | X(m)
1 6
2| i
2 0
1] 14

To obtain the discrete time sequence, we select

Inverse from the Fourier Analysis menu

Input data are the same as in Example 10.2

The Input Range is A25 through A28 (A25:A28)

and the Output Range is B25 through B28 (B25:B28

X(m) x(n)

6

14

NSNS LN LN L] %] 18] 18] FEY EEY Sy Y JEY Iy JEY JEY Y S
N 3] k331 N RN N Y L T 1 N S R N B S N E S N e S Sl el A e e

0

28

=SSN =

_1+j

Figure 10.1. Using Excel to find the DFT and Inverse DFT

Henceforth, the DFT pair will be denoted as

and

| i2m
Wy =¢ N
N-1 o
X[m] = Z:x(n)WN
n=0

= T X

(10.16)

(10.17)

(10.18)
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Also, the correspondence between x[n] and X [m] will be denoted as
X [n] © X [m] (10.19)

In Example 10.1, we found that, although the discrete time sequence x[n] is real, the discrete
frequency sequence X [m] is complex. However, in most applications we are interested in
|X[m]|, that is, the magnitude of X [m].

Example 10.3

Use MATLAB to compute the magnitude of the frequency components of the following discrete
time function. Then, use Excel to display the time and frequency values.

x[O] [x[1] | x[2] | x[3] | x[4] | x[5] | x[6] | x[7] | x[8] | x[9] |x[10] |x[11] |x[12] | x[13] |x[14] | x[15]
1.0 1520232730 3441 474238 |36|32 29|25 18

Solution:
We compute the magnitude of the frequency spectrum with the MATLAB script below.

xn=[1 1.5 2 2.3 2.7 3 34 41 4.7 42 3.8 3.6 3.2 2.9 2.5 1.8]; magXm=abs(fft(xn));...
fprintf(' \n'); fprintf('magXm1 = %4.2f \t', magXm(1)); fprintf((magXm2 = %4.2f \t', magXm(2));...
fprintf('magXm3 = %4.2f \t', magXm(3)); fprintf(' \n'); fprintf('magXm4 = %4.2f \t', magXm(4));...
fprintf('magXm5 = %4.2f \t', magXm(5)); fprintf(‘'magXme6 = %4.2f \t', magXm(6)); fprintf(' \n');...
fprintf('magXm7 = %4.2f \t', magXm(7)); fprintf((magXm8 = %4.2f \t', magXm(8));...
fprintf('magXm9 = %4.2f \t', magXm(9)); fprintf(* \n');...

fprintf('magXm10 = %4.2f \t', magXm(10)); fprintf('magXm11 = %4.2f \t', magXm(11)); ...
fprintf('magXm12 = %4.2f \t', magXm(12)); fprintf(' \n');...

fprintf('magXm13 = %4.2f \t', magXm(13)); fprintf('magXm14 = %4.2f \t', magXm(14));...
fprintf('magXm15 = %4.2f \t', magXm(15))

magXml = 46.70 magXm2 = 11.03 magXm3 = 0.42
magXm4 = 2.41 magXmb = 0.22 magXm6 = 1.19
magXm7 = 0.07 magXm8 = 0.47 magXm9 = 0.10
magXmlO = 0.47 magXmll = 0.07 magXmlz2 = 1.19
magXml3 = 0.22 magXmld = 2.41 magXml5 = 0.42

Now, we use Excel to plot the x[n] and |X[m]| values. These are shown in Figure 10.2.

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition 10-7
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Al B]|c| D E F G H | J
11 n | x(n)| m||X(m)] |
2] 0 1.0 0] 46.70 |
3] 1 15/ 1] 11.03 ]
4] 2| 20 2| 042 |
5] 3 23 3 241 B
6| 4 27/ 4] 022 |
7] 5 30/ 5 119 |
8| 6/ 34/ 6/ 0.07 B
9l 7 41] 7] 047 |
10| 8| 47/ 8 0.10 |
1] 9| 42| 9 o047 |
12| 10| 3.8/ 10, 0.07 |
13] 11] 36/ 11] 1.19 | | IX(;11)I | | |
141 12| 32[12] 022/ g |
15| 13| 2.9/13] 241 € ]
16| 14| 2.5 14| 0.42 |
17| 15| 1.8/ 15 11.03 |
18 B
19 B
20 B
21 |
22 |
23 B
24 |
25

Figure 10.2. Plots of x[n] and |X[m]| values for Example 10.3

On the plot of | X [m]| in Figure 10.2, the first value X[0] = 46.70 represents the DC component.
We observe that after the X[8] = 0.10 value, the magnitude of the frequency components for the
range 9 <m< 15, are the mirror image of the components in the range 1 <m<7. This is not a
coincidence; it is a fact that if x[n] is an N —point real discrete time function, only N/2 of the fre-
quency components of |X[m]| are unique.

Figure 10.3 shows typical discrete time and frequency magnitude waveforms, fora N = 16 —point
DFT.
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¢T MJ _

[ AEEES n
0 J,l\j, _

e
s N
N-/l (Start of New Period)
(End of Period)
|X[m]|
A
0 A A AR "
(N/2)-1 N/2 (N/2)+1
N-1--------° N
(End of Period) (Start of New Period)

Figure 10.3. x[n] and |X[m]| fora N = 16 —point DFT

Next, we will examine the even and odd properties of the DFT.

10.2 Even and Odd Properties of the DFT

The discrete time and frequency functions are defined as even or odd in accordance with the fol-
lowing relations:

Even Time Function f[N-n] = f[n] (10.20)
0Odd Time Function f[N—-n] = —f[n] (10.21)
Even Frequency Function FIN-m] = F[m] (10.22)
0dd Frequency Function FIN-m] = —F[m] (10.23)
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In Chapter 8, we developed Table 8-7, Page 8-8, showing the even and odd properties of the Fou-
rier transform. Table 10.2 shows the even and odd properties of the DFT.

TABLE 10.2 Even and Odd Properties of the DFT

Discrete Time Sequence f[n] Discrete Frequency Sequence F[m]

Real Complex
Real part is Even
Imaginary Part is Odd

Real and Even Real and Even
Real and Odd Imaginary and Odd
Imaginary Complex
Real part is Odd
Imaginary Part is Even
Imaginary and Even Imaginary and Even
Imaginary and Odd Real and Odd

The even and odd properties of the DFT shown in Table 10.2 can be proved by methods similar
to those that we have used for the continuous Fourier transform. For instance, to prove the first
entry we expand

N-1
X[m] = " x [n]Wy

n=0

into its real and imaginary parts using Euler’s identity, and we equate these with the real and
imaginary parts of X[m] = X, .[m]+jX,,,[m]. Now, since the real part contains the cosine, and

the imaginary contains the sine function, and cos(-m) = cosm while sin(-m) = —sinm, this
entry is proved.

10.3 Common Properties and Theorems of the DFT

The most common properties and theorems of the DFT are presented in Subsections 10.3.1
through 10.3.5 below. For brevity, we will denote the DFT and Inverse DFT as follows:

X[m] = D{x[n]} (10.24)
and
x[n] = B {X [m]} (10.25)
10.3.1 Linearity
ax,[n] +bx,[n] + ... & aX,[m] +bX,[m] + ... (10.26)
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where x,[n] < X,[m], x,[n] < X,[m] ,and a and b are arbitrary constants.

Proof:
The proof is readily obtained by using the definition of the DFT.
10.3.2 Time Shift

x[n-k] & WX [m] (10.27)
Proof:
By definition,
N-1
D{x[n]} = > x Wy
n=0

and if x [n] is shifted to the right by k sampled points for k > 0, we must change the lower and
upper limits of the summation from 0 to k, and from N-1 to N+k -1 respectively. Then,

replacing x[n] with x[n-k] in the definition above, we obtain

N+k-1

D{x[n-k]} = z x[n-kIWq " (10.28)

n=k

Now, we let n—k = u;thenn = k+u, and when n = k, u = 0. Therefore, the above relation
becomes

N-1 N-1
Dixiuly = 3 xWIW T = WS x W™ = WX [u] = WX [m]  (10.29)
u=0 u=0

We must remember, however, that although the magnitudes of the frequency components are
not affected by the shift, a phase shift of 2nkm/N radians is introduced as a result of the time
shift. To prove this, let us consider the relation y[n] = x[n—k]. Taking the DFT of both sides of
this relation, we obtain

—2mkm

Y(m] = We™X[m] = X[mle N = X[m]Z N

(10.30)

Since both X[m] and Y[m] are complex quantities, they can be expressed in magnitude and
phase angle form as

X[m] = [X[m]|£6
and

Y[m] = [Y[m]|Zo
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By substitution of these into (10.30), we obtain

IY[m]| ZLo = |X[m]|464_2§km (10.31)
and since |[Y[m]| = [X[m]|, it follows that
_ n_2mkm
¢ =0 N (10.32)
10.3.3 Frequency Shift
Wy "x[n] & X[m—k] (10.33)
Proof:
—kn Nl —km mn N- ! (m-k)n
D{Wy "x[n]} = z Wy x[n]Wy = Z x[n]Wy (10.34)
n=0 n=0

and we observe that the last term on the right side of (10.34) is the same as & {x[n]} except that

m is replaced with m — k. Therefore,
D{W"x[n]} = X[m-k] (10.35)

10.3.4 Time Convolution

x[n]*h[n] & X[m] - H[m] (10.36)
Proof:
Since
N-1
x[n]*h[n] = Zx[n]h[n—k]
k=0
then,
N-1[] N-1
@ (x[n]*h[n]} = z [ ZX[k]h[n—k]}WIf,nn (10.37)
n=0 k=0

Next, interchanging the order of the indices n and k in the lower limit of the summation, and

also changing the range of summation from N -1 to N +k -1 for the bracketed term on the right
side of (10.37), we obtain
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N-1 N+k-1
DB {x[n]*h[n]} = ZX[k]{ 3 h[n—k]}wl\l,m (10.38)
k=0 n=
Now, from the time shifting theorem,
N+k-1
[ 3 h[nk]]vv;‘“ = Wy "H[m] (10.39)
n=k

and by substitution into (10.38),

N-1

@{x[n]*h[n]} = { z x[k][WI\lIm]}H[m] = X[k]-H[m] = X[m] - H[m] (10.40)

k=0

10.3.5 Frequency Convolution

xin] -yl & & 3" X[KIY[m—kl= & X(m]*Y[m) (10.41)

k=0

1
N

Proof:

The proof is obtained by taking the Inverse DFT, changing the order of the summation, and let-
tingm-k = .

10.4 The Sampling Theorem

The sampling theorem, also known as Shannon’s Sampling Theorem, states that if a continuous time
function f(t) is band—limited with its highest frequency component less than W, then f(t) can be com-
pletely recovered from its sampled values, if the sampling frequency if equal to or greater than 2W .

For example, if we assume that the highest frequency component in a signal is 18 KHz, this sig-
nal must be sampled at 2 x 18 KHz = 36 KHz or higher so that it can be completed specified by
its sampled values. If the sampled frequency remains the same, i.e., 36 KHz, and the highest fre-
quency of this signal is increased to, say 25 KHz, this signal cannot be recovered by any digital—
to—analog converter.

A typical digital signal processing system contains a low—pass analog filter, often called pre—sam-
pling filter, to ensure that the highest frequency allowed into the system, will be equal or less the
sampling rate so that the signal can be recovered. The highest frequency allowed by the pre—sam-

pling filter is referred to as the Nyquist frequency, and it is denoted as f, .
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If a signal is not band-limited, or if the sampling rate is too low, the spectral components of the
signal will overlap each another and this condition is called aliasing. To avoid aliasing, we must
increase the sampling rate.

A discrete time signal may have an infinite length; in this case, it must be limited to a finite inter-
val before it is sampled. We can terminate the signal at the desired finite number of terms, by mul-
tiplying it by a window function. There are several window functions such as the rectangular, trian-
gular, Hamming, Hanning, Kaiser, etc. To obtain a truncated sequence, we multiply an infinite
sequence by one of these window functions. However, we must choose a suitable window func-
tion; otherwise, the sequence will be terminated abruptly producing the effect of leakage.

As an example of how leakage can occur, let us review Subsection 8.6.4, Chapter 8, Page 8-30,
and the solution of Exercise 8.3, Page 8-50, where the infinite sequence cosw,t, or cosnaT is

multiplied by the window function A[uy(t+ T)—uy(t—T)] or A[uy,(n+m)—uy(n—m)]. We can
see that the spectrum spreads or leaks over the neighborhood of +w,. Selection of an appropriate
window function to avoid leakage is beyond the scope of this book, and will not be discussed here.

A third problem that may arise in using the DFT, results from the fact the spectrum of the DFT is
not continuous; it is a discrete function where the spectrum consists of integer multiples of the
fundamental frequency. It is possible, however, that some significant frequency component lies
between two spectral lines and goes undetected. This is called picket—fence effect since we can only
see discrete values of the spectrum. This problem can be alleviated by adding zeros at the end of
the discrete signal, thereby changing the period, which in turn changes the location of the spec-
tral lines.We should remember that the sampling theorem states that the original time sequence
can be completely recovered if the sampling frequency is adequate, but does not guarantee that all
frequency components will be detected.

To gain a better understanding of the sampling frequency f,, Nyquist frequency f,, number of

samples N, and the periods in the time and frequency domains, we will adopt the following nota-
tions:
number of samples in time or frequency period

sampling frequency = samples per second

N
fS
T,

period of a periodic discrete time function

=
Il

¢ interval between the N samples in time period T,

—
-
|

= period of a periodic discrete frequency function

= interval between the N samples in frequency period T,

—
-
|

These quantities are shown in Figure 10.4. Thus, we have the relations

T
_f 1 (10.42)
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3
X[n] 1 < Tt S

0 v l v N "
- B
S N
N-1 (Start of New Period)
(End of Period)
X[m] :
| | T, |
I
|
- trle—
AR EANE .
0 RO N AR
(N2-1 N2 (N/2)+1 B
N-1--- - ' N

(End of Period) (Start of New Period)

Figure 10.4. Intervals between samples and periods in discrete time and frequency domains

Example 10.4

The period of a periodic discrete time function is 0.125 millisecond, and it is sampled at 1024
equally spaced points. It is assumed that with this number of samples, the sampling theorem is
satisfied and thus there will be no aliasing.

a. Compute the period of the frequency spectrum in KHz.
b. Compute the interval between frequency components in KHz.

c. Compute the sampling frequency f

d. Compute the Nyquist frequency f,
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Solution:
For this example, T, = 0.125 ms and N = 1024 points. Therefore, the time between successive

time components is

T -3
NV RPE LS (UR PPY S

N 1024
Then,

a. the period T; of the frequency spectrum is

Ty=1=—1 = 38192kHz=82 MHz
t0.122x10°

b. the interval t; between frequency components is

ol 8192 kHz | oy,
7N 1024
c. the sampling frequency f is
p=l_o__ 1  _g2MHz

d. the Nyquist frequency must be equal or less than half the sampling frequency, that is,

f < x 8.2 MHz<4.1 MHz

n

f <

N =
N =

10.5 Number of Operations Required to Compute the DFT

Let us consider a signal whose highest (Nyquist) frequency is 18 KHz, the sampling frequency is
50 KHz, and 1024 samples are taken, i.e., N = 1024. The time required to compute the entire
DFT would be

t = 1024 samples = 20.48 ms (10.43)
50x 10~ samples per second

To compute the number of operations required to complete this task, let us expand the N —point
DFT defined as

N-1

X[m] = Y x[n]Wy (10.44)
n=0
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Then,
X[0] = x[0]Wy + x[1TWy +X[2]W + ... + x[N = 1]W
X[1] = x[0]Wy + x[1TWy + x[2]Wyx + ... + x[N = 1]Wy '
X[2] = x[0]Wy + x[1]Wy + x[2]W + ... + x[N = 1]W N1 (10.45)
2
X[N-1] = x[0]Wy +x[1TWy '+ x[21We ™ Dy 4 xN-17w, NP

and it is worth remembering that
1 (10.46)

Since Wy, is a complex number, the computation of any frequency component X [k], requires N

complex multiplications and N complex additions, that is, 2N complex arithmetic operations are

required to compute any frequency component of X [k] . If we assume that x [n] is real, then

only N/2 of the ||X[m]| components are unique. Therefore, we would require 2N xN/2 = N :

complex operations to compute the entire frequency spectrum. Thus, for an N = 1024 —point

DFT, such as the one with 18 KHz signal, we would require N = 1024 > = 1048576 complex
operations, and these would have to be completed within 20.48 ms as we found in (10.43).
Although the means of doing this task may be possible with today’s technology, it seems imprac-
tical.

Fortunately, many of the Wy terms in (10.45) are unity. Moreover, because of some symmetry

properties, the number of complex operations can be reduced considerably. This is possible with
the algorithm known as FFT (Fast Fourier Transform) that was developed by Cooley and Tukey,
and it is very well documented. This algorithm is the subject of the next section.

10.6 The Fast Fourier Transform (FFT)
In this section, we will be making extensive use of the complex rotating vector

Wy=¢e N (10.47)

and the additional properties of Wy in (10.48) below.
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wh = e-(j%N _ 2
WII:IT/Z _ e’(jz_h?);_\l S L
W§/4 _ e-(j‘@i? _ 2
WT3\IN/4 _ e—(j%t)%j PCELZ: = (10.48)
W = e_(%)kN =™ =1 k=012
wiNer e‘(%')(kN”) _ e‘(j'NiI kNe‘(ENE) - 1w, = Wy
: 12m\k
W;\I _ e—%z—l\%k _ e (sz _ Wl\ll(/z

- N A A A LA -
X[O] 0 1 2 N-1 X[O]
X2l = wd owlooowd o Low N x(2] (10.49)
X[N-1]] el xIN=1
wy wa Tt we®™h w (Y

This is a complex Vandermonde matrix and it is expressed in a more compact form as
X[m] = [Wy] -x[n] (10.50)

The algorithm that was developed by Cooley and Tukey, is based on matrix decomposition meth-
ods, where the matrix Wy in (10.50) is factored into L smaller matrices, that is,

[WN} - [WJ ' [WJ e [WL] (10.51)
where L is chosen as L = log,N or N = 2",

Each row of the matrices on the right side of (10.51) contains only two non-zero terms, unity and

WI\II( . Then, the vector X [m] is obtained from
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X [m] = [WJ : [Wz] L I:WL:| -x[n] (10.52)

The FFT computation begins with matrix [WJ in (10.52). This matrix operates on vector x [n]

producing a new vector, and each component of this new vector, is obtained by one multiplica-
tion and one addition. This is because there are only two non—zero elements on a given row, and
one of these elements is unity. Since there are N components on x [n], there will be N complex

additions and N complex multiplications. This new vector is then operated on by the [W, _,]
matrix, then on [W, _,], and so on, until the entire computation is completed. It appears that

the entire computation would require NL = Nlog,N complex multiplications, and also Nlog,N

additions for a total of 2Nlog,N arithmetic operations. However, since WI\? =1, WI\II\I 22 ,

and other reductions, it is estimated that only about half of these, that is, Nlog,N total arith-
metic operations are required by the FFT versus the N * computations required by the DFT.

Under those assumptions, we construct Table 10.3 to compare the percentage of computations

achieved by the use of FFT versus the DFT.

TABLE 10.3 DFT and FFT Computations

DFT FFT FFT/DFT
N N 2 Nlog,N %
8 64 24 37.5
16 256 64 25
32 1024 160 15.6
64 4096 384 9.4
128 16384 896 5.5
256 65536 2048 3.1
512 262144 4608 1.8
1024 1048576 10240 1
2048 4194304 22528 0.5

A plethora of FFT algorithms has been developed and published. They are divided into two main
categories:

Category 1
a. Decimation in Time

b. Decimation in Frequency
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Category 11
a. In—Place
b. Natural Input—Output (Double—Memory Technique)

To define Category I, we need to refer to the DFT and Inverse DFT definitions. They are
repeated below for convenience.

N-1
X[m] = z x[n]Wy (10.53)
n=0
and
1N71 —mn
x[n] = N Z X[m]Wy (10.54)
n=0

We observe that (10.53) and (10.54) differ only by the factor 1/N, and the replacement of W

with Wy ' If the DFT algorithm is developed in terms of the direct DFT of (10.53), it is referred
to as decimation in time, and if it is developed in terms of the Inverse DFT of (10.54), it is referred
to as decimation in frequency. In the latter case, the vector
— JZ_TE
Wy=¢ N
is replaced by its complex conjugate

2
-1 _ N
Wy =¢

that is, the sine terms are reversed in sign, and the multiplication by the factor 1/N can be done
either at the input or output.

The Category II algorithm schemes are described in the Table 10.4 along with their advantages
and disadvantages.

TABLE 10.4 In-Place and Natural Input—Output algorithms

Category 11 Description Advantages Disadvantages
In—Place The process where the result |Eliminates the need for | The output appears in an
of a computation of anew |intermediate storage  |[unnatural order and must

vector is stored in the same |and memory require-  |be re—ordered.
memory location as the result {[ments
of the previous computation

Natural The process where the output |No re—ordering is Requires more
Input—Output appears in same (natural) required internal memory to pre-
(Double Memory) order as the input serve the natural order
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Now, we will explain how the unnatural order occurs and how it can be re—ordered.

Consider the discrete time sequence f [n] ; its DFT is found from
N-| mn
F[m] = Z f[n]Wy (10.55)
n=0

We assume that N is a power of 2 and thus, it is divisible by 2. Then, we can decompose the
sequence f[n] into two subsequences, f,,.,[n] which contains the even components, and

f_4q4[n] which contains the odd components. In other words, we choose these as

f [n] = f[2n]

even
and
f qln] = f[2n+1]

forn=10,1,2,..N/2-1

Each of these subsequences has a length of N/2 and thus, their DFTs are, respectively,

N/2-1 mn N/2-1 mn
Feven[m] = z feven[n]va/Z = z f[21‘1]\VN/2 (1056)
n=0 n=0
and
N/2-1 mn N/2-1 mn
n=0 n=0
where
Lom (Lomy,
Wy, = ¢ N2 = LN w2 (10.58)

For an 8 —point DFT, N = 8. Expanding (10.55) forn = 1,2, 3, ..., 7 we obtain

F[m]

7
> fn]Wy
n=0

m (10.59)

2

FLO]+ FLIIWR ™+ F[2]W ™ + £ [3]W,

+E[AIW ™+ F[STW ™ + £ [6TW T + £ [7TW ™

Expanding (10.56) for n = 0, 1, 2, and 3 and recalling that WI\? = 1, we obtain
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m]

even[

3
3 f2nwy ™
n=0

(10.60)

FIOTWR + F[2TW ™+ F[4]W ™ + £ [6]W, ™™

FLO]+ F[2IWy ™ + F4IW ™ + F[6]W, ™"

Expanding also (10.57) for n = 0, 1, 2, and 3 and using WI\? = 1, we obtain

3
Fogalm] = 3" f[2n+ W™ = FIIWL + F[B3IW ™ + £ [STW ™ + £ 7IW ™ Ho6n
n=0 .

FLI]+F[3IWR ™ + FISTW ™ + F[7TW, "

The vector Wy, is the same in (10.59), (10.60) and (10.61), and N = 8. Then,

2T 27
_ _ N _ .7’%
Wy =Wg =e¢ =€

Multiplying both sides of (10.61) by Wy , we obtain

WF g [m] = FLITW + F[3TWC ™ + F[5TW ™ + F[7]W ™ (10.62)
and from (10.59), (10.60) and (10.62), we observe that

F[m] = F_ ., [m]+ Wy'F g [m] (10.63)

even

forn=1,23,...,7.

Continuing the process, we decompose {f[0],f[2],f[4],and f[6]} into {f[0],f[4]} and
{f[2],f[6]}. These are sequences of length N/4 = 2.

Denoting their DFTs as F,,.,,[m] and F,,.,,[m], and using the relation
.2 2T
Wna= e_JN_Z = e(‘l‘ﬁ)A’ =Wy (10.64)
forn = 0, 1, we obtain
Fevent[m] = 101+ [4]W"" (10.65)
and
Feven2[m] = £121+ FL61W "™ (10.66)
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The sequences of (10.65) and (10.66) cannot be decomposed further. They justify the statement
made earlier, that each computation produces a vector where each component of this vector, for
n = 1,2,3,...,7 is obtained by one multiplication and one addition. This is often referred to as a
butterfly operation.

Substitution of (10.65) and (10.66) into (10.60), yields

F, . [m] = Fy. [m]+ Wy "F,,,[m] (10.67)

even[

Likewise, F_44[m] can be decomposed into DFTs of length 2; then, F[m] can be computed from

F(m) = Fyen(m) + Wy Fogq(m) m =0,1,2,...,7 (10.68)

cven

for N = 8. Of course, this procedure can be extended for any N that is divisible by 2.

Figure 10.5 shows the signal flow graph of a decimation in time, in—place FFT algorithm for
N = 8, where the input is shuffled in accordance with the above procedure. The subscript N in
W has been omitted for clarity.

Column 0 (x[n]) Column 1 (N /4) Column 2 (N /2) Column 3 (N)  X[m]

Row 1

Row 2

Row 3

Row 4

Row 5

Row 6

Row 7 x[7]

Figure 10.5. Signal flow graph of a decimation in time, in-place FFT algorithm, for N = 8
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In the signal flow graph of Figure 10.5, the input x[n] appears in Column 0. The N/4, N/2, and
N —point FFTs are in Columns 1, 2, and 3 respectively.

In simplified form, the output of the node associated with row R and column C, indicated as
Y(R, C), is found from
Y[R, C-1] W"Y [R.,C-1]
Y[R, C] = + J
Dash line Solid line

(10.69)

where 0<SR<7, 0<C<3,and the exponent m in W™ is indicated on the signal flow graph.

The binary input words and the bit-reversed words applicable to the this signal flow graph, are
shown in Table 10.5.

TABLE 10.5 Binary words for the signal flow graph of Figure 10.5

n Binary Word Reversed-Bit Word Input Order
0 000 000 x[0]
1 001 100 x[4]
2 010 010 x[2]
3 011 110 x[6]
4 100 001 x[1]
5 101 101 x[5]
6 110 011 x[3]
7 111 111 x[7]

We will illustrate the use of (10.69) with the following example.
|

Example 10.5

Using (10.69) with the signal flow graph of Figure 10.5, compute the spectral component X[3] in

terms of the inputs x[i] and vectors w. Then, verify that the result is the same as that obtained
by direct application of the DFT.

Solution:

The N/4 —point FFT appears in Column 1. Using (10.69) we obtain:
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Y[0,1]
YI[1,1]
Y[2,1]
Y[3,1]
Y[4,1]
YI[5,1]
Y[6,1]
YI[7,1]

= x[0]+ W "x[4] = Y[0,01+ W °Y[1,0]
= x[0]+ W *x[4] = Y[0,01+W *Y[1,0]
= x[2]1+ W ’x[6] = Y[2,0]+ W "Y[3,0]
= x[2]+ W *x[6] = Y[2,01+W *Y[3,0]
= x[11+ W x[5] = Y[4,0]+W °Y[5,0]
= x[1]1+W *x[5] = Y[4,0]+ W *Y[5,0]
= x[3]1+ W ’x[7] = Y[6,0]+W "Y[7,0]
= x[31+W ’x[7] = Y[6,0]1+ W *Y[7,0]

The N/2 —point FFT appears in Column 2. Using (10.69) we obtain:

Y[0,2] = Y[0,11+ W Y[2, 1]
Y[1,2] = Y[1, 11+ W?Y[3,1]
Y[2,2] = Y[0, 11+ W Y[2, 1]
Y[3,2] = Y[L, 11+ W°Y[3,1]
Y[4,2] = Y[4,11+W°Y[6,1]
Y[5,2] = Y[5, 11+ W Y[7, 1]
Y[6,2] = Y[4,11+ W Y[6,1]
Y[7,2] = Y[5, 11+ W°Y[7, 1]

The N —point FFT appears at the outputs of Column 3, where

Y[0,3] = Y[0,2]+ W Y[4,2]
Y[1,3] = Y[1,2]+W 'Y[5,2]
Y[2,3] = Y[2,2]1+W°Y[6,2]
Y[3,3] = Y[3,2]1+ W Y[7,2]
Y[4,3] = Y[0,2]+W*Y[4,2]
Y[5,3] = Y[1,2]1+ W Y[5,2]
Y[6,3] = Y[2,2]+ W °Y[6,2]
Y[7,3] = Y[3,2]1+ W Y[7,2]

(10.70)

(10.71)

(10.72)
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With the equations of (10.70), (10.71), and (10.72), we can determine any of the 8 spectral com-
ponents. Our example calls for X [3] ; then, with reference to the signal flow chart of Figure 10.5
and the fourth of the equations in (10.72),

X [3]= YI[3,3] = Y[3,2]1+ W Y[7,2] (10.73)
Also, from (10.71) ]
Y(3,2] = Y[, 11+ W°Y[3, 1] (10.74)
and
Y[7,2] = Y[5, 11+ W °Y[7, 1] (10.75)

Finally, from (10.70)
Y[1,1] = Y[0,0]+W *Y[1,0]
Y[3,1] = Y[2,0]+W*Y[3,0]
Y[5,1] = Y[4,0]+W *Y[5,0]
Y[7,1] = Y[6,0]+W *Y[7,0]

(10.76)

and making these substitutions into (10.73), we obtain

YI[3.3] = Y[3.2]+ W Y [7,2]

Y111+ WOY[3, 11+ W {Y[5 11+ W°Y[7, 1]}
Y[0,01+ W Y[1,0]+W°{Y[2,0]+W*Y[3 0]}

+ W (Y [4,0]+ W Y[50])+W(Y[6,0]+W?*Y[7,0])}
Y[0,0]1+W*Y[1,0]+W°Y[2,0]+W'"Y[3,0]

+ W Y[4,01+ W Y[50]1+W’ Y[60]+W"Y[7,0]

Rearranging in ascending powers of W, we obtain

Y[3,3] = Y[0,0]+ W’ Y[4,0]+W*Y[L,0]+W°Y[2, 0] (1077
+ W Y501+ W Y[6,0]+W'Y[3,01+W"Y[7,0]

From the signal flow graph of Figure 10.5, we observe that

Y [0,0] = x[0] Y [4,0] = x[1]
Y[1,0] = x[4] Y [2,0] = x[2]

Y[5,0] = x[5] Y[6,0] = x[3]
Y[3,0] = x[6] Y[7,0] = x[7]
and
Y[3,3] = X[3]

Therefore, we express (10.77) as

10-26  Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition

| .. Copyright © Orchard Publications


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

The Fast Fourier Transform (FFT)

X[3] = x[0]+x[1]W > +x[4]W *+x[2]W °
+x[5IW +x[31W  +x[61W " +x[7]W "

= x[0]+x[1]W > +x[2]W  +x[31W°
+x[4IW  +x[51W  +x[6]W "+ x[71W "

(10.78)

We will verify that this expression is correct by the use of the direct DFT of (10.17), that is,
N-| mn
X[m] = z x(n)Wy
n=20

Form =3 andn =0,1,2,...,7, we obtain

X[3] = x[0] +x[1TW > +x[2]W ¢+ x[3]W°

1 (10.79)
+x[41W 2+ x[51W P+ x[6]W By x[71W
and from (10.48),
WkN+r _ Wr

Now, with N = 8, and k = 1, we obtain kN = 8. Then,

W12=W4, W15=W7, W18=W10 and W21=W13
and by substitution into (10.79),

X[3] = x[0]+x[1TW > +x[2]W S +x[3]W° (10.30)

+x[41W  +x[5TW 7+ x[6]W "+ x[7IW
We observe that (10.80) is the same as (10.78).

The signal flow graph of Figure 10.5, represents a shuffled input, natural output algorithm. Oth-
ers are natural input, natural output, or natural input, shuffled output. These combinations occur
in both decimation in time, and decimation in frequency algorithms.
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10.7 Summary
e The N —point DFT is defined as

X[m] = Z x[n]e

n=0

where N represents the number of points that are equally spaced in the interval 0 to 27 on the
unit circle of the z-plane,and m = 0, 1,2, ...,N—-1.

e The N —point Inverse DFT is defined as

forn=0,1,2,...N-1.
e In general, the discrete frequency transform X [m] is complex, and it is expressed as
X [m] = Re{X [m]} +Im{X [m]}
The real part Re{X [m]} can be computed from

N-1

Re{X [m]} = x[0]+ ¥ x [n]cos“;]nn

for m=20,1,2,...,N-1

n=1
and the imaginary part from

N . 2mmn
Im{X [m]} = —Z X [n]sin

n=1

for m=20,1,2,...,N-1
e We can use the fft(x) function to compute the DFT, and the ifft(x) function to compute the
Inverse DFT.

e The term e-(2m/N is a rotating vector, where the range 0 <0 <2r is divided into 360/N equal
segments and it is denoted as represent it as Wy that is,

_i2m

and consequently
j2n

-1
W = N
N - e

Accordingly, the DFT pair is normally denoted as
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and
1 N-|1 —mn
x[n] = N X(m)Wy
n=0
e The correspondence between x [n] and X [m] is denoted as
X [n] © X [m]

e If x[n] is an N —point real discrete time function, only N/2 of the frequency components of
|X[m]| are unique.

e The discrete time and frequency functions are defined as even or odd, in accordance with the
relations
Even Time Function f[N—-n] = f[n]

Odd Time Function fIN —n] = —f[n]
Even Frequency Function F[N-m] = F[m]
0Odd Frequency Function FIN-m] = —F[m]

e The even and odd properties of the DFT are similar to those of the continuous Fourier trans-
form and are listed in Table 10.2.

e The linearity property of the DFT states that
ax,[n] +bx,[n] + ... & aX,[m] +bX,[m] + ...

e The time shift property of the DFT states that

x[n-k] & We"X [m]
¢ The frequency shift property of the DFT states that

Wy "x[n] & X[m-k]
e The time convolution property of the DFT states that

x[n]*h[n] & X[m] - H[m]

e The frequency convolution property of the DFT states that

x[n]-y[n] & 1—1—1 NEIX[k]Y[m -k]= 1—1—1 X[m]*Y[m]

k=0
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e The sampling theorem, also known as Shannon’s Sampling Theorem, states that if a continuous
time function f(t) is band-limited with its highest frequency component less than W, then f(t)
can be completely recovered from its sampled values, if the sampling frequency if equal to or
greater than 2W .

e A typical digital signal processing system contains a low-pass analog filter, often called pre-sam-
pling filter, to ensure that the highest frequency allowed into the system, will be equal or less
the sampling rate so that the signal can be recovered. The highest frequency allowed by the pre-
sampling filter is referred to as the Nyquist frequency, and it is denoted as f,.

e If a signal is not band-limited, or if the sampling rate is too low, the spectral components of the
signal will overlap each another and this condition is called aliasing.

e If a discrete time signal has an infinite length, we can terminate the signal at a desired finite
number of terms, by multiplying it by a window function. However, we must choose a suitable
window function; otherwise, the sequence will be terminated abruptly producing the effect of
leakage

e Ifin a discrete time signal some significant frequency component that lies between two spectral
lines and goes undetected, the picket-fence effect is produced. This effect can be alleviated by
adding zeros at the end of the discrete signal, thereby changing the period, which in turn
changes the location of the spectral lines.

e The number of operations required to compute the DFT can be significantly reduced by the
FFT algorithm.

e The Category [ FFT algorithms are classified either as decimation it time or decimation in fre-
quency. Decimation in time implies that DFT algorithm is developed in terms of the direct
DFT, whereas decimation in frequency implies that the DFT is developed in terms of the
Inverse DFT.

e The Category Il FFT algorithms are classified either as in-place or natural input—output. In-
place refers to the process where the result of a computation of a new vector is stored in the
same memory location as the result of the previous computation. Natural input—output refers to
the process where the output appears in same (natural) order as the input.

e The FFT algorithms are usually shown in a signal flow graph. In some signal flow graphs the
input is shuffled and the output is natural, and in others the input is natural and the output is
shuffled. These combinations occur in both decimation in time, and decimation in frequency
algorithms.
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10.8 Exercises
1. Compute the DFT of the sequence x[0] = x[1] = 1, x[2] = x[3] = -1
2. A square waveform is represented by the discrete time sequence
x[0] = x[1] = x[2] = x[3] = 1 and x[4] = x[5] = x[6] = x[7] = -1
Use MATLAB to compute and plot the magnitude |X[m]| of this sequence.

3. Prove that

2nkn

a. x[n]cos (:)%{X[m—k]+X[m+k]}

b. x[n] sinZTckn

(:»J,—li{X[m—k]+X[m+k]}

4. The signal flow below is a decimation in time, natural-input, shuffled—output type FFT algo-
rithm. Using this graph and relation (10.69), compute the frequency component X [3]. Ver-
ify that this is the same as that found in Example 10.5.

5. The signal flow graph below is a decimation in frequency, natural input, shuffled output type
FFT algorithm. There are two equations that relate successive columns. The first is

Yaasn(R, C) = Y n (R, C=1) + Y, n(R;, C = 1)
and it is used with the nodes where two dashed lines terminate on them.

The second equation is

Y (R, C) = Wm[Ysol(Ri ;C=1) =Y (R, C-1)]
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and it is used with the nodes where two solid lines terminate on them. The number inside the
circles denote the power of Wy, and the minus (=) sign below serves as a reminder that the
bracketed term of the second equation involves a subtraction. Using this graph and the above
equations, compute the frequency component X [3]. Verify that this is the same as in Example

10.5.
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10.9 Solutions to End-of-Chapter Exercises
1.

N-1
F[m] = f(n)Wy
=0

where N = 4 and f[0] = f[1] = 1, f[2] = f[3] = —-1. Then,

3

Fiml = 3" fmWw,™ = 1w, + riw™ s+ r2iw," e 3w,
n=20
form = 0,1,2,and 3
m=0:
0 0 0 0
F(O) = (I)-(e)+(1)-(e)+(=1)-(e)+(-1)-(e)
=(M-M+M)-(H+DH-(H)+(=1)-(1)=0
m =1
F(1) = (1)- (eo) +(1)- (e(—jZn/4)><l) F(-1)- (e(—j2n/4)><2) F(-1)- (e(—jzn/4)><3)
= 1+c0s7—t—jsin7;c—cos7t+jsin7t—cosgic +jsin§7—t
2 2 2 2
=1+0-j+1+0-0-j=2-j2
m =2
F2) = (1)- (eo) +(1)- (e(—jZn/4)><2) F(-1)- (e(—jZn/4)><4) F(-1)- (e(—jZn/4)><6)
= 1+ cosm—jsinm— cos2m + jsin2m — cos3T + jsin37
=1-1-0-1+0+1+0=0
m = 3
F(3) = (1)- (eo) +(1)- (e(—j27t/4)><3) F (1) (e(—jZn/4)><6) F(-1)- (e(—j2n/4)><9)
= 1+cos3—n—jsin3—n—cos31‘c+jsin37r—cos3—n+jsin3—7E
2 2 2 2
=1+0+j+1+0-0+j=2+j2
Check with MATLAB:
fn=[1 1 -1 -1]; Fm=fft(fn)
Fm =

0 2.0000 - 2.00001 0 2.0000 + 2.00001
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2.

x[0] = x[1] = x[2] = x[3] = 1 and x[4] = x[5] = x[6] = x[7] = -1

fn=[1 1 1 1 -1 -1 -1 -1]; magXm=abs(fft(fn)); fprintf(' \n');..
fprintf('magXmo0 = %4.2f \t', magXm(1)); fprintf('magXm1 = %4 2f \t', magXm(2));...
fprintf('magXm2 = %4.2f \t', magXm(3)); fprintf('magXm3 = %4.2f \t', magXm(4)); fprintf(\n’);..
fprintf('magXm4 = %4.2f \t', magXm(5)); fprintf('magXm5 = %4.2f \t', magXm(6));...
fprintf('magXme6 = %4.2f \t', magXm(7)); fprintf('magXm7 = %4.2f \t', mang(8))

magXmO0 = 0.00 magXml = 5.23 magXm2 = 0.00 magXm3 = 2.16
magXm4 = 0.00 magXmb5 = 2.16 magXm6 = 0.00 magXm7 .23

The MATLAB stem command can be used to plot discrete sequence data. For this Exercise we
use the script

fn=[1 1 11 -1 -1 -1 —1]; stem(abs(fft(fn)))

and we obtain the plot below.

2nkn

ann@%{X[m—k]+X[m+k]} x[n]sin?Z}

x[n]cos @jlz{X[m—k]+X[m+k]}

From the frequency shift property of the DFT

<"x[n] & X[m-k] (1)
Then,
Wax[n] & X[m+k] (2)

Adding (1) and (2) and multiplying the sum by 1/2 we obtain
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(W]\;km + Wl\ll(m)(X[l’l]) B (ejann/N + e—j27‘£kn/N)
2 a 2

2nkn

x[n] = x[n]cos

and thus

2mkn
x[n]cos

s %[X[m —k]+ X[m+k]]
Likewise, subtracting (2) from (1) and multiplying the difference by 1/j2 we obtain

x[n] = x[n] sinzﬂ:kn

(Wl\?km _ W]\l;m)(x[n]) _ (ejann/N _ e—j27‘£kn/N)

j2 j2

X[3]

X[7]

F(3) = X(3) = Y(6,3) = Y(6,2) + WyY(7,2) (1)
where
Y(6,2) = Y(4, 1)+ WY (6, 1)
and
Y(7,2) = Y(5, 1)+ WY (7, 1)

Going backwards (to the left) we find that
Y(4,1) = Y(0,0) + Wy Y (4, 0)
Y(6,1) = Y(2,0) + Wi Y(6,0)
Y(5,1) = Y(1,0) + Wy Y (5, 0)

Y(7,1) = Y(3,0) + Wy Y(7,0)
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and by substitution into (1)
F(3) = X(3) = Y(6,3) = Y(4, 1)+ WSY(6, 1) + Wyl Y(5, 1) + WoY (7, 1)]
Y(0,0) + WLY(4,0) + W[Y(2,0) + WY (6, 0)]

FW{Y(1,0) + Wy Y(5,0) + WY (3, 0) + W Y(7,0)]} 2)

Y(0,0) + WXY(1,0)+ WY(4,0) + WY (2, 0)

FWLY(5,0) + WRY(3,0) + WY (6,0) + Wy Y (7, 0)
From the DFT definition

F(3) = X(3) = x(0) + Wy x(1) + Wy x(2) + W x(3) 5
FW X(4) + WY x(5) + W x(6) + Wiy x(7)

By comparison, we see that the first 4 terms of (3) are the same the first, second, fourth, and
sixth terms of (2) since Y(k, 0) = x(k), thatis, Y(0,0) = x(0), Y(1,0) = x(1), and so on.

The remaining terms in (2) and (3) are also the same since WENTT = W and thus Wi = W,
8 8 8 8

15 7 18 10 21 13
We = Wi, We = Wy ,andWB = Wg.

Yaash (R, C) = YR, C=1) + Y, (R, C = 1)

Y (R, C) = WY (R;, C=1)- Y (R, C=1)]

x[0]
x[1]

x[2]
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We are asked to compute F(3) only. However, we will derive all equations as we did in Exam-

ple 10.5.
Column 1 (C=1):
Y(0,1) = Y(0,0)+Y(4,0)
Y(1,1) = Y(1,0) + Y(5, 0)
Y(2,1) = Y(2,0)+Y(6,0)
Y(3,1) = Y(3,0)+ Y(7,0)
Y[4,1] = Wy[Y(0,0)-Y(4,0)] (1)
Y[5,11 = WY (1,0)-Y(5,0)]
Y[6,11 = Wy[Y(2,0)-Y(6,0)]

Y[7,1] = W;[Y(?), 0)-Y(7,0)]
Column 2 (C=2):

Y(0,2) = Y(0,1)+Y(2, 1)

Y(1,2) = Y(1, 1)+ Y(3, 1)

Y(2,2) = Wg[Y(O, 1)-Y (2, 1)]

Y(3,2) = W[Y(1, 1)-Y(3, 1)]

Y[4,2] = Y(4,1)+Y(6, 1) @)
Y[5,2] = Y(5, 1)+ Y(7, 1)

Y [6,2] = WY(4, 1)-Y(6, 1)]
Y[7,2] = WolY(5 1)-Y(7, 1)]

Column 3 (C=3):

Y(0,3) = Y(0,2)+Y(1,2)

Y(1,3) = WylY(0,2)-Y(l,2)]
Y(2,3) = Y(2,2)+Y(3,2)

Y(3,3) = W[Y(2,2)-Y(3,2)] 5

Y[4,3] = Y(4,2)+Y(5,2)
Y[5,3] = WulY(4,2)-Y(5,2)]
Y 16,31 = Y(6,2)+Y(7,2)

Y[7,3] = WLY(6,2)-Y(7,2)]

F(3) = X(3) = Y(6,3) = Y(6,2)+Y(7,2) (4)
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where

Y(6,2) = WulY(4, 1)-Y(6, 1)]
and

Y(7,2) = WalY(5, 1)=-Y(7, 1)]
From (1)

Y[4,1] = WYLY(0,0)-Y(4,0)]

Y[5,11 = Wy[Y(1,0)-Y(5,0)]

Y[6,1] = WIZ\,[Y(2,O)—Y(6, 0)]

Y[7,1] = WX[Y(3,0)-Y(7,0)]
and by substitution into (4)

F(3) = X(3) = WRY(0,0) + WyY(1,0)-Wx Y (2, 0)-WxY(3,0)

(5)
~WXY (4,0)-WxY(5,0) + WyY(6,0) + Wy Y(7,0)
From Exercise 4,
F(3) = X(3) = x(0) + Wy x(1) + Wy x(2) + W x(3) ©
FWy X(4) + WY x(5) + W x(6) + Wiy x(7)
Since Y(k,0) = x(k), Wy " = Wi and Wi'* = -W} (see proof below), we see that

WS = -W, We = -Ws , Wy’ = Wy, Wy = -W,, Wg® = W, and Wi = Wy. Therefore,
(5) and (6) are the same.

Proof that Wi ™" = —~W}:
+4 +4 —j2m/8 - (£ :
Wg ' = Wy W = Wg-e 12n/8 - () _ Wy - (cosT F sinm) = —Wy
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Analog and Digital Filters

his chapter is an introduction to analog and digital filters. It begins with the basic analog fil-

ters, transfer functions, and frequency response. The magnitude characteristics of Butter-

worth and Chebychev filters and conversion of analog to equivalent digital filters using the
bilinear transformation is presented. It concludes with design examples using MATLAB® and
Simulink® when applicable.

11.1 Filter Types and Classifications

Analog filters are defined over a continuous range of frequencies. They are classified as low-pass,
high—pass, band-pass and band-elimination (stop-band). The ideal magnitude characteristics of each
are shown in Figure 11.1. The ideal characteristics are not physically realizable; we will see that
practical filters can be designed to approximate these characteristics.

‘Vout Vout
Vin Vin
1 stoop. Mmoo
PASS (CUTOFF) STOP PASS
BAND BAND BAND BAND
Q)] Q)
Oc e
Ideal low—pass filter Ideal high—pass filter
‘Vout Vout
Vin Vin
Ir —— - 1
STOP PASS STOP PASS STOP PASS
BAND| BAND [ BAND BAND | BAND| BAND
w Q)]
0, ®; o )
Ideal band—pass Filter Ideal band—elimination filter

Figure 11.1. Magnitude characteristics of the types of filters

Another, less frequently mentioned filter, is the all-pass or phase shift filter. It has a constant mag-
nitude response but is phase varies with frequency. Please refer to Exercise 4, Page 11-94, at the
end of this chapter.

A digital filter, in general, is a computational process, or algorithm that converts one sequence of
numbers representing the input signal into another sequence representing the output signal.
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Accordingly, a digital filter can perform functions as differentiation, integration, estimation, and,
of course, like an analog filter, it can filter out unwanted bands of frequency.

Analog filter functions have been used extensively as prototype models for designing digital filters
and, therefore, we will present them first.

11.2 Basic Analog Filters

An analog filter can also be classified as passive or active. Passive filters consist of passive devices
such as resistors, capacitors and inductors. Active filters are, generally, operational amplifiers
with resistors and capacitors connected to them externally. We can find out whether a filter, pas-
sive or active, is a low—pass, high-pass, etc., from its the frequency response that can be obtained
from its transfer function. The procedure is illustrated in Subsections 11.2.1 through 11.2.4
below.

11.2.1 RC Low-Pass Filter

The RC network shown in Figure 11.2 is a basic analog low—pass filter. We will derive expressions
for its magnitude and phase.

+
~ V

out

Figure 11.2. Basic low—pass RC network
Application of the voltage division expression yields

_ _joC
out T R+ 1/joC " n
or

\Y% _
G(jow)= = = ! ! Z—tan (0RC) (11.1)

_ 1 _
Vi, 1 +joRC ( /1 N szzcz)étan_l((oRC) /1 + 0’RAC2

The magnitude of (11.1) is

Gio)l= ‘V -1 (11.2)
inl  J1+0’RC
and the phase angle, also known as the argument, is
. Vout -1
0 = arg{G(jw)}= arg(v—) = —tan (wRC) (11.3)
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We can obtain a quick sketch for the magnitude |G(jw)| versus o by evaluating (11.2) at
o =0,0n =1/RC,and ® — . Thus,

as w—0,
G(jo) =1
form = 1/RC,
IG(jw)| = 1/42 = 0.707
and as ® — oo,
IG(jo)[ =0

We will use the MATLAB script below to plot |G(jw)| versus radian frequency w . This is shown
in Figure 11.3 where, for convenience, we let RC = 1.
w=0:0.02:10; RC=1; magGjw=1./sqrt(1+w.*RC); semilogx(w,magGjw);...

xlabel('Frequency in rad/sec - log scale'); ylabel('Magnitude of Vout/Vin');...
title('Magnitude Characteristics of basic RC low-pass filter'); grid

Magnitude Characteristics of basic RC low-pass filter

Magnitude of Vout/Vin

Frequency in rad/sec - log scale

Figure 11.3. Magnitude characteristics of the basic RC low—pass filter with RC = 1

We can also obtain a quick sketch for the phase angle, i.e., 6 = arg{G(jo)} versus ® by evalu-
ating (11.3) atw = 0, ® = 1/RC, ® = -1/RC, ® — —o and @ — . Thus,

Asw—0,
=-—atan0=0°
For » = 1/RC,
0 = —atanl = —45°
For » = -1/RC,

0 = —atan(-1) = 45°
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As 0 — —o0,

0 = —atan(—e) = 90°
and as ® — oo,

0 = —atan(e) = -90°

We will use the MATLAB script below to plot the phase angle 6 versus radian frequency o . This
is shown in Figure 11.4 where, for convenience, we let RC = 1.
w=0:0.02:10; RC=1; phaseGjw=-atan(w.*RC).*180./pi; semilogx(w,phaseGjw);...

xlabel('Frequency in rad/sec - log scale'); ylabel('Phase of Vout/Vin — degrees');...
title('Phase Characteristics of basic RC low-pass filter'); grid

(9]

Phase Characteristics of basic R

low-pass filter

Phase of Vout/Vin - degrees
[ - - - -3~ - J- T[T

_AAA
o

Frequency in rad/sec - log scale

Figure 11.4. Phase characteristics of the basic RC low—pass filter with RC = 1
11.2.2 RC High-Pass Filter

The RC network shown in Figure 11.5 is a basic analog high-pass filter. We will derive expres-
sions for its magnitude and phase.

+
O

+
Vin R Vout

Figure 11.5. Basic high—pass RC network
Application of the voltage division expression yields

R
Vo =y
ot R4+ 1/joC MM
or
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Ztan"'(1/(0RC))

)

1 + ’R*C?

oRC(j + ®RC)

J1+1/(0R2C?
2R2C2)

0

1

tan”'(1/(0RC))

|G(jw)|
|G(jw)|

J1+1/(0
IG(jw)| = 1/.42 = 0.707

1 + ’R>C?

_ JoRC+ w’R*C?
Thus,

GGl =

6 = arg{G(jo)}

WAV MOHANDESYAR. COM

1+ 0)2R2C2

JoRC
1 +joRC

WRCAY1 + 0 R2C* Ztan”'(1/(0RC))

Vout
Vin

G(jo) =
We will use the MATLAB script below to plot |G(jw)| versus radian frequency . This is shown

We can obtain a quick sketch for the magnitude |G(jo)| versus o by evaluating (11.5) at

The magnitude of (11.4) is

and the phase angle or argument, is
®w=0,0=1/RC,and ® — o.

Asw—0,

For ® = 1/RC,

and as @ — oo,

in Figure 11.6 where, for convenience, we let RC = 1.

T

|

|

|

|
T

|

|

|

|
B

-+

+

oint

ower

--
-
4 -

T--

+ - =
4 - =

T

i

|

|

|

|

T

|

Il

|

|
-TTr
—

- -
R

i
|
|
|
|

T
|
Il
|
|

T

+

TTT T

04F--+-+—+4+r

1
0.8 --
0.6 --
0.2r--+
0
1

UIA/INOA J0 apnjubepy

11-5

Frequency in rad/sec - log scale
Figure 11.6. Magnitude characteristics of the basic RC high—pass filter with RC = 1
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w=0:0.02:100; RC=1; magGjw=1./sqrt(1+1./(w.*RC).A2); semilogx(w,magGjw);...
xlabel('Frequency in rad/sec - log scale'); ylabel('Magnitude of Vout/Vin');...
title('Magnitude Characteristics of basic RC high—pass filter'); grid

We can also obtain a quick sketch for the phase angle, i.e., 8 = arg{G(jo)} versus o, by evalu-
ating (11.6) atw = 0, ® = 1/RC, ® = -1/RC, ® — —eo, and ® — . Thus,

Asm—0,
=—atan0=0°
For m = 1/RC,
0 = —atanl = —45°
For m = -1/RC,
0 = —atan(-1) = 45°
As m — —oo,

e}
Il

—atan(—o0) = 90°
and as ® — oo,
0 = —atan(e) = -90°

We will use the MATLAB script below to plot the phase angle 6 versus radian frequency o . This
is shown in Figure 11.7 where, for convenience, we let RC = 1.
w=0:0.02:10; RC=1; phaseGjw=atan(1./(w.*RC)).*180./pi; semilogx(w,phaseGjw);...

xlabel('Frequency in rad/sec - log scale'); ylabel('Phase of Vout/Vin — degrees');...
title('Phase Characteristics of basic RC high-pass filter'); grid

Phase of Vout/Vin - degrees

Frequency in rad/sec - log scale

Figure 11.7. Phase characteristics of an RC high—pass filter with RC = 1
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11.2.3 RLC Band-Pass Filter

The RLC network shown in Figure 11.8 is a basic analog band-pass filter.” We will derive expres-
sions for its magnitude and phase.

joL 1/joC

¥ +
Vi R Vout

n

Figure 11.8. Basic band—pass RLC network

Application of the voltage division expression yields

R
Vour = joL + 1/jmc+R'Vin
and thus
G(jw) = Vour _ R _ joRC _ —jo(R/L) (11.7)

Vi JoL+1/joC+R 21 Cc+1+joRC o —jo(R/L)-1/LC

There is no need to express relation (11.7) in magnitude and phase form. We will make use of
the abs(x) and angle(x) MATLAB functions for the magnitude and phase plots.

We will use the MATLAB script below to plot |G(jw)| versus radian frequency w. This is shown
in Figure 11.9 where, for convenience, welet R = L = C = 1, and thus (11.7) simplifies to:

G(jo) = 12— (11.8)
0 —-jo-1

w=0:0.02:100; magGjw=abs(-j.*w./(w. 2-}.*w-1)); semilogx(w,magGjw);...
xlabel('Frequency in rad/sec - log scale'); ylabel('Magnitude of Vout/Vin');...
title('Magnitude Characteristics of basic RLC band—-pass filter'); grid

The plot for the magnitude of (11.8) is shown in Figure 11.9.
To plot the phase of (11.8), we use the MATLAB script below.

w=0:0.02:100; phaseGjw=angle(-j.*w./(w.A2-}.*w-1)).*180./pi; semilogx(w,phaseGjw);...
xlabel('Frequency in rad/sec - log scale'); ylabel('Phase of Vout/Vin — degrees');...
title('Phase Characteristics of basic RLC band-pass filter'); grid

The plot for the phase of (11.8) is shown in Figure 11.10.

*  This is the same network as (a) in Exercise 7, Chapter 4, Page 4—22.
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Magnitude Characteristics of basic RLC band-pass filter

10

\\\\\ e e

UIA/INOA Jo epnyubepy

Frequency in rad/sec - log scale

Figure 11.9. Magnitude characteristics of the basic RLC band—pass filter with R = L

Phase Characteristics of basic RLC band-pass filter

soa16ap - UIA/INOA JO 8seyd

Frequency in rad/sec - log scale

Figure 11.10. Phase characteristics of the basic RLC band—pass filter with R = L

11.2.4 RLC Band

Elimination Filter

The RLC network shown in Figure 11.11 is a basic analog band-elimination filter.” We will

derive expressions for its magnitude and phase.

Application of the voltage division expression yields

' Vin

joL +1/joC
joL+1/joC+R

Vout

, Page 4-22. A band—elimination filter is also referred to as a

This is the same network as (b) in Exercise 7, Chapter 4
band—stop filter or notch filter.

sk
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1/joC

Figure 11.11. Basic band—elimination RLC network

and thus

(11.9)

joL+1/joC —0’LC + 1 _

joL+1/joC+R

Vout

o’ —jo(R/L)=1/LC

LC+1+joRC

2

-0

Vin

G(jw) =

There is no need to express relation (11.9) in magnitude and phase form. As in the previous sub-
section, we will make use of the abs(x) and angle(x) MATLAB functions for the magnitude and

phase plots.
We will use the MATLAB script below to plot |G(jw)| versus radian frequency . For conve-

(11.9) simplifies to:

nience, welet R = L = C = 1, and thus

(11.10)

abs((w.A2-1)./(w.A2-j.*w-1)); semilogx(w,magG); grid

0:0.02:100; magG=

W=

T

|

|

|

|
T

|

|

|

|
B

-+

TTT T

+

The plot for the magnitude of (11.10) is shown in Figure 11.12.

;
0.8 --
0.6 --

04F-——+-+—44+n

UIA/INOA Jo epnjubepy

0.2 --+

Frequency in rad/sec - log scale

Figure 11.12. Magnitude characteristics of the basic RLC band—elimination filterwith R = L = C = 1

To plot the phase of (11.10), we use the MATLAB script below.

angle((w.A2-1)./(w.A2-j.*w-1)).*180./pi; semilogx(w,phaseGjw);...

0:0.02:100; phaseGjw

W=

11-9
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xlabel('Frequency in rad/sec - log scale'); ylabel('Phase of Vout/Vin — degrees);...
title('Phase Characteristics of basic RLC band-elimination filter'); grid

The plot for the phase of (11.10) is shown in Figure 11.13.

100

501 - -

-50F - -

Phase of Vout/Vin - degrees
[=)
T
|
|

-100

Frequency in rad/sec - log scale

Figure 11.13. Phase characteristics of the basic RLC band—elimination filter with R = L = C = 1

Other passive filter networks are presented as end-of-chapter exercises in Chapter 4. Examples
of active low—pass filters are presented in Figure 4.20, Chapter 4, Page 4-15, and at the end of this
chapter. In the next section we introduce filter prototypes and use these as a basis for filter
design.

11.3 Low-Pass Analog Filter Prototypes

In this section, we will use the analog low—pass filter as a basis. We will see later that, using trans-
formations, we can derive high-pass and the other types of filters from a basic low-pass filter. We
will discuss the Butterworth, Chebyshev Type I, Chebyshev Type 11 also known as Inverted Chebyshev,
and Cauer also known as elliptic filters.

The first step in the design of an analog low—pass filter is to derive a suitable magnitude-squared

function A*(®), and from it derive a G(s) function such that

A*(®) = G(s) - G(=s)| (11.11)

s=jo

Since (jw)* = (—jm), the square of the magnitude of a complex number can be expressed as that
number and its complex conjugate. Thus, if the magnitude is A, then

A*(0) = [G(jo)l = G(j0)G*(jw) = G(jo) - G(-jo) (11.12)

Now, G(jo) can be considered as G(s) evaluated at s = jw, and thus (11.11) is justified. Also,
since A is understood to represent the magnitude, it needs not be enclosed in vertical lines.
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Not all magnitude-squared functions can be decomposed to G(s) and G(-s) rational functions;
only even functions of w, positive for all , and proper rational functions* can satisfy (11.11).
1 ——

Example 11.1

It is given that

2
G(s) = 3s2 +5s+7
S +4s+6
Compute Az(w).
Solution:
Since
G(s) = 38" +5s+7
S +4s+6
it follows that 5
G(=s) = 3s2—5s+7
S —4s+6
and
357+ 55+7 35°=5s+7 95 +17s%+49
G(s)-G(-s) = g = >
S +4s+6 s —-4s+6 s —4s” +36
Therefore,
_ 95t +175% + 49 _ 90170’ + 49

2
AX(@) = G(s)-G(-s)|,_., =
T st eades6 |, o' +407+36

The general form of the magnitude-square function A*(w) is

C(bk(x)2k +b,_ lek_z

2k-2
a0 +a_ 0 + ... +3a

+...+by)

Al(o) = (11.13)

where C is the DC gain, a and b are constant coefficients, and k is a positive integer denoting

the order of the filter. Once the magnitude-square function A% (o) is known, we can derive G(s)

from (11.11) with the substitution (j(n)2 - —0’ = s> orw® = —s°, that s,

* It was stated earlier, that a rational function is said to be proper if the largest power in the denominator is equal to or

larger than that of the numerator.
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G(s)- G(=s) = Az(u))|w2:7sz (11.14)

In the simplest low—pass filter, the DC gain of the magnitude-square function is unity. In this case
(11.13) reduces to

2 b
A (0) = — 0 (11.15)
a0 +a,_ 0 + ... +a,
and at high frequencies can be approximated as
by,/a
Al(w) = = (11.16)
0

The attenuation rate of this approximation is 6k dB/octave or 20k dB/decade. To understand
this, let us review the definitions of octave and decade.

Consider two frequencies u; and u,, and let

o
u, —u; = log,,0,—log,,®, = logloaf (11.17)

If these frequencies are such that m, = 2m,, we say that these frequencies are separated by one

octave, and if m, = 10w, , we say that they are separated by one decade.

To compute the attenuation rate of (11.16), we take the square root of both sides. Then,

A(®) = Jbo/3 _ Constant _ B (11.18)
- Kk k Tk :
® ® ®

Taking the common log of both sides of (11.18) and multiplying by 20, we obtain

20log,,A(w) = 2010g10B—2010g10(x)k = —20klog,,m + 20log,,B (11.19)

or
A(w)gg = —20klog,,m + 20log,,B (11.20)

Relation (11.20) is is an equation of a straight line with slope = ~20k dB/decade, and
intercept = B as shown in Figure 11.14.

The procedure of finding the transfer function G(s) from the magnitude-square function A (o),
is illustrated with the Example 11.2 below.
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40 & A(0) dB
B
30 A -20 dB/decade = -6 dB/octave
20 7 . /
10 T
0 \\| | | 1
1 1 og ()]
1 10 100 1000 10

Figure 11.14. The =20 dB/decade = -6 dB/octave line

Example 11.2

Given the magnitude-square function

2
A(o) = —0C@ +1) (11.21)
(0" +4) (0" +9)
derive a suitable transfer function G(s)
Solution:
From relation (11.14),
2
G($)G(-s) = AX ()|, , = —oCr D) (11.22)
o =" (L2 4 4) (=52 +9)

This function has zeros at s = +j1,and polesats = +2 and s = 3.

There is no restriction on the zeros but, for stability*, we select the left-half s —plane poles. We
must also select the gain constant such that G(0) = A(0).

Let

2
(s) = K(s"+1)

= mrtds (11.23)

We must find K such that G(0) = A(0). From (11.21),

*  Generdlly, a system is said to be stable if a finite input produces a finite output. Alternately, a system is stable if the
impulse response h(t) vanishes after a sufficiently long time. Stability is discussed in Feedback and Control Systems text-

books.
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A%(0) = 16/36 = 4/9
or

A(0) = 2/3
From (11.23),
G(0) = K/6
and for G(0) = A(0) we must have,
K/6 =2/3
or
K=12/3 =4
By substitution into (11.23), we obtain
2
_ (s"+1)
GB) = 46 +3)

11.3.1 Butterworth Analog Low-Pass Filter Design

. . . . . * .
In this subsection, we will consider the Butterworth low-pass filter whose magnitude-squared
function is

1

Az(m) = —_—
(w/m¢ )2k+ 1

(11.24)

where k is a positive integer, and o. is the cutoff (3 dB) frequency. Figure 11.15 is a plot of the
relation (11.24) for k = 1,2,4,and 8.

Butterworth Analog Low-Pass Filter characteristics for k=1, 2, 4, and 8

Magnitude A (square root of relation (11.24)

0 0.5 1 1.5 2 2.5 3
Normalized Frequency (ratio of actual to cutoff)

Figure 11.15. Butterworth low—pass filter magnitude characteristics

* The frequency response of the Butterworth filter is maximally flat (has no ripples) in the passband, and rolls off
towards zero in the stopband. When viewed on a logarithmic Bode plot, the response slopes off linearly towards
negative infinity.

11-14  Signals and Systems with MATLAB ©® Computing and Simulink ® Modeling, Third Edition
L!l'-_!) meopyright © Orchard Publications


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Low-Pass Analog Filter Prototypes

The plot of Figure 11.15 was created with the following MATLAB script:

w_w0=0:0.02:3; Aw2k1=sqgrt(1./(w_w0.A2+1)); Aw2k2=sqrt(1./(w_w0.A4+1));...
Aw2k4=sqrt(1./(w_w0.A8+1)); Aw2k8=sqrt(1./(w_w0.rM6+1));...
plot(w_w0,Aw2k1,w_w0,Aw2k2,w_w0,Aw2k4,w_w0,Aw2k8);...
xlabel('Normalized Frequency (ratio of actual to cutoff)');...

ylabel('Magnitude A (square root of relation (11.24)");...

title('Butterworth Analog Low-Pass Filter characteristics for k=1, 2, 4, and 8'); grid

All Butterworth filters have the property that all poles of the transfer functions that describes
them, lie on a circumference of a circle of radius ®., and they are 2n/2k radians apart. Thus, if

k = odd, the poles start at zero radians, and if k = even, they start at 2n/2k. But regardless

whether k is odd or even, the poles are distributed in symmetry with respect to the jo axis. For
stability, we choose the left half-plane poles to form G(s).

We can find the nth roots of a the complex number s by DeMoivre’s theorem. This theorem states
that

. (6 +§kn)

- ]
rel® = n/re k = 0,£1,%2, ... (11.25)

Example 11.3

Derive the transfer function G(s) for the third order (k = 3) Butterworth low—pass filter with
normalized cutoff frequency o = 1 rad/s.

Solution:

With k = 3 and o = 1 rad/s, (11.24) simplifies to

1

Alo) = (11.26)
o +1
With the substitution o” = —s*, (11.26) becomes
G(s) - G(=s) = —2 (11.27)

6
-s +1

Then, s = ¢/1.£0° and by DeMoivre’s theorem, with n = 6,

0 +2k1‘[)

6/1e° = 6 lej( ¢ k=0,1,23.45

Thus,

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition ~ 11-15
Copyright © Orchard Publications

JITRSTTENE -V ]


http://mohandesyar.com/
http://mohandesyar.com/

WAWN MOHANDESYAR. COM
Chapter 11 Analog and Digital Filters

. s 1 .3 . 1 .3

s, = 1£0° =1 s, = 1£60° = §+17 s, = 1£120° = —§+]7
. . 1.3 o 1.3
sy = 1£180° = -1 ss = 1£240° = EREY s¢ = 1£300° = RN

As expected, these six poles lie on the circumference of the circle with radius . = 1 as shown
in Figure 11.16.

Im{s}
§ )
N\ /
\ /
S N
4 ! Re{s}
/N
/ \
/ AN
SS 56

Figure 11.16. Location of the poles for the transfer function of Example 11.3
The transfer function G(s) is formed with the left half-plane poles s,, s,, and s5. Then,

K

(s+%—j§)(s+l)(s+%+j£)

2

G(s) = (11.28)

We use MATLAB to express the denominator as a polynomial.
syms s; den=(s+1/2-sqrt(3)*j/2)*(s+1)*(s+1/2+sqrt(3)*j/2)

den =
(s+1/2-1/2*1*3~(1/2))*(s+1) *(s+1/2+1/2*1i*3~(1/2))

expand(den)

ans =
s™"3+2*s"2+2*s+1

Therefore, (11.28) simplifies to

G(s) =

- K (11.29)

s 4257 +2s+1
The gain K is found from A%(0) = 1 or A(0) = 1 and G(0) = K. Thus, K = 1 and
1

S +2sz+2s+1

G(s) = (11.30)

and this is the transfer function G(s) for the third order (k = 3) Butterworth low-pass filter with
normalized cutoff frequency o = 1 rad/s.
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The general form of any analog low-pass (Butterworth, Chebyshev, Elliptic, etc.) filter is

Gs)l,, = — Po_ (11.31)
as +...+as +a;s+a,

The pole locations and the coefficients of the corresponding denominator polynomials, have
been derived and tabulated by Weinberg in Network Analysis and Synthesis, McGraw-Hill.

Table 11.1 shows the first through the fifth order coefficients for Butterworth analog low—pass fil-
ter denominator polynomials with normalized frequency w. = 1 rad/s.

TABLE 11.1 Values for the coefficients a; in (11.31)

Coefficients of Denominator Polynomial for Butterworth Low-Pass Filters

Order as a, a, a, a a,
1 1
2 1 1.4142136 1
3 1 2 2 1
4 2.6131259 | 3.1442136 | 2.6131259 1 1
5 1 3.2360680 | 5.2360680 | 5.2360680 | 3.2360680 1

We can also use the MATLAB buttap and zp2tf functions to derive the coefficients. The buttap
function returns the zeros, poles, and gain for an Nth order normalized prototype Butterworth

analog low—pass filter. The resulting filter has N poles around the unit circle in the left half
plane, and no zeros. The zp2tf function performs the zero—pole to transfer function conversion.

Example 11.4

Use MATLAB to derive the numerator b and denominator a coefficients for the third-order

Butterworth low-pass filter prototype with normalized cutoff frequency*.

Solution:
[z,p,K]=buttap(3); [b,a]=zp2tf(z,p,k)
b =
0 0 0 1
a =
1.0000 2.0000 2.0000 1.0000

We observe that the denominator coefficients are the same as in Table 11.1.

*  Henceforth, normalized cutoff frequency will be understood to be w. = 1 rad/s
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Table 11.2 lists the factored forms of the denominator polynomials in terms of linear and qua-
dratic factors with normalized frequency o, = 1 rad/s.

TABLE 11.2 Factored forms for Butterworth low—pass filters

Denominator in Factored form for Butterworth Low-Pass Filters with . = 1 rad/s

Denominator of Equation (11.27)

k
1 s+ 1
2 1§’ 4141425+ 1

3 s+ D)(sP+s+1)

4 (s> +0.7654s + 1)(s* + 1.8478s + 1)

50 s+ 1)(s*+0.6180s + 1)(s” + 1.6180s + 1)

(s> + 051765 + 1)(s” + 1.4142s + 1)(s” + 1.9318s + 1)

|

(s + 1)(s” + 0.44495s + 1)(s” + 1.2465s + 1)(s” + 1.8022s + 1)

8 |(s*+0.3896s + 1)(s> + 1.1110s + 1)(s> + 1.6630s + 1)(s° + 1.9622s + 1)

The equations shown in Table 11.2 can be derived from

1

n-1

D)
i=0

G(s) = (11.32)

where the factor (~1)" is to ensure that G(0) = 1, and s; denotes the poles on the left half of the
s—plane. They can be found from
- (2i+ D

S; = wc(—smT +jcos(—2—i—;f—)ﬂ) (11.33)

We must remember that the factors in Table 11.2 apply only when the cutoff frequency is nor-
malized to ©. = 1 rad/s. If o.# 1, we must scale the transfer function appropriately.

We can convert to the actual transfer function using the relation

Oyorm X S
G(S)actual =G (—)

mactual

and since, usually ® =1 rad/s,

norm
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S

G(s) G

actual — o

(11.34)

actual

that is, we replace s with s/, .

Quite often, we require that ® > o, that is, in the stop band of the low—pass filter, the attenua-

tion to be larger than —20 dB/decade, i.e., we require a sharper cutoff. As we have seen from the
plots of Figure 11.15, Page 11-14, the Butterworth low-pass filter cutoff becomes sharper for
larger values of k. Accordingly, we generate the plot for different values of k shown in Figure

11.17 using the MATLAB script below.

w_w0=1:0.02:10; dBk1=20.*log10(sqrt(1./(w_w0.A2+1)));...
dBk2=20.*log10(sqrt(1./(w_w0.74+1))); dBk3=20.*log10(sqrt(1./(w_w0.A6+1)));...
dBk4=20.*1og10(sqrt(1./(w_w0.A8+1))); dBk5=20.*log10(sqrt(1./(w_w0.A10+1)));...
dBk6=20."log10(sqrt(1./(w_w0.A12+1))); dBk7=20.*log10(sqrt(1./(w_w0.AM4+1)));...
dBk8=20.*log10(sqrt(1./(w_w0.A6+1))); semilogx(w_w0,dBk1,w_wO0,dBk2,w_wO0,dBkS,...
w_wO0,dBk4,w_wO0,dBk5,w_wO0,dBk6,w_wO0,dBk7,w_wO0,dBk8);...

xlabel('Normalized Frequency (rads/sec) - log scale'); ylabel (‘Magnitude Response (dB)");...
title('Magnitude Attenuation as a Function of Normalized Frequency');...

set(gca, 'XTick',[1 2 34 5 6 7 8 9 10]); grid

Magnitude Attenuation as a Function of Normalized Frequency
T T T T

‘ ‘ I 1 k=1
200 ---- - ~—— | o
| | 1 ke2
g 40X
koA I I
® I | I I [ k4\:3
2 B60F------------ e N S At - el s
2 : N e k4
® -80F------—-—-—-—-——- [E b N N e S I
o
< | N
B RN
%_120 ,,,,,,,,,,,,, L (D . ,J,,‘,,
= 1 1 1 LN NK=T
I I I I I I
7y E .
1 H 1 T NKk=8
I I I I I I I
_160 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 910

Normalized Frequency (rads/sec) - log scale

Figure 11.17. Attenuation for different values of k

Figure 11.17 indicates that for k = 1 the attenuation is —20 dB/decade, for k = 2 the attenua-
tion is —40 dB/decade, and so on.
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Example 11.5

Using the attenuation curves of Figure 11.17, derive the transfer function of a Butterworth low—
pass analog filter with pass band bandwidth of 5 rad/s, and attenuation in the stop band at least
30 dB/decade for frequencies larger than 15 rad/s.

Solution:

We refer to Figure 11.17 and at /0. = 15/5 = 3, we see that the vertical line at this value

crosses the k = 3 curve at approximately —28 dB, and the k = 4 curve at approximately
-37 dB. Since we require that the attenuation be at least —30 dB, we use the attenuation corre-

sponding to the k = 4 curve. Accordingly, we choose a fourth-order Butterworth low—pass filter
whose normalized transfer function, from Table 11.2, is

G(Sporm = — L (11.35)
(s +0.76545 + 1)(s* + 1.8478s + 1)

and since w. = 5 rad/s, we replace s with s/5. Then,

1
G(S)actual = ) B
(§_ 4 0.7654s )(§_ L 1.8478s 1)
25 5 25 5
625
G(S)actual = P P
(s”+3.8270s + 25 )(s” +9.2390s + 25)
625
G(S), gl = (11.36)

st +13.0665° + 85.3585> + 326.650s + 625

Of course, our objective is to learn how to design a circuit (passive or active), that will satisfy a
transfer function such as the one above. Fortunately, the work for us has been done by others
who have developed analog filter prototypes, both passive and active.

Some good references are:

Electronic Filter Design Handbook, Williams and Taylor, McGraw-Hill
Electronic Engineers’ Handbook, Fink and Christiansen, McGraw-Hill
Reference Data for Engineers Handbook, Van Valkenburgh, Howard Sams

As an example, the Reference Data for Engineers Handbook provides the circuit of Figure 11.18
which is known as Second Order Voltage Controlled Voltage Source (VCVS) low—pass filter.
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Figure 11.18. VCVS low—pass filter (Courtesy Reference Data for Engineers Handbook)
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The transfer function of the second order VCVS low-pass filter of Figure 11.18 is given as

Kbmé

G(s) = (11.37)

b2
s +ames + bog

This is referred to as a second order all—pole* approximation to the ideal low—pass filter with cut-
off frequency ., where K is the gain, and the coefficients a and b are provided by tables.

For a non-inverting positive gain K, the circuit of Figure 11.18 satisfies the transfer function of
(11.37) with the conditions that

R, = 2 (11.38)

{ac2 +(Jla® + 4b(K - 1)]C2 —4bC1C2)} oc

R, = md (11.39)
_ K(R;+R))

Ri= ~oqys K= (11.40)
R, = K(R, +R,) (11.41)

From (11.40) and (11.41), we observe that K = 1 +R,/R; .

A fourth-order all-pole low—pass filter transfer function is a ratio of a constant to a fourth degree
polynomial. A practical method of obtaining a fourth order transfer function, is to factor it into
two second-order transfer functions of the form of relation (11.37), i.e.,

*  The terminology “all-pole” stems from the fact that the s—plane contains poles only and the zeros are at too, that is, the
s—plane is all poles and no zeros.
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Klblmé bizmé

G(s) = (11.42)

2 2 2
s"+aWcs+bws sT+a,mes+b,me

Each factor in (11.42) can be realized by a stage (circuit). Then, the two stages can be cascaded
as shown in Figure 11.19.

Stage 1 Stage 2

L

Figure 11.19. Cascaded stages

Table 11.3 lists the Butterworth low—pass coefficients for second and fourth-order designs, where
a and b apply to the transfer functions of (11.37) and (11.42) respectively.

TABLE 11.3 Coefficients for Butterworth low—pass filter designs

Coefficients for Second and Fourth Order Butterworth Low—Pass Filter Designs
Order

a 1.41421

2
b 1.0000
a, 0.76537
b, 1.0000

4
a, 1.84776
b, 1.0000

For a practical design of a second-order VCVS circuit, we select standard values for capacitors
C, and C, for the circuit of Figure 11.18, we substitute the appropriate values for the coefficients

a and b from Table 11.3, we choose desired values for the gain K and cutoff frequency o, and
we substitute these in relations (11.38) through (11.41) to find the values of the resistors R,
through R, .

|
Example 11.6

Design a second-order VCVS Butterworth low—pass filter with gain K = 2 and cutoff frequency
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Solution:

We will use the second order VCVS prototype op amp circuit of Figure 11.18, with capacitance
values C; = C, = 0.01 uF = 10 F.From Table 11.3,a = 1.41421 = /2 and b = 1.

We substitute these values into (11.38) through (11.41), to find the values of the resistors.
We use MATLAB to do the calculations as follows:

C1=107(-8); C2=C1; a=sqrt(2); b=1; K=2; wc=2*pi*1013;...

% and from (11.34) through (11.37);...
R1=2/((a*C2+sqrt((ar2+4*b*(K-1))*C2/2-4*b*C1*C2))*wcC);...
R2=1/(b*C1*C2*R1*wc"2); R3=K*(R1+R2)/(K-1); R4=K*(R1+R2); fprintf(' \n');...
fprintf('R1 = %6.0f \t',R1); fprintf('R2 = %6.0f \t',R2);...

fprintf('R3 = %6.0f \t',R3); fprintf('R4 = %6.0f \t',R4)

R1 = 11254 R2 = 22508 R3 = 67524 R4 = 67524

These are the calculated values but they are not standard resistor values; we must select standard
resistor values as close as possible to the calculated values.

[t will be interesting to find out what the frequency response of this filter looks like, with capaci-
tors C, = C, = 0.01 uF and standard 1% tolerance resistors with values R, = 11.3 KQ,

R, = 2xR, = 226 KQ,and R, = R, = 68.1 KQ.

We now substitute these values into the equations of (11.38) through (11.41), and we solve the
first equation of this set for the cutoff frequency o . Then, we use o, with the transfer function

of (11.37). We do this with the following MATLAB script that produces the plot.

f=1:10:1075; R1=11300; R2=22600; R3=68100; R4=R3; C1=107(-8); C2=C1;...

a=sqrt(2); b=1; w=2*pi*f; fc=sqrt(1/(b*R1*R2*C1*C2))/(2*pi); wc=2"pi*fc;...

K=1+R3/R4; s=w*j; Gw=(K.*b.*wc.A2)./(s. 2+a.*wcC.*s+b.*wc.A2);...
magGw=20.*log10(abs(Gw));...

semilogx(f,magGw); xlabel('Frequency Hz'); ylabel('|Vout/Vin| (dB)');...

title (‘'2nd Order Butterworth Low-Pass Filter Response'); grid

The frequency response of this low—pass filter is shown in Figure 11.20. We observe that the cut-
off frequency occurs at about 1 KHz. As expected, the attenuation beyond 1 KHz is at the rate
of —40 dB/decade since this is a second-order low—pass filter. Also, since the circuit of a non-
inverting op amp, its DC gain is 2 and thus K 5 = 20log10(2) = 6.
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[Vout/Vin| (dB)

Frequency Hz

Figure 11.20. Plot for the VCVS low—pass filter of Example 11.6

We have used the MATLAB buttap function earlier to aid us in the design of Butterworth filters
with the cutoff frequency normalized to 1 rad/s. We can also use the bode function to display
both the (asymptotic) magnitude and phase plots. The following script will produce the Bode
magnitude and phase plots for a two—pole Butterworth low-pass filter.

[z,p,k]= buttap(2); % Specify a two—pole filter;...
[b,a]=zp2tf(z,p,k); % Display in polynomial rational form;...
w=0:0.01:4; [mag,phase]=bode(b,a,w);...
b,a % Display b and a coefficients
b =
0 0 1

a =

1.0000 1.4142 1.0000

num=[0 0 1]; den=[1 sqrt(2) 1];...
bode(num,den); title('Butterworth 2nd Order Low-Pass Filter'); grid

The Bode plots are shown in Figure 11.21. The frequency is displayed in rad/sec and the cutoff
frequency normalized to 1 rad/s.

We can also display the Bode plots with the frequency specified in Hz. This can be done with the
MATLAB script below.

h=bodeplot(tf(num,den));...
setoptions(h,'FreqUnits', 'Hz"); grid

The Bode plots with the frequency specified in Hz are shown in Figure 11.22.
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Magnitude (dB)

Phase (deg)

Figure 11.21. Bode plots for example 11.6 using MATLAB’s bode function in rad/sec

Magnitude (dB)

Butterworth 2nd Order Low-Pass Filter

-20

-40

-60

-45

-90

-135

-180
10° 10” 10 10'

Freauencv (rad/sec)

Bode Diagram

Freauencv (Hz)

Figure 11.22. Bode plots for example 11.6 using MATLAB’s bode function in Hz
|

11.3.2 Chebyshev Type I Analog Low-Pass Filter Design

The Chebyshev Type I filters are based on approximations derived from the Chebyshev polynomi-
als C,(x) which constitute a set of orthogonal functions.” The coefficients of these polynomials

are tabulated in math tables. See, for example, the Handbook of Mathematical Functions, Dover
Publications. These polynomials are derived from the equations

*  Two functions are said to be orthogonal if, when multiplied together and integrated over the domain of interest,
the integral becomes zero. The property of orthogonality is usually applied to a class of functions that differ by

one or more variables.
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C(x) = cos(kcos_lx) (Ix/£1) (11.43)
and
C.(x) = cosh(kcosh™'x) |x|>1 (11.44)
From (11.43), with k = 0, we obtain
Cy(x) = cos(Ocos_lx) =1 (11.45)
Withk = 1,
C\(x) = cos(lcos_lx) =x (11.46)
With k = 2
C,(x) = cos(2cos_1x) = 2x 1 (11.47)

and this is shown by letting cos'x = o. Then,

C,(x) = cos(Qa) = 2cos’o—1 = 2cos2(cos_1x)—1

-1 -1

cos(cos x)cos(cos X

) ( ) cos( )_1} _ 0?1
X X

We can also use MATLAB to convert these trigonometric functions to algebraic polynomials.
For example,

syms x; expand(cos(2*acos(x)))

ans =
2*x72-1

Using this iterated procedure we can show that with k = 3, 4, and 5, we obtain
Cy(x) = 4x° - 3x Ci(x) = 8x" —8x7 + 1 Cs(x) = 16x° —20x" + 5% (11.48)
and so on.
We observe that for k = even, C,(x) = even, and for k = odd, C,(x) = odd.
The curves representing these polynomials are shown in Figure 11.23.

The Chebyshev Type I low—pass filter magnitude-square function is defined as

Al(w) = — (11.49)
l+e C(w/m¢ )

*  We recall that if x = cosy, theny = cos 'x ,and cosy = x.
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Type | Chebyshev Polynomials, k=0 through k=5

6
5
4
3
2

Cu(x)

1
0
-1

k=4 /

<

0.0 0.5

=5 %l/ k=3 /k=2
/
k=1
-——/
k=0
1.0 1.5 2.0
X

Figure 11.23. Chebyshev Type I polynomials

In relation (11.49), the quantity € is a parameter chosen to provide the desired pass-band rip-
ple, the parameter o is a constant chosen to determine the desired DC gain, the subscript k
denotes both the degree of the Chebyshev Type I polynomial and the order of the transfer func-
tion, and . is the cutoff frequency. This filter produces a sharp cutoff rate in the transition

band.

Figure 11.24 shows Chebyshev Type I magnitude frequency responses for k = 3 and k = 4.

a/(1+e)"?

Amplitude

Figure 11.24. Chebyshev Chebyshev Type I low—pass filter for even and odd values of k.

Pass-Band in Type | Chebyshev Filters

1
/o,

The magnitude at ® = 0 is o when k = odd and it is o//1+¢&> when k = even. This is
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shown in Figure 11.24. The cutoff frequency is the largest value of w. for which

A(g) = —1 (11.50)

A/1+.s2

Stated in other words, the pass-band is the range over which the ripple oscillates with constant
bounds; this is the range from DC to o . From (11.50), we observe that only when & = 1 the

magnitude at the cutoff frequency is 0.707 i.e., the same as in other types of filters. But when
0 <e<1, the cutoff frequency is greater than the conventional 3 dB cutoff frequency o .

Table 11.4 gives the ratio of the conventional cutoff frequency f; 45 to the ripple width fre-
quency f. of a Chebyshev Type I low—pass filter.

TABLE 11.4 Ratio of conventional cutoff frequency to ripple width frequency

Ratio of Conventional f; ;5 Cutoff Frequency to Ripple
Width for Low—Pass Chebyshev Filters
Ripple Width £y 45/ f.
dB k=2 k=4
0.1 1.943 1.213
0.5 1.390 1.093
1.0 1.218 1.053

The pass-band ripple r in dB, is defined as

2

A A
min

min

where A, and A_;

max

the pass-band interval. From (11.49),

. are the maximum and minimum values respectively of the magnitude A in

Al(o) = > (11.52)
1+e C(w/me)

and A2 occurs when £°Ci(0/0¢) = 0. Then,

X

Anay = O (11.53)
Tofind A2, we must first confirm that

Cr(w/00) <1
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This can be shown to be true by (11.43), that is,

C(x) = cos(kcos_lx) x| <1

or
|IC(x)|<1 for —1<x<1
Therefore,
2
Cr(0/®c) ax = 1

and

Amin = —2 (11.54)

1+¢

Substitution of (11.53) and (11.54) into (11.51) yields

2

A
Iyp = 1010g10$ = IOIOgIO[ _____Q‘___TJ = 10log,, (1 +£2) (11.55)
Alin o/(1+¢€7)
or
2 Ty
1 1+¢") = —
0g1( ) 10
ryp/ 10
1+¢ =10
or
/10
g2 =10 1 (11.56)

We have seen that when k = odd, there is a maximum at @ = 0. At this frequency, (11.49)
reduces to

A*(0) = a (11.57)
and for a unity gain, o« = 1 when k = odd.

However, for unity gain when k = even, we must have o = 1 +¢”. This is because at @ = 0,
we must have C,(0) = 1 in accordance with(11.45). Then, the relation

2 o
A(w) = 22
l+e C(w/mc)
reduces to
2 o o
A7(0) = o) = 5 = 1
1+e°C(0) 1+¢
or

2
o=1+¢
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For this choice of o, the magnitude response at maxima, corresponds to

2
2 1+¢
A (wmax) = 2 2
1+ CL(m,,,/Oc )
and this will be maximum when
2
Cr(0,/®c) =0
resulting in
2
2 1+e¢ 2
AT (®,y) = T = l1+¢
or
2
A(®y ) = N1+

Example 11.7

Derive the transfer function G(s) for the k = 2, Chebyshev Type I function that has pass-band
ripple ryg = 1 dB, unity DC gain, and normalized cutoff frequency at o = 1 rad/s.

Solution:

From (11.49),

Al(o) = - f‘ (11.58)
l+e C(w/me)

and since k = even, for unity DC gain, we must have o = 1 +¢”. Then, (11.58) becomes

2 1+¢
A"(w) = >
l+eC(w/mp)
Fork =2
Cy(x) = 2x°— 1
and

Ch(e/00) = Cho) = 20 -1)" = 40’ —40+1
Also, from (11.56),
-1=1259-1 = 0.259
Then,
1+0.259 _ 1.259

2
A(0) = 4 - 4 2
1+0259(40 -4+ 1) 1.03600 — 1.0360" + 1.259
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. 2 2
and with ®™ = —s”,

1.259
1.036s" + 1.036s% + 1.259

G(s)G(-s) =

We find the poles from the roots of the denominator using the MATLAB script below.

d=[1.036 0 1.036 0 1.259]; p=roots(d); fprintf(' \n"); disp('p1 ="); disp(p(1));...
disp('p2 =); disp(p(2)); disp('p3 ="); disp(p(3)); disp('p4 ="); disp(p(4))

pl =
-0.5488 + 0.89511
p2 =

-0.5488 0.89511

p3 =
0.5488 + 0.89511i
p4 =

0.5488 0.89511

We now form the transfer function from the left half-plane poles p; = —0.5488 +j0.8951 and
p, = —0.5488-j0.8951 . Then,

K K

G = =
) (s—p;)(5—p,)  (s+0.5488—j0.8951)(s + 0.5488 +0.8951)

We will use MATLAB script below to multiply the factors of the denominator.
syms s; den=(s+0.5488-0.8951%)*(s+0.5488+0.8951%)); simple(expand(den))

ans =
s"2+686/625*s+22047709/20000000

686/625

ans =
1.0976

22047709/20000000

ans =
1.1024

Thus,
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K
G(s) = —
s>+ 1.0976s + 1.1024
andats = 0,
G(0) = —&_
1.1024
Also, A*(0) = 1,0r A(0) = 1
Then, K
G 0) = A0) = —— =1
(0 =A0)= 703
or
K = 1.1024

Therefore, the transfer function for Example 11.7 is

1.1024
G(s) =

s +1.0976s + 1.1024

We can plot the attenuation band for Chebyshev Type I filters, as we did with the Butterworth
filters in Figure 11.17, but we need to construct one for each value of dB in the ripple region.
Instead, we will develop the following procedure.

We begin with the Chebyshev approximation

Al(o) = > (11.59)
l+eC(w/mc)
and, for convenience, we let . = 1. If we want the magnitude of this to be less than some value

B for > ., we should choose the value of k in Cy(m/w¢) so that

! <p? (11.60)

1+e°Chw/0)

that is, we need to find a suitable value of the integer k so that (11.60) will be satisfied. As we
have already seen from (11.56), the value of € can be determined from

once the band-pass ripple has been specified.

Next, we need to find G(s) from

A*(®) = G(5)G(-s)|

s=jo
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and if we replace by s/j in (11.59) where o = 1, we obtain

G(s)*= ——— (11.61)
1+ Ci(s/joc)
[t can be shown that the poles of the left-half of the s—plane are given by
5; = mc[—bsing—z-i—;lzl—ﬁ +jccos£—2-i—§1£-—)-7—t} (11.62)
fori =0,1,2,...,2k-1
The constants b and ¢ in (11.62) can be evaluated from
b - m—2ml (11.63)
and
.- m+2m‘1 (11.64)
where

m = (41 +8_2+8_1)1/k (11.65)

The transfer function is then computed from

k
G(s) = 1) (11.66)
k_l(ﬁ_ 1)
§i

i=0

Example 11.8

Design a Chebyshev Type I analog low-pass filter with 3 dB band-pass ripple and
oc = 5 rad/s. The attenuation for ® > 15 rad/s must be at least 30 dB/decade.

Solution:

From (11.56),

/10
e =10 " —1=10"""-1=19953-1~1
and the integer k must be chosen such that
1
10log ;g ———————— <30

1+Ch(15/5)
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or
~10log (1 + C1(3)) <-30

—log (1 + C(3)) <-3

1+Ci(3)210°

To find the minimum value of k which satisfies this inequality, we compute the Chebyshev poly-
nomials for k = 0, 1,2, 3, .... From (11.45) through (11.48), we obtain

Co(3) = 1
Cl(3) =3>=9

2
Ci(3) = (2-3*-1)" = 177 = 289

2
Ci(3) = (4-3°-3.3)" = 99 = 9801

and since Clz((3) must be such that 1+ Ci(3) >10° , we choose k = 3. Next, to find the poles of

left half of the s -plane we first need to compute m, b, and c. From (11.65),

1/3
m=1eetee ) = UTLZ+LJ -2+
e e’

or
m = 1.3415
and
m ' = 0.7454
Then, from (11.63) and (11.64),
b = 13415207454 _ (o0
2
- 13415407454 _ | 040

2

and the poles for i = 0, 1, and 2 are found from (11.62), that is,

+jccos

21+ 1)71
2k

Thus, the poles for this example are
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s, = 5(-0.298sinZ +j1.043cosZ] = —0.745 +(4.516
6 6
s; =5 (—O.298sing+ j1.043cos§) = -1.49

s, = 5(-0.298sin2% +j1.043cos2L) = —0.745 - 4.516
? 6 6

Therefore, by substitution into (11.66) we obtain

G(s) = (-1)° __ —(=1.49)(=0.745 + j4.516)(= 0.745 — {4.516)
(s/80— 1)(s/s; - 1)(5/5,— 1) (s+ 1.49)(s + 0.745 — j4.516)(s + 0.745 + j4.516)

We will use the MATLAB script below to do these computations.
_(~1.49)*(~0.745+{*4.516)*(~0.745-j*4.516)

ans =
31.2144

syms s; den=(s+1.49)*(s+0.745-j*4.516)*(s+0.745+j*4.516); simple(expand(den))

ans =
s”3+149/50*s72+23169381/1000000*s+3121442869/100000000

Then,

G(s) = = 12l (11.67)
s> +2.980s” + 23.169s + 31.214

To verify that the derived transfer function G(s) of (11.67) satisfies the filter specifications, we
use the MATLAB script below to plot |G(jo)| .

w=0:0.01:100; s=j*w; Gs=31.214./(s.A3+2.98.*5./2+23.169.s+31.214);...
magGs=abs(Gs); dB=20."log10(magGs); semilogx(w,dB);...
xlabel('Radian Frequency w rad/s - log scale'); ylabel('|G(w)| in dB');...
title('Magnitude of G(w) versus Radian Frequency'); grid

The plot is shown in Figure 11.25.

We can use the MATLAB cheb1ap function to design a Chebyshev Type I analog low—pass fil-
ter. Thus, the [z,p,k] = cheb1ap(N,Rp) statement where N denotes the order of the filter,
returns the zeros, poles, and gain of an Nth order normalized prototype Chebyshev Type I analog
low—pass filter with ripple Rp decibels in the pass band.
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Magnitude of G(w) versus Radian Frequency
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Figure 11.25. Plot for Example 11.8

Radian Frequency w rad/s

Example 11.9

Use the MATLAB cheb1ap function to design a second-order Chebyshev Type I low—pass filter

with 3 dB ripple in the pass-band.

Solution:

We use the script

% Convert zeros and poles of G(s) to polynomial form;...

% Define range to plot;...

E

fe)

o

o

Ny

.
Lt S
s <
N .-
eit
S~ 27
© o N7
Y OE 0
wHN S
o o C
- Il NN
x5
§oTgs
z N g E

% Display the b and a coefficients

0.5012

0

0.6449 0.7079

1.0000

Now, with the known values of a and b we use the bode function to produce the magnitude and

phase Bode plots as follows:

bode(b,a), title('Bode Plot for Type 1 Chebyshev Low-Pass Filter'); grid

The Bode plots are shown in Figure 11.26.
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Bode Plot for Type 1 Chebyshev Low-Pass Filter
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Figure 11.27. Magnitude characteristics for the Chebyshev Type I filter of Example 11.9
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11.3.3 Chebyshev Type II Analog Low-Pass Filter Design

The Chebyshev Type II, also known as Inverted Chebyshev filters, are characterized by the following
magnitude-square approximation.

ezci( W/ )

1+ SZCi( 0c/ )

Al(w) = (11.68)

and has the ripple in the stop-band as opposed to Type I which has the ripple in the pass-band as
shown in Figure 11.28.

|A(w)]

1 dB ripple
in stop band

Figure 11.28. Chebyshev Type II low—pass filter
In relation (11.68), the frequency w. defines the beginning of the stop band.

We can design Chebyshev Type II low—pass filters with the MATLAB cheb2ap function. Thus,
the statement [z,p,k] = cheb2ap(N,Rs) where N denotes the order of the filter, returns the zeros,
poles, and gain of an Nth order normalized prototype Chebyshev Type II analog low—pass filter
with ripple Rs decibels in the stop band.

Example 11.10
Using the MATLAB cheb2ap function, design a third order Chebyshev Type II analog filter with
3 dB ripple in the stop band.

Solution:
We begin with the MATLAB script below.

w=0:0.01:1000; [z,p,k]=cheb2ap(3,3); [b,al=zp2tf(z,p,k); Gs=freqs(b,a,w);...
semilogx(w,abs(Gs)); xlabel('Frequency in rad/sec - log scale');...
ylabel('Magnitude of G(s) (absolute values)’);...

title('Type 2 Chebyshev Low-Pass Filter, k=3, 3 dB ripple in stop band'); grid

The plot for this filter is shown in Figure 11.29.
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Type 2 Chebyshev Low-Pass Filter, k=3, 3 dB ripple in stop band

(=) =} (=) =}
(senfen anjosage) (s)o jo apnjubepy

Frequency in rad/sec - log scale
Figure 11.29. Plot for the Chebyshev Type II filter of Example 11.10

11.3.4 Elliptic Analog Low-Pass Filter Design
The elliptic, also known as Cauer filters, are characterized by the low—pass magnitude-squared

function
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where R, (x) represents a rational elliptic function used with elliptic integrals. Elliptic filters have

ripple in both the pass-band and the stop-band as shown in Figure 11.30.

5-pole Elliptic Low Pass Filter

(sanfen anjosae) (s)o jo apnjubepy

Frequency in rad/sec - log scale

Figure 11.30. Characteristics of an elliptic low—pass filter
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We can design elliptic low—pass filters with the MATLAB ellip function. The statement [b,a] =
ellip(N,Rp,Rs,Wn,’s’) where N is the order of the filter, designs an Nth order low—pass filter with
ripple Rp decibels in the pass band, ripple Rs decibels in the stop band, Wn is the cutoff fre-
quency, and ’s’ is used to specify analog elliptic filters. If ’s’ is not included in the above state-
ment, MATLAB designs a digital filter. The plot of Figure 11.30 was obtained with the MAT-
LAB script below:

w=0: 0.05: 500; [z,p,Kk]=ellip(5, 0.6, 20, 200, 's"); [b,a]=zp2tf(z,p,k);...

Gs=freqs(b,a,w); semilogx(w,abs(Gs));...

xlabel('Frequency in rad/sec - log scale'); ylabel('Magnitude of G(s) (absolute values)');...
title('5—pole Elliptic Low Pass Filter'); grid

Example 11.11

Use MATLAB to design a four-pole elliptic analog low-pass filter with 0.5 dB maximum ripple
in the pass-band and 20 dB minimum attenuation in the stop-band with cutoff frequency at
200 rad/s.

Solution:
The solution is obtained with the following MATLAB script:

w=0: 0.05: 500; [z,p,k]=ellip(4, 0.5, 20, 200, 's"); [b,a]=zp2tf(z,p,k);...
Gs=freqs(b,a,w); semilogx(w,abs(Gs)); xlabel('Frequency in rad/sec - log scale');...
ylabel('Magnitude of G(s) (absolute values)'); title('4-pole Elliptic Low Pass Filter'); grid

The plot for this example is shown in Figure 11.31.

4-pole Elliptic Low Pass Filter
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Figure 11.31. Plot for filter of Example 11.11

Next, suppose that we need to form the transfer function G(s) for this example. To do this, we
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need to know the coefficients a, and b, of the denominator and numerator respectively, of G(s)

in descending order. Because these are large numbers, we use the format long MATLAB com-
mand:

format long;...
a,b

and MATLAB displays
a =
1.0e+009 *
0.00000000100000 0.00000022702032 0.00007532236403

0.00910982722080 1.15870252829421
b =

1.0e+009 *
0.00000000009998 -0.00000000000000 0.00002534545964
-0.00000000000000 1.09388572421614

Thus, the transfer function for this filter is

2.0487 x 10°
4

G(s) =
s* +339.7935% + 105866s% + 16.189 x 10° + 2.072 x 10°

(11.70)

11.4 High-Pass, Band-Pass, and Band-Elimination Filter Design

Transformation methods have been developed where a low—pass filter can be converted to
another type of filter simply by transforming the complex variable s. These transformations are
listed in Table 11.5 where o is the cutoff frequency of a low—pass filter. The procedure is illus-
trated with the examples below.

Example 11.12

Compute the transfer function for a third-order band-pass Butterworth filter with 3 dB pass-
band from 3 KHz to 5 KHz, from a third-order low-pass Butterworth filter with cutoff fre-
quency f. = 1 KHz.

Solution:

We first derive the transfer function for a third-order Butterworth low-pass filter with normal-
ized frequency o = 1 rad/s. Using the MATLAB function buttap we write and execute the
following script:
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TABLE 11.5 Filter transformations

Analog Filter Frequency Transformations

Filter Type, Frequency Replace s in G(s) with

Low—Pass Filter, 3 dB pass—band, Normalized Frequency w, No Change

Low-Pass Filter, 3 dB pass—band, Non-Normalized Frequency o p | s®¢

Wy p

High—Pass Filter, 3 dB pass—band from @ = ®, to @ = e Opp - O,

S

Band-Pass Filter, 3 dB pass—band from w = o, to ® = , 2 4 ®Lp- O,

(1) .
C
s(w, — Wy p)
Band-Elimination Filter, 3 dB pass—band from @ = 0 to s(w, - p)
_ _ _ Cc’ 2
O = O p,and from® = W, to @ = oo S+ p 0,

format; [z, p, k]=buttap(3); [b,al=zp2tf(z,p,k)
b =

1.0000 2.0000 2.0000 1.0000

Thus, the transfer function for the third-order Butterworth low-pass filter with normalized cutoff
frequency o, = 1 rad/s is

1

s3+252+2s+1

G(s) = (11.71)

Next, the actual cutoff frequency is given as fo = 1 KHz or o, = 2mn X 10° rad/s. Accordingly,

in accordance with Table 11.5, we replace s with

SWc _ S

Op 2% 10°
and we obtain

G( 83):(}'(5): 3,43 132 3
2mx 10 (s/(2nx107)) +2(s/(2mx 107))" +2(s/(2nx 107)) + 1
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11
s +1.26%x 10" +7.89x 10”s +2.48 x 10
Now, we replace s in the last expression of (11.72) with
Sz+(1) 0]
e (11.73)
s(W, — Wy p)
or
| S42mx10°x3x2mx10° | s*+ 12x7’ x10° _ 7+ 1.844 x 10°
s(3x2mx 10’ — 271 % 10°) s(4mx 10%) 1257 x 10%s
Then,
11
G(s) = 2.48 x 10
2+1844x10°) (+1844x10°) 24 1.844x 10° 1
( ' y J+[ ' y J+S+ ' X4 +2.48 % 10
1.257 x 10%s 1257 x 10% 1257 x 10%s

We see that the computations, using the transformations of Table 11.5 become quite tedious.
Fortunately, we can use the MATLAB Ip2Ip, Ip2hp, Ip2bp, and Ip2bs functions to transform a
low pass filter with normalized cutoff frequency, to another low—pass filter with any other speci-
fied frequency, or to a high—pass filter, or to a band-pass filter, or to a band-elimination filter
respectively.

Example 11.13

Use the MATLAB buttap and Ip2lp functions to derive the transfer function of a third—order
Butterworth low-pass filter with cutoff frequency f. = 2 KHz.

Solution:

We will use the buttap command to derive the transfer function G(s) of the filter with normal-
ized cutoff frequency at - = 1 rad/s. Then, we will use the command Ip2lp to transform G(s)

to G'(s) with cutoff frequency at f. = 2 KHz, or oo = 2n X2 x 10° rad/s.

format short e % Will be used to find coefficients for transfer function;...

% Design 3 pole Butterworth low-pass filter (wcn=1 rad/s);...

[z,p,k]=buttap(3); % To find transfer function with normalized cutoff frequencys;...
[b,al=zp2tf(z,p,k); % Compute num, den coefficients of this filter (wcn=1rad/s);...
f=100:100:10000; % Define frequency range to plot;...

w=2"pi*f; % Convert to rads/sec;...

fc=2000; % Define actual cutoff frequency at 2 KHz;...
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wc=2*pi*fc; % Convert desired cutoff frequency to rads/sec;...
[bn,an]=Ip2Ip(b,a,wc); % Compute num, den of filter with fc = 2 kHz;...
Gsn=freqs(bn,an,w); % Compute transfer function of filter with fc = 2 kHz;...

semilogx(w,20.*log10(abs(Gsn))); xlabel('Radian Frequency w (rad/sec) - log scale'),...
ylabel('Magnitude of Transfer Function (dB)"),...
title(‘3—pole Butterworth low—pass filter with fc=2 kHz or wc = 12.57 kr/s'); grid

The plot for the magnitude of this transfer function is shown in Figure 11.32.

3-pole Butterworth low-pass filter with fc=2 kHz or we = 12.57 kr/s
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Figure 11.32. Magnitude for the transfer function for Example 11.13
The coefficients of the numerator and denominator of the transfer function are as follows:
b, a, bn, an
b =
0 0 0O 1.0000e+000
a =
1.0000e+000 2.0000e+000 2.0000e+000 1.0000e+000
bn =
1.9844e+012

an =
1.0000e+000 2.5133e+004 3.1583e+008 1.9844e+012

Thus, the transfer function with normalized cutoff frequency ., = 1 rad/s is

G(s) = —— (11.74)
S +2s +2s+1

and with actual cutoff frequency ¢, = 27X 2000 rad/s = 1.2566 x 10* is

12
1.9844 x 10 (11.75)

G'(s) =
s> +2.5133%x10%s% +3.1583 x 10%s + 1.9844 x 10"
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Example 11.14
Use the MATLAB commands cheb1ap and Ip2hp to derive the transfer function of a 3—pole
Chebyshev Type I high-pass analog filter with cutoff frequency f. = 5 KHz.

Solution:

We will use the cheb1ap command to derive the transfer function G(s) of the low-pass filter
with normalized cutoff frequency at w. = 1 rad/s. Then, we will use the command Ip2hp to

transform G(s) to another transfer function G'(s) with cutoff frequency at f. = 5 KHz or

We = 21 x5 x10° rad/s

% Design 3 pole Type 1 Chebyshev low-pass filter, wen=1 rad/s;...
[z,p,k]=cheb1ap(3,3);...

[b,a]=zp2tf(z,p,k); % Compute num, den coef. with wen=1 rad/s;...
f=1000:100:100000; % Define frequency range to plot;...

fc=5000; % Define actual cutoff frequency at 5 KHz;...

wc=2*pi*fc; % Convert desired cutoff frequency to rads/sec;...
[bn,an]=Ip2hp(b,a,wc); % Compute num, den of high—pass filter with fc = 5 KHz;...
Gsn=freqs(bn,an,2*pi*f); % Compute and plot transfer function of filter with fc = 5 KHz;...

semilogx(f,20.*log10(abs(Gsn)));...
xlabel('Frequency (Hz) - log scale'); ylabel('Magnitude of Transfer Function (dB)");...
title('3—-pole Type 1 Chebyshev high-pass filter with fc=5 KHz '); grid

The magnitude of this transfer function is plotted as shown in Figure 11.33.

3-pole Type 1 Chebyshev high-pass filter with fc=5 KHz

Magnitude of Transfer Function (dB)

Frequency (Hz) - log scale

Figure 11.33. Magnitude of the transfer for Example 11.14
b, a, bn, an

The coefficients of the numerator and denominator of the transfer function are as follows:
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b =

0 0 0 2.5059e-001
a =

1.0000e+000 5.9724e-001 9.2835e-001 2.5059e-001
bn =

1.0000e+000 2.2496e-011 -1.4346e-002 -6.8973e-003
an =

=

.0000e+000 1.1638e+005 2.3522e+009 1.2373e+014

Therefore, the transfer function with normalized cutoff frequency o, = 1 rad/s is

G(s) = = 02506 (11.76)
s” +0.5972s” + 0.9284s + 0.2506

and with actual cutoff frequency o, = 27 x 5000 rad/s = 3.1416 x 10" is

3
G'(s) = — S 5 - (11.77)
s+ 1.1638x 107s” +2.3522 x 10 s + 1.2373 x 10

Example 11.15

Use the MATLAB functions buttap and Ip2bp to derive the transfer function of a 3-pole Butter-
worth analog band-pass filter with the pass band frequency centered at f, = 4 KHz, and band-

width BW = 2 KHz.
Solution:

We will use the buttap function to derive the transfer function G(s) of the low—pass filter with
normalized cutoff frequency at . = 1 rad/s. We found this transfer function in Example 11.12

as given by (11.71), Page 11-42. However, to maintain a similar MATLAB script as in the previ-
ous examples, we will include it in the script below. Then, we will use the command Ip2bp to
transform G(s) to another transfer function G'(s) with centered frequency at f, = 4 KHz or

®, = 2mx4x 10° rad/s, and bandwidth BW = 2 KHz or BW = 2mx2x 10° rad/s

format short e;...

[z,p,k]=buttap(3); % Design 3 pole Butterworth low-pass filter with wen=1 rad/s;...
[b,a]=zp2tf(z,p,k); % Compute numerator and denominator coefficients for wen=1 rad/s;...
f=100:100:100000; % Define frequency range to plot;...

f0=4000; % Define centered frequency at 4 KHz;...

WO0=2*pi*f0; % Convert desired centered frequency to rads/sec;...

fow=2000; % Define bandwidth;...

Bw=2*pi*fbw; % Convert desired bandwidth to rads/sec;...
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[bn,an]=Ip2bp(b,a,W0,Bw); % Compute num, den of band-pass filter;...

% Compute and plot the magnitude of the transfer function of the band-pass filter;...
Gsn=freqs(bn,an,2*pi*f); semilogx(f,20.*log10(abs(Gsn)));...

xlabel('Frequency f (Hz) - log scale'); ylabel('Magnitude of Transfer Function (dB)');...
title("3—pole Butterworth band-pass filter with f0 = 4 KHz, BW = 2KHZz'); grid

The plot for this band-pass filter is shown in Figure 11.34.

3-pole Butterworth band-pass filter with f0 = 4 KHz, BW = 2KHz

Magnitude of Transfer Function (dB)

Figure 11.34. Plot for the band-pass filter of Example 11.15
bn, an

The coefficients b, and a_ are as follows:

bn =
1.9844e+012 -4.6156e+001 -1.6501e+005 -2.5456e+009

an =
1.0000e+000 2.5133e+004 2.2108e+009 3.3735e+013 1.3965e+018
1.0028e+022 2.5202e+026

Since the numerator b, and denominator a, coefficients are too large to be written in a one line

equation, we have listed them in tabular form as shown below.
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Power of s Numerator b, Denominator a,
$6 0 1
s® 0 2.5133% 10
st 0 2.2108 x 10°
s’ 1.9844 x 102 3.3735% 10"
s? ~4.6156x 10' 1.3965x 10"
: ~1.6501 x 10° 1.0028 x 10>

Constant ~2.5456 % 10° 2.5202x 10

Example 11.16

Use the MATLAB functions buttap and Ip2bs to derive the transfer function of a 3—pole Butter-
worth band-elimination (band-stop) filter with the stop band frequency centered at f, = 5 KHz,
and bandwidth BW = 2 KHz.

Solution:

We will use the buttap function to derive the transfer function G(s) of the low—pass filter with
normalized cutoff frequency at . = 1 rad/s. We found this transfer function as (11.71) in

Example 11.12, Page 11-42. However, to maintain a similar MATLAB script as in the previous
examples, we will include it in the script which follows. Accordingly, we will use the Ip2bs func-
tion to transform G(s) to another transfer function G'(s) with centered frequency at

f, = 5 KHz, or radian frequency o, = 2n x5 X 10° rad/s, and bandwidth BW = 2 KHz or
BW = 2nx2x 10’ rad/s.

[z,p,K]=buttap(3);
[b,a]=zp2tf(z,p,k);
f=1000:100:10000;

% Design 3-pole Butterworth low-pass filter, wen = 1 1/s;...
% Compute num, den coefficients of this filter, wen=1 r/s;...
% Define frequency range to plot;...

f0=5000; % Define centered frequency at 5 kHz;...
WO0=2*pi*f0; % Convert centered frequency to r/s;...
fow=2000; % Define bandwidth;...

Bw=2*pi*fbw; % Convert bandwidth to rad/s;...

% Compute numerator and denominator coefficients of desired band stop filter;...
[bn,an]=Ip2bs(b,a,W0,Bw);...

% Compute and plot magnitude of the transfer function of the band stop filter;...
Gsn=fregs(bn,an,2*pi*f); semilogx(f,20.*log10(abs(Gsn)));...

xlabel('Frequency in Hz - log scale'); ylabel('Magnitude of Transfer Function (dB)');...
title('3-pole Butterworth band-elimination filter with f0=5 KHz, BW = 2 KHZz'); grid

The magnitude response for this band-elimination filter is shown in Figure 11.35.
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3-pole Butterworth band-elimination filter with f0=5 KHz, BW = 2 KHz
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Figure 11.35. Magnitude response for the band—elimination filter of Example 11.16

The coefficients b, and a, are as follows:

bn, an

bn =
1.0000e+000 -7.6352e-012 2.9609e+009 -1.5071e-002
2.9223e+018 -7.4374e+006 9.6139%9e+026

an =

1.0000e+000
3.2340e+018

2.5133e+004 3.2767e+009
2.4482e+022 9.6139%e+026

5.1594e+013

As in the previous example, we list the numerator b, and denominator a, coefficients in tabular

form as shown below.

Power of s Numerator b, Denominator a,
s6 1 1
s° ~7.6352x 1077 25133 x 10*
s* 2.9609 x 10°° 3.2767 x 10°
s’ ~1.5071x 107 5.1594x 10"
s? 2.9223x 10" 3.2340x 10"
s ~7.4374%10° 24482 x 107
Constant 9.6139 x 10°° 9.6139 x 10°°
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In all of the above examples, we have shown the magnitude, but not the phase response of each
filter type. However, we can use the MATLAB function bode(num,den) to generate both the
magnitude and phase responses of any transfer function describing the filter type, as shown by the
following example.

Example 11.17

Use the MATLAB bode function to plot the magnitude and phase characteristics of the 3—pole
Butterworth low-pass filter with unity gain and normalized frequency at ®. = 1 rad/s.

Solution:
We know, from Example 11.12, Page 11-42, that the transfer function for this type of filter is

1

S +2s7+2s+1

G(s) =

We can obtain the magnitude and phase characteristics with the following MATLAB script:

num=[0 0 0 1];den=[1 2 2 1]; bode(num,den),...
title('Bode Plot for 3—pole Butterworth Low-Pass Filter'); grid

The magnitude and phase characteristics are shown in Figure 11.36.

Bode Plot for 3-pole Butterworth Low-Pass Filter
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Figure 11.36. Bode plots for 3—pole Butterworth low—pass filter, Example 11.17

We conclude the discussion on analog filters with Table 11.6 listing the advantages and disad-
vantages of each type.
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TABLE 11.6 Advantages / Disadvantages of different types of filters

Filter Type Advantages Disadvantages
Butterworth e Simplest design e Slow rate of attenuation
e Flat pass band for order 4 or less

Chebyshev Type 1 |® Sharp cutoff rate in transition |® Ripple in pass band
(pass to stop) band ® Bad (non-linear) phase response

Chebyshev Type II | ® Sharp cutoff rate in transition |® Ripple in stop band
(pass to stop) band ® Bad (non-linear) phase response

Elliptic (Cauer) ® Sharpest cutoff rate among e Ripple in both pass band and stop band
all other types of filters ® Worst (most non-linear) phase response
among the other types of filters.

11.5 Digital Filters

A digital filter is essentially a computational process (algorithm) that converts one sequence of
numbers x[n] representing the input, to another sequence y[n] that represents the output.
Thus, a digital filter, in addition of filtering out desired bands of frequency, can also be used as a
computational means of performing other functions such as integration, differentiation, and esti-
mation.

The input-output difference equation that relates the output to the input can be expressed in the
discrete time domain as a summation of the form

y[n] = Zax —1] Zbly[n—i] (11.78)

or, in the z-domain as

(11.79)

Therefore, the design of a digital filter to perform a desired function, entails the determination of
the coefficients a; and b;.

Digital filters are classified in terms of the duration of the impulse response, and in forms of real-
ization.

1. Impulse Response Duration

a. An Infinite Impulse Response (IIR) digital filter has infinite number of samples in its impulse
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response h[n]

b. A Finite Impulse Response (FIR) digital filter has a finite number of samples in its impulse
response h[n]

2. Realization

a. In a Recursive Realization digital filter the output is dependent on the input and the previous
values of the output. In a recursive digital filter, both the coefficients a, and b, are present.

b. In a Non-Recursive Realization digital filter the output depends on present and past values of
the input only. In a non-recursive digital filter, only the coefficients a, are present, i.e.,

b1=0.

Figure 11.37 shows third-order (3-delay element) recursive realization and Figure 11.38 shows a
third—order non-recursive realization. The components of either realization are shown in Figure
11.39. Generally, IIR filters are implemented by recursive realization, whereas FIR filters are
implemented by non-recursive realization.

Filter design methods have been established, and prototype circuits have been published. Thus,
we can choose the appropriate prototype to satisfy the requirements. Transformation methods are
also available to map an analog prototype to an equivalent digital filter. Three well known trans-
formation methods are the following:

1. The Impulse Invariant Method which produces a digital filter whose impulse response consists of
the sampled values of the impulse response of an analog filter.

2. The Step Invariant Method which produces a digital filter whose step response consists of the
sampled values of the step response of an analog filter.

)
4
4
N
x[n] ) = = i I 3 @ y[n]

Figure 11.37. Recursive digital filter realization
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dy
a4
2
x[n] y[n]
<! ! <! i a3 @
Figure 11.38. Non-recursive digital filter realization
x[n] () y[n] x[n] 1 y[n] x[n] lm\y{n]
ij/v[n] Unit Delay Constant Multiplier
y[n] = x[n-1] y[n] = Ax[n]
Adder/Subtractor

y[n] = x[n]tv[n]
Figure 11.39. Components of recursive and non—recursive digital filter realization

3. The Bilinear Transformation which uses the transformation

2,
TS

1=
+

N

(11.80)

s =

N
—_

to transform the left-half of the s-plane into the interior of the unit circle in the z-plane.
We will discuss only the bilinear transformation.
We recall from (9.67) of Chapter 9, Page 9-22, that
F(2) = G(2) = G(s) (11.81)

s:-—l-lnz
S

. 1 . . .
But the relation s = "IT Inz is a multi-valued transformation and, as such, cannot be used to
S

derive a rational form in z. It can be approximated as

s—ilnz—g[z_l+1(ﬂ)3+l(z_1)5+1(2_1)7+ Jzi-
Ty ~ Tlz+1 3\z+1 5\z+1 Nz +1 T T

Substitution (11.82) into (11.81) yields

-1
+1

N

(11.82)

N

* T, is the sampling period, that is, the reciprocal of the sampling frequency £,
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G =GE| | (11.83)
T T 71
and with the substitution z = ¢’ , we obtain
. jogTg
Gy =gl 2.e—=1 (11.84)
T joyTg
S e +1

Since the z— s transformation maps the unit circle into the jo axis on the s-plane, the quan-

JWy
tity 2.¢e 1.4 jo must be equal to some point ® = ®, on the jo axis, that is,
T e’ ‘+1
jw,T
1. = _&
1 Ts ejdes+1
or
jw,T . 0, Te/2  —jo,Tg/2 .
o 1.2 o1 2 1) o g sin(eyTy)/2
a ] TS ejwde 1 TS 1/2 ej“)de/2+e—jdes/2 TSCOS((DdTS)/2
or
wyT
0, = = - tan—d_S (11.85)
Tg

We see that the analog frequency to digital frequency transformation results in a non-linear map-
ping; this condition is known as warping. For instance, the frequency range 0 < w, <o in the ana-

log frequency is warped into the frequency range 0 < w, <7/T, in the digital frequency.

To express 0, in terms of w,, we rewrite (11.85) as

Then,

and for small m,T,/2,

tan 5 = 5
Therefore,
O‘)aTS
wdTSz2——2—zwaTS (11.86)
that is, for small frequencies,
W, =, (11.87)
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In MATLAB, z is a function of normalized frequency and thus the range of frequencies in G(z)
is from 0 to . Then (11.86), when used with MATLAB, becomes

(11.88)

The effect of warping can be eliminated by pre-warping the analog filter prior to application of
the bilinear transformation. This is accomplished with the use of (11.85).

|
Example 11.18

Compute the transfer function G(z) of a low—pass digital filter with 3 dB cutoff frequency at
20 Hz, and attenuation of at least 10 dB for frequencies greater than 40 Hz. The sampling fre-
quency f, is 200 Hz. Compare the magnitude plot with that obtained by a low-pass analog filter

with the same specifications.
Solution:

We will apply the bilinear transformation, and using the procedure of Example 11.5, Page 11-20,
we arbitrarily choose a second order Butterworth low—pass filter which, as we see from the curves
of Figure 11.17, Page 11-19, meets the stop-band specification.

The transfer function G(s) of the analog low-pass filter with normalized frequency at
o = 1 rad/s is found with the MATLAB buttap function as follows:

[z,p,K]=buttap(2); [b,a] = zp2tf(z,p,k)

1.0000 1.4142 1.0000

Thus, the transfer function with normalized frequency, denoted as G (s), is

1

G,(s) = R —
s +1.414s+1

(11.89)

Now, we must transform this transfer function to another with the actual cutoff frequency at
20 Hz. We denote it as G,(s).

We will first pre—warp the analog frequency which, by relation (11.85), Page 11-54, is related to
the digital frequency as

2 wyTg
W, = =t
a = T, T
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where

Denoting the analog cutoff (3 dB) frequency as o, , we obtain

21(20)/200

®,. = 400tan = 400tan(0.17) = 130 rad/s

or

£ =139 9069 Hz
21

ac

As expected from relation (11.87), Page 11-55, this frequency is very close to the the discrete-
time frequency f,;, = 20 Hz, and thus from (11.89),

1

R E— (11.90)
s +1.414s+1

Ga(8) = Gy(s) =

Relation (11.90) applies only when the cutoff frequency is normalized to to s = 1 rad/s. If

oc # 1, we must scale the transfer function in accordance with relation (11.34), Page 11-19, that

is,

G(S)gersat = G (=)

wactual

For this example, ®,.,,; = 130 rad/s, and thus we replace s with s/130 and we obtain

actua

|
(s/130)% + 1.414s/130 + 1

We will use MATLAB to simplify this expression.
syms s; simplify(1/((s/130)"2+1.414*s/130+1))

G,(s) =

ans =
845000/ (50*s72+9191*s+845000)
845000/50
ans =
16900
9191/50

ans =
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183.8200
Then,
Gy(s) = — 345000 . 16900 (1191)
508"+ 9191s + 845000  s™ + 183.82s + 16900
. o 2 z-1 z—1 .
and making the substitution of s = = - = 400 - , we obtain
Tg z+1 z+1
G(z) = _ 16900
(400‘2— ) +183.82X400(Z—1)+16900
z+1 (z+1)

We use the MATLAB script below to simplify this expression.
syms z; simplify(16900/((400*(z-1)/(z+1))"2+183.82*400*(z-1)/(z+1)+16900))
ans =

4225* (z+1) "2/ (62607*z72-71550*z+25843)

expand(4225*(z+1)72)
ans =
4225%2"°2+8450%2+4225
and thus
Gz) = 42257 +84502 + 4225 (11.92)

626072°~715507 + 25843

We will use the MATLAB freqz function to plot the magnitude of G(z), but we must first

express it in negative powers of z. Dividing each term of (11.92) by 62607z, we obtain

-1 -2
0.0675 4+ 0.1350z 4+ 0.0675z (11.93)

G(z) = -1 -2
1-1.1428z  +0.4128z

The MATLAB script below will generate G(z) and will plot the magnitude of this transfer func-

tion.

bz=[0.0675 0.1350 0.0675]; az=[1 -1.1428 0.4128]; [Gz, wT]=freqz(bz,az,20,200);...
semilogx(fs,20.*log10(abs(Gz))); xlabel('Frequency in Hz - log scale');...
ylabel('Magnitude (dB)"); title('Digital Low—Pass Filter, Example 11.18'); grid

The magnitude is shown on the plot of Figure 11.40.
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Digital Low-Pass Filter, Example 11.18

Magnitude (dB)

Frequency in Hz - log scale

Figure 11.40. Frequency response for the digital low—pass filter of Example 11.18

Let us now plot the analog equivalent to compare the digital to the analog frequency response.
The MATLAB script below produces the desired plot.

[z,p,k]=buttap(2); [b,a]=zp2tf(z,p,k); f=1:1:100; fc=20; [bn,an]=Ip2Ip(b,a,fc);...
Gs=fregs(bn,an,f);...

semilogx(f,20.*log10(abs(Gs))); xlabel('Frequency in Hz log scale'), ylabel(‘Magnitude (dB)");...
title('Analog Low-Pass Filter, Example 11.18'); grid

The frequency response for the analog low—pass equivalent is shown in Figure 11.41.

Analog Low-Pass Filter, Example 11.18

Magnitude (dB)
N L L .
o ;] o (¢}

N
a

-30

Frequency in Hz log scale

Figure 11.41. Frequency response for analog low—pass filter equivalent, Example 11.18

Comparing the digital filter plot of Figure 11.40 with its equivalent the analog filter of Figure
11.41, we observe that the magnitude is greater than0 -3 dB for frequencies less than 20Hz,

and is smaller than (-10 dB) for frequencies larger than 40Hz. Therefore, both the digital and
analog low—pass filters meet the specified requirements.
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An analog filter transfer function can be mapped to a digital filter transfer function directly with
the MATLAB bilinear function. The procedure is illustrated with the following example.

Example 11.19

Use the MATLAB bilinear function to derive the low—pass digital filter transfer function G(z)
from a second-order Butterworth analog filter with a 3 dB cutoff frequency at 50 Hz, and sam-
pling rate fg = 500 Hz.

Solution:
We will use the following MATLAB script to produce the desired digital filter transfer function.

[z,p,K]=buttap(2); [num,den]=zp2tf(z,p,k); wc=2*pi*50;...
[num1,den1]=Ip2lp(num,den,wc); T=1/500; [numd,dend]=bilinear(num1,den1,1/T)

numd =

0.0640 0.1279 0.0640
dend =

1.0000 -1.1683 0.4241

Therefore, the transfer function G(z) for this filter is

0.0640z> + 0.12797 + 0.0640

G(z) =
@) 72 -1.1683z + 0.4241

(11.94)

MATLAB provides us with all the functions that we need to design digital filters using analog
prototypes. These are listed below with the indicated notations.

N = order of the filter

Wn = normalized cutoff frequency

Rp = pass band ripple

Rs = stop band ripple

B = B(2), i.e., the numerator of the discrete transfer function G(z) = B(z)/A(z)

A = A(2), i.e., the denominator of the discrete transfer function G(z)

For Low-Pass Filters

[B,A] = butter(N,Wn)
[B,A] = cheb1(N,Rp,Wn)
[B,A] = cheb2(N,Rs,Wn)
[B,A] = ellip(N,Rp,Rs,Wn)
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For High-Pass Filters

[B,A] = butter(N,Wn, high')
[B,A] = cheb1(N,Rp,Wn,high)
[B,A] = cheb2(N,Rs,Wn, high')
[B,A] = ellip(N,Rp,Rs,Wn, high')

Band-Pass Filters

[B,A] = butter(N,[Wn1,Wn2])
[B,A] = cheb1(N,Rp,[Wn1,Wn2])
[B,A] = cheb2(N,Rs,[Wn1,Wn2])
[B,A] = ellip(N,Rp,Rs,[Wn1,Wn2])

Band-Elimination Filters
[B,A] = butter(N,[Wn1,Wn2],'stop')
[B,A] = cheb1(N,Rp,[Wn1,Wn2],'stop")

[B,A] = cheb2(N,Rs,[Wn1,Wn2],'stop")
[B,A] = ellip(N,Rp,Rs,[Wn1,Wn2],'stop")

Example 11.20

The transfer functions of (11.95) through (11.98) below, describe different types of digital filters.
Use the MATLAB freqz command to plot the magnitude versus radian frequency.

Gi(2) = (2.8982 + 8.69467 " + 8.69467 > +2.89827 ) - 10 (11.95)
‘l - .
122374177 +1.929427% - 0.53212
Gy(z) = 05276 158282 " + 1.58287 2~0.52767" (11.96)
2 -_ .
1-1.7600z " +1.18292 > - 027812
-2 -4 -4
Gy(2) = (6.8482 — 13.69647 > + 6.84827°1) - 10 (11.97)

1+3.2033z2 " +4.5244727> +3.13902" + 0.9603z "

-1 -2
0.9270 — 1.2079z "~ + 0.9270z (11.98)

Gy(z) = -1 -2
1-1.2079z  +0.8541z

Solution:

The MATLAB script to plot each of the transfer functions of (11.95) through (11.98), is given
below where N = 512, i.e., the default value.

b1=[2.8982 8.6946 8.6946 2.8982]*10/(-3); a1=[1 -2.3741 1.9294 -0.5321];...
[G1z,w1T]=freqz(b1,a1);...

%

b2=[0.5276 -1.5828 1.5828 -0.5276]; a2=[1 -1.7600 1.1829 -0.2781];...
[G2z,w2T]=freqz(b2,a2);...
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%

b3=[6.8482 0 -13.6964 0 6.8482]*107(-4); a3=[1 3.2033 4.5244 3.1390 0.9603];...
[G3z,w3T]=freqz(b3,a3);...

%

b4=[0.9270 -1.2079 0.9270]; a4=[1 -1.2079 0.8541];...
[G4z,w4T]=freqz(b4,a4);...

clf; % clear current figure;...

%

subplot(221), semilogx(w1T,abs(G1z)), axis([0.1 1 0 1]), title('Filter for G1(z2)');...
xlabel("),ylabel(‘Magnitude'),grid;...

%

subplot(222), semilogx(w2T,abs(G2z)), axis([0.1 10 0 1)), title('Filter for G2(z)");...
xlabel("),ylabel('Magnitude'),grid;...

%

subplot(223), semilogx(w3T,abs(G3z)), axis([1 10 0 1]), title('Filter for G3(z2));...
xlabel("),ylabel(‘Magnitude'),grid;...

%

subplot(224), semilogx(w4T,abs(G4z)), axis([0.1 10 0 1)), title('Filter for G4(z)");...
xlabel("),ylabel('Magnitude'),grid

The plots are shown in Figure 11.42. We observe that the given transfer functions are for low-
pass, high-pass, band-pass, and band-elimination digital filters.

Filter for G1(z) Filter for G2(z)
1 == T T T T T 11 1 T T T T T
[ N N A o [T
8 N | 8 IR AR
= | | [ I = oA [ NN
e 0.5F---- ﬂ***\*&k*\*‘rﬂﬂﬂ’ e 0.5 -+ A4ttt - - S A
= I N =) [ AR [T
L I Ny L R TAR NN [T
= I I \ML = I \(um\ [T
0 A e = 0 IR R
10" 10° 10" 10° 10’
Filter for G3(z) Filter for G4(z)
1 1
T T RO Y
3 ] 8 HHHW ERRERI
= | | [ I = [ NN [ NN
€ 056----- 4-f - -—++44+44 € 0.5***\*#4{%FHH#**\**\*\‘(#H\*
o I [ N TR =} RN [T
L [ N N A L IRERE [T
= I ‘ [ N TR = I \\HHLH [T
0 A ol i
10° 10’ 10" 10° 10’

Figure 11.42. Plot for the transfer functions of Example 11.20

Example 11.21

We are given a 165 KHz total bandwidth, and within this bandwidth we must accommodate
four different signals. Each of these signals requires 25 KHz bandwidth. We are asked to define
the types of filters and cutoff frequencies to avoid interference among these signals.

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition ~ 11-61
Copyright © Orchard Publications

JITRSTTENE -V ]


http://mohandesyar.com/
http://mohandesyar.com/

WAV MOHANDESYAR. COM
Chapter 11 Analog and Digital Filters

Solution:

We will use Butterworth filters up to order 12 to obtain sharp cutoffs, and the following types and
bandwidths for each.

1. Low—pass filter with bandwidth 0 to 25 KHz, (3 dB cutoff at 25 KHz)

2. Band-pass filter with bandwidth from 40 KHz to 65 KHz

3. High—pass filter with 3 dB frequency at 90 KHz

4. Band-elimination filter with stop-band from 115 KHz to 140 KHz

The highest (Nyquist) frequency is 165 KHz so we choose a sampling frequency of 330 KHz.

The MATLAB freqz function in the script below normalizes the frequencies from 0 to © where
© = Nyquist frequency.

% N=512; % Default;...

fs=330000; % Chosen sampling frequency;...
Ts=1/fs; % Sampling period;...

fn=fs/2; % Nyquist frequency

%

f1=25000/fn; % Low-pass filter cutoff frequency (Signal 1 End);...
f2=40000/fn; % Band-pass left cutoff frequency (Signal 2 Start);...
f3=65000/fn; % Band-pass right cutoff frequency (Signal 2 End);...
f4=90000/fn; % High-pass filter cutoff frequency (Signal 3 Start);...
f5=115000/fn; % Band-stop filter left cutoff frequency (Signal 3 End);...
f6=140000/fn; % Band-stop filter right cutoff frequency (Signal 4 Start);...
% Signal 4 will terminate at 165 kHz

[b1,a1]=butter(12,f1);...

[b2,a2]=butter(12,[f2,f3]);...

[b3,a3]=butter(12,f4,'high");...

[b4,a4]=butter(12,[f5,f6],'stop");...

%
[G1z,wT]=freqz
[G2z,wT]=freqz
[G3z,wT]=freqz
[G4z,wT]=freqz
%
Hz=wT/(2*pi*Ts);...

%

clf; % clear current figure;...

%

plot(Hz,abs(G1z),Hz,abs(G2z),Hz,abs(G3z),Hz,abs(G4z)), axis([0 16*10”4 0 1]);...
title('Four signals separated by four digital filters');...

xlabel('Hz'); ylabel(‘Magnitude'); grid

b1,a1);...
b2,a2);...
b3,a3);

)

b4,a4);...

P~~~ o~

The plot of Figure 11.43 shows the frequency separations for these four signals.
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Four signals separated by four digital filters
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Figure 11.43. Frequency separations for the signals of Example 11.21

In the following example, we will demonstrate the MATLAB filter function that is being used to
remove unwanted frequency components from a function. But before we use the filter function,
we must design a filter that is capable of removing those unwanted components.

Example 11.22

In Chapter 7, Subsection 7.4.4, Page 7-20, we found that the half-wave rectifier with no symme-
try can be represented by the trigonometric Fourier series

f(t) = A +ésint_é[C052t+ COS4t+ Cos6t+ cos8t+ }
n 2 nl 3 15 = 35 63

In this example, we want to filter out just the first 2 terms, in other words, to remove all cosine
terms. To simplify this expression, we let A = 31 and we truncate it by eliminating all cosine
terms except the cos2t term. Then,

g(t) = 3+ 1.5sint—cos2t (11.99)

The problem now reduces to design a low—pass digital filter, and use the filter command to
remove the cosine term in (11.99).

Solution:

We will use a 6 — pole digital low-pass Butterworth filter because we must have a sharp transi-
tion between the 1 and 2 rad/s frequency range. Also, since the highest frequency component
is 2 rad/s, to avoid aliasing, we must specify a sampling frequency of og = 4 rad/s. Thus, the
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sampling frequency must be fg = wg/2n = 2/n and therefore, the sampling period will be
Tq = 1/fy = n/2. We choose Tgq = 0.5; this is sufficiently small. Also, we choose the cutoff fre-

quency of the filter to be . = 1.5 rad/s in order to attenuate the cosine terms.

The MATLAB script below will perform the following steps:

1. Will compute coefficients of the numerator and denominator of the transfer function with
normalized cutoff frequency.

2. Will recompute the coefficients for the desired frequency.

3. Use the bilinear function to map the analog transfer function to a digital transfer function,
and will plot the frequency response of the digital filter.

4. Will recompute the digital filter transfer function to account for the warping effect.

5. Will use the filter function to remove the cosine terms

% Step 1;...

%
[z,p,K]=buttap(6);...
[b,al=zp2tf(z,p,k);...

%

% Step 2;...

%

wc=1.5; % Chosen cutoff frequency;...
[b1,a1]=Ip2lp(b,a,wc); % Convert to actual cutoff frequency;...
%

% Step 3;...

%

T=0.5; % Define sampling period;...
[Nz,Dz]=bilinear(b1,a1,1/T); % Map to digital filter using the bilinear transformation;...
w=0:2*pi/300:pi; % Define range for plot;...
Gz=freqz(Nz,Dz,w); % The digital filter transfer function;...
%

clf;...

%

plot(w,abs(Gz)); axis([0 2 0 1]); grid; hold on;...

% We must remember that when z is used as a function of;...

% normalized frequency, the range of frequencies of G(z) are;...
% from zero to pi and the normalized cutoff frequency on the;...
% plot is we*T=1.5*0.5=0.75 r/s;...

%

xlabel('Radian Frequency w in rads/sec'),...

ylabel('Magnitude of G(z2)'),...

title('Digital Filter Response in Normalized Frequency, Example 11.22');...
%

fprintf('Press any key to continue \n');...
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%

pause;...

%

% Step 4;...

%

p=6; T=0.5; % Number of poles and Sampling period;...
wc=1.5; % Analog cutoff frequency in rad/sec;...
wd=wc*T/pi; % Normalized digital filter cutoff frequency by (11.88), Page 11
[Nzp,Dzp]=butter(p,wd);...

fprintf('Summary: \n\n');...

fprintf(WITHOUT PREWARPING: \n\n');...

%

fprintf(‘'The num N(z) coefficients in descending order of z are: \n\n');...
fprintf('%8.4f \t',[Nz]);...

fprintf("\n\n");...

fprintf('The den D(z) coefficients in descending order of z are: \n\n');...
fprintf('%8.4f \t',[Dz]);...

fprintf(\n\n');...

fprintf(WITH PREWARPING: \n\n');...

%

fprintf("'The num N(z) coefficients in descending order of z are: \n\n');...
fprintf('%8.4f \t',[Nzp]);...

fprintf(\n\n');...

fprintf('The den D(z) coefficients in descending order of z are: \n\n');...
fprintf('%8.4f \t',[Dzp]);...

fprintf("\n\n");...

The plot of the low—pass filter that will remove the cosine terms is shown in Figure 11.44.

Digital Filter Response in Normalized Frequency, Example 11.22

Magnitude of G(z), absolute values

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Radian Frequency w in rads/sec, linear scale

Figure 11.44. Plot of the low-pass filter of Example 11.22
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Summary :
WITHOUT PREWARPING:

The num N(z) coefficients in descending order of z are:
0.0007 0.0040 0.0100 0.0134 0.0100 0.0040 0.0007

The den D(z) coefficients in descending order of z are:
1.0000 -3.2379 4.7566 -3.9273 1.8999 -0.5064 0.0578

WITH PREWARPING:

The num N(z) coefficients in descending order of z are:
0.0008 0.0050 0.0125 0.0167 0.0125 0.0050 0.0008

The den D(z) coefficients in descending order of z are:
1.0000 -3.1138 4.4528 -3.5957 1.7075

% Step 5;...

%

Nzp=[0.0008 0.0050 0.0125 0.0167 0.0125 0.0050 0.0008];...
Dzp=[1.0000 -3.1138 4.4528 -3.5957 1.7075 -0.4479 0.0504];..
n=0:150;...

T=0.5;...

gt=3+1.5*sin(n*T)-cos(2*n*T);...

yt=filter(Nzp,Dzp,gt);...

%

% We will plot the unfiltered analog signal gta;...

%

1t=0:0.1:12;...

gta=3+1.5"sin(t)-cos(2*t);...

subplot(211), plot(t,gta), axis([0,12, 0, 6]); hold on;...
xlabel('Continuous Time t'); ylabel('Function g(t)");...

%

% We will plot the filtered analog signal y(t);...

%

subplot(212), plot(n*T,yt), axis([0,12, 0, 6]); hold on;...
xlabel('Continuous Time t'); ylabel('Filtered Output y(t)');...
%

fprintf('Press any key to continue \n'); pause;...

%

% We will plot the unfiltered discrete time signal g(n*T);...
%

subplot(211), stem(n*T,gt), axis([0,12, O, 6]); hold on;...
xlabel('Discrete Time nT'); ylabel('Discrete Function g(n*T)");...
%

% We will plot the filtered discrete time signal y(n*T);...
subplot(212), stem(n*T,yt), axis([0,12, 0, 6]); hold on;...
xlabel('Discrete Time nT'); ylabel('Filtered Output y(n*T)")
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The analog and digital inputs and outputs are shown in Figures 11.45 and 11.46 respectively.

Function g(t)

Filtered Output y(t)

Continuous Time t

8

4

6
Continuous Time t

8

Figure 11.45. Continuous time input and output waveforms for Example 11.22
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Figure 11.46. Discrete time input and output waveforms for Example 11.22

We conclude this section with one more example to illustrate the use of the MATLAB find
function. This function displays the subscripts of an array of numbers where a relational expres-
sion is true. For example,

x=-2:5; % Display the integers in the range -2 <= x <=5
X =
-2 -1 0 1 2 3 4 5

k=find(x>0.8); % Find the subscripts of the numbers for which x > 0.8
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k =
4 5 6 7 8

y=x(k); % Create a new array y using the indices in k

Example 11.23

Given the function f(t) = 5sin2t—10cos5t, use the MATLAB randn function to add random
(Gaussian) noise to f(t) and plot this signal plus noise waveform which we denote as

x(t) = f(t) + randn(N) = 5sin2t—10cos5t + randn(size(t)) (11.100)

where 0 <t<512. Next, use the fft function to compute the frequency components of the 512—
point FFT and plot the spectrum of this noisy signal. Finally, use the find function to restrict the
frequency range of the spectrum to identify the frequency components of the signal f(t).

Solution:
The MATLAB script is shown below.

t=linspace(0, 10, 512); x=10*sin(2*t)-5*cos(5*t)+15*randn(size(t));...
% We plot the signal to see what it looks like;...

%

subplot(221); plot(t,x),title('x(t)=Signal plus Noise');...

%

% The input signal x is shown in the upper left corner of the graph;...
%

% Next, we will compute the frequency domain of the signal x;...

%

X=fft(x);...

%

% The sampling period of x is found by the time difference of two samples;...
%

Ts=t(2)-t(1);...

Y%

% and the sampling frequency is;...

%

Ws=2*pi/Ts;...

%

% As we know, the Nyquist frequency Wn is half the sampling frequency;...
Y%

Wn=Ws/2;...

%

% Now, we will define the frequency domain axis;...

%
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w=linspace(0,Wn,length(t)/2);...

%

% The magnitude of the positive frequency components Xp are found from:;...
%

Xp=abs(X(1:length(1)/2));...

% We want now to plot Xp versus radian frequency w;...

%

subplot(222); plot(w,Xp),title('Spectrum of Signal & Noise in Wide Range');..
%

% We will select the frequencies of interest with the "find" function:;...

%

k=find(w<=20);...

%

% Now we will plot this restricted range;...

%

subplot(212); plot(w(k), Xp(k)),title('Spectrum of Signal & Noise in Narrow Range');...
%

% The last plot will have grid, labels and title;...

%

xlabel('Frequency, rads/sec'); ylabel('Frequency Components');...
title("Spectrum of Signal & Noise in Narrow Range'); grid

The signal is shown in Figure 11.47.

x(t)=Signal plus Noise Spectrum of Signal & Noise in Wide Range
100 3000
50 ‘ 2000
i! ) |
|
o) W N‘P‘M M W ’M q w WH 'AHNW W&I w il Y
r b Ml i
- gl
0 5 10 0 50 100 150 200
@ Spectrum of Signal & Noise in Narrow Range
5 3000 T T T T T T T T T
c | | | | | | | | |
=] | | | | | | | |
%2000 s (|
o | | | | | | | | |
(&) | | | | | | | | |
5 1000~ 1\ -1\
S | | | | | | |
=} | | | ] |
g 0 I I ) I I I I I
i 0 2 4 6 8 10 12 14 16 18 20

Frequency, rads/sec

Figure 11.47. Waveforms for Example 11.23

We observe the appearance of the sinusoids at 2 and 5 rad/s in the lower plot. They were
undistinguished in the time-domain of the upper left plot. The upper right plot indicates that the
signal f(t) has frequency components in the lower range of frequencies, but these cannot be
identified precisely.
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11.6 Digital Filter Design with Simulink

As stated earlier in this chapter, a digital filter, in general, is a computational process, or algo-
rithm that converts one sequence of numbers representing the input signal into another sequence
representing the output signal. Accordingly, a digital filter can perform functions as differentia-
tion, integration, estimation, and, of course, like an analog filter, it can filter out unwanted bands
of frequency.

In this section we provide several applications using Simulink models.

A given transfer function H(z) of a digital filter can be realized in several forms, the most com-

mon being the Direct Form I, Direct Form II, Cascade (Series), and Parallel. These are
described in Subsections 11.6.1 through 11.6.4 below. Subsection 11.6.5 describes the Simulink
Digital Filter Design block.

11.6.1 The Direct Form I Realization of a Digital Filter

The Direct Form I Realization of a second-order digital filter is shown in Figure 11.48.

gl
b,

—

X[l’l] Ot 7 >

Figure 11.48. Direct Form I Realization of a second—order digital filter

At the summing junction of Figure 11.48 we obtain
10X(z) + 2,2 X(z) +a,z " X(2) + (-b,)z ' Y(2) + (-by)z 'Y(z) = Y(2)

X(z)(ag+a,z  +a,z°) = Y(z)(1+b,z " +b,z ")

and thus the transfer function of the Direct Form I Realization of the second-order digital filter of
Figure 11.48 is

Y(z) _ 2+ alz_1 + a.zz_2
X(z) 2

H(z) = (11.101)

1+ blz_1 +byz

A disadvantage of a Direct Form I Realization digital filter is that it requires 2k registers where k
represents the order of the filter. We observe that the second-order (k = 2) digital filter of Fig-
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ure 11.48 requires 4 delay (register) elements denoted as 2. However, this form of realization

. . I K . 3 *
has the advantage that there is no possibility of internal filter overflow.

11.6.2 The Direct Form II Realization of a Digital Filter

Figure 11.49 shows the Direct Form-II" Realization of a second-order digital filter. The Sim-
ulink Transfer Fcn Direct Form II block implements the transfer function of this filter.

Figure 11.49. Direct Form-II Realization of a second—order digital filter

The transfer function for the Direct Form-II second-order digital filter of Figure 11.49 is the
same as for a Direct Form-I second-order digital filter of Figure 11.48, that is,

-1 -2
ay+a,;z +a,z

H(z) = >

(11.102)

1+ b127l +b,z
A comparison of Figures 11.48 and 11.49 shows that whereas a Direct Form-I second-order digi-
tal filter is requires 2k registers, where k represents the order of the filter, a Direct Form-II sec-
ond-order digital filter requires only k register elements denoted as z' . This is because the reg-

. -1 ‘ ‘ N .
ister (z ) elements in a Direct Form-II realization are shared between the zeros section and the
poles section.

1
Example 11.24

Figure 11.50 shows a Direct Form-II second-order digital filter whose transfer function is

-1 -2
1-0.25z +0.75z

* For a detailed discussion on overflow conditions please refer to Digital Circuit Analysis and Design with an
Introduction to CPLDs and FPGAs, ISBN 0-9744239-6-3, Section 10.5, Chapter 10, Page 10-6.
T The Direct Form~II is also known as the Canonical Form.
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Direct Form Il Realization, Second-Order Digital Filter - Simulation Time: 200 - Equ (11.103)

atix(18) ao —
2410 L+
R/ —W 15
Floor ' ai Convert [ ]
oooo Gain 1 P+ B double B
folo] | Convert —e{+ Scope
] 1 double Bus
Signal >+ . > — 1o + s Creatar
Generatar z z ) ae Flaar
Sruare wave Unit Delay 2 Gain 2 suma
Ampltude: 1
Freg 0.005 Hz

Gain 3
0o 0.75

Gain 4
Figure 11.50. Model for Example 11.24

The input and output waveforms are shown in Figure 11.51.

100

Figure 11.51. Input and output waveforms for the model of Figure 11.50

A demo model using fixed-point Simulink blocks can be displayed by typing

fxpdemo_direct_form2

in MATLAB’s Command prompt. This demo is an implementation of the third-order transfer
function
1+227 ' +1.852° 4057

1-0.52 "' +0.842 2 +0.092°

H(z) =
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11.6.3 The Series Form Realization of a Digital Filter

For the Series’ Form Realization, the transfer function is expressed as a product of first—order and
second-order transfer functions as shown in relation (11.104) below.
H(z) = H\(z) - H,((z)...Hg(2)) (11.104)

Relation (11.104) is implemented as the cascaded blocks shown in Figure 11.52.

X(z) o—»H,(z)|—» H,(2)}—» — — — —»Hr(2)[—» Y(2)

Figure 11.52. Series Form Realization

Figure 11.53 shows the Series Form Realization of a second-order digital filter.

x[n]

—b,_
<

Figure 11.53. Series Form Realization of a second—order digital filter

The transfer function for the Series Form second-order digital filter of Figure 11.53 is

-1 -2
l+a,z +a,z (11.105)
1+b]z_1 +b22_2

H(z) =

Example 11.25
The transfer function of the Series Form Realization of a certain second-order digital filter is

0.5(1-0.362 ")
1+0.12'-0.722"

H(z) =

* The Series Form Realization is also known as the Cascade Form Realization
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To implement this filter, we factor the numerator and denominator polynomials as

H(z) = 0501+ 0.62 ' )(1—0.62 ")

(11.106)
(1+0.92)(1-082")

The model is shown in Figure 11.54, and the input and output waveforms are shown in Figure

11.55.

Series Form Realization - Second-Order Digital Filter - Simulation Time: 200 sec - Eq u(11.106)

sfix(18)
2010 —
Erg;{. >+ L Convert I:l
oooa
oo -—>+ 1 double Soome
- » " B | — From FixPt
Input Gain 1 To FixPt . v z double
Sguare wave Unit )
Amplituck: 1 Sum 1 Delay 1 Giain 2 ) Gain3 Sum3 Floor
Freq: 0.002 Hz

Giain 2

Figure 11.54. Model for Example 11.25

Figure 11.55. Input and output waveforms for the model of Figure 11.54

A demo model using fixed-point Simulink blocks can be displayed by typing

fxpdemo_series_cascade_form

* The combination of the of factors in parentheses is immaterial. For instance, we can group the factors as
(1+0.62 )ad(l 0.62° ) s (L0627 ) and (=067 )
(1+09z2°" (1-0.827") (1-0.82"") (1+09z2°"
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in MATLAB’s Command prompt. This demo is an implementation of the third-order transfer
function

(1+0.52 )1+ 172" +27)
(1+0.127)(1-0.62"" +0.927)

11.6.4 The Parallel Form Realization of a Digital Filter

The general form of the transfer function of a Parallel Form Realization is

H(z) =

H(z) = K+H,(z) + Hy(z) + ... + Hy(2) (11.107)

Relation (11.107) is implemented as the parallel blocks shown in Figure 11.56.

K

H,(z)
\ Y

X(2)o—» H,(2)——— Y (2)

A

Hy(z

Figure 11.56. Parallel Form Realization

As with the Series Form Realization, the ordering of the individual filters in Figure 11.56 is
immaterial. But because of the presence of the constant K, we can simplify the transfer function
expression by performing partial fraction expansion after we express the transfer function in the
form H(z)/z.

Figure 11.57 shows the Parallel Form Realization of a second-order digital filter. The transfer
function for the Parallel Form second-order digital filter of Figure 11.57 is

-2

H(z) = (11.108)

1+ blz_1 + bzz_2

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition ~ 11-75
Copyright © Orchard Publications

JIUNGITENE V.|


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 11 Analog and Digital Filters

S
L—a;

_b2/|

~

Figure 11.57. Parallel Form Redlization of a second—order digital filter

|
Example 11.26

The transfer function of the Parallel Form Realization of a certain second-order digital filter is

0.5(1-0.362 ")
1401207227

H(z) =

To implement this filter, we first express the transfer function as

H(z) _ 0.5(z+0.6)(z-0.6)
z  z(z+09)(z-0.8)

Next, we perform partial fraction expansion.

05(z+0.6)(z-06) _ L, T . T
z(z+0.9)(z-0.8) z (z+09) (z-0.8)
- 0.5(z+0.6)(z—0.6) = 0.25

(z+09)(z-08) | _,

) = 0.5(z+0.6)(z-0.6) = 0.147
z(z-0.8) 2=-09

ry = 03(2+06)(z=06) = 0.103
z(z+0.9) z=08

Therefore,

H(z) _ 0.25+ 0.147 + 0.103
z z z+09 z-0.8

0.1472+ 0.103z

H(z) = 0.25 +
z+09 z-08
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0.147 + 0.103 (11.109)

H(z) = 0.25 + 1 1
1+09z° z-08z

The model is shown in Figure 11.58, and the input and output waveforms are shown in Figure

11.59.

Farallel Form Realization - Sscond-Order Digital Filter - Simulation Time: 200sec - BEqu (11.108)

I|G in 1 -+ Comvert

=i 16) an

s + double Scope
=3h — |+ FixPt 1o Chbl

Flaar Giain 2 double Bus
oooon Sum 3 Ry Creator
[<7s) P Conert |+ 7 Floar

Signal To Fisft
Generatar

Square wave
Amplitude: 1
Freq: 0005 H=

Gain 3

Gain 4
- -
_P —
= o =

Unit Delay 2

Sum 2

Cain 5

Figure 11.58. Model for Example 11.26

Figure 11.59. Input and output waveforms for the model of Figure 11.58

A demo model using fixed-point Simulink blocks can be displayed by typing
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fxpdemo_parallel_form

in MATLAB’s Command prompt. This demo is an implementation of the third-order transfer
function

3.4639 +2 1.0916 + 3.00862 "

H(z) = 5.5556 — 1 1 -
(1+0.127)  1-0.6z"' +09z2

11.6.5 The Digital Filter Design Block

FDATool

> %
Digital
Filter Design

The Digital Filter Design block is included in the Simulink Signal Processing Blockset™ and
requires the installation of the Simulink program to create models related to digital filter design
applications. The functionality of this block can be observed by dragging this block into a model
and double-clicking it. When this is done, the Block Parameters dialog box appears as shown in
Figure 11.60. As indicated on the left lower part of this box, we can choose the Response Type
(Low-Pass, High-Pass, Band-Pass, or Band-Elimination), the Design Method (IIR or FIR)
where an IIR filter can be Butterworth, Chebyshev Type I, Chebyshev Type II, or Elliptic, and

FIR can be Window, Maximally Flat, etc., and the Window can be Kaiser, Hamming, etc. We
must click on the Design Filter button at the bottom of the Block Parameters dialog box to

update the specifications. Example 11.27 below is very similar to that of Example 11.23, Page 11-
68.

Example 11.27

The signal represented by the waveform of Figure 11.61 is the summation of the sinusoidal signals
X, y,and z defined in the MATLAB script below.

t=0:pi/32:16*pi; x=sin(0.25.*t); y=2.*sin(0.75.*t+pi/6); z=5."sin(1.5.*t+pi/3); plot(t,x+y+z); grid

During transmission of this signal from its source to its destination, this signal is corrupted by the
addition of unwanted Gaussian random noise. In this example, we will create a Simulink model
that includes a digital filter to remove the Gaussian random noise.

Blocksets are built-in blocks in Simulink that provide a comprehensive block library for different system components. FDA
stands for Filter Design and Analysis. This blockset can be obtained from The MathWorks, Inc., 3 Apple Hill Drive, Nat-
ick, MA 01760-2098, Phone: 508-647-7000, www.mathworks.com.

T A window function multiplies the infinite length impulse response (IIR) by a finite width function, referred to as window
function, so that the infinite length series will be terminated after a finite number of terms in the series. The most common
window functions are described in the Signal Processing Toolbox User’s Guide The MathWorks, Inc.
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Figure 11.60. The Digital Filter Design Block Parameters dialog box
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Figure 11.61. Signal to be transmitted for Example 11.27
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The Simulink model of Figure11.62 below contains a Random Source block to incorporate noise
into the system.This block and the three DSP Sine Wave blocks are dragged from the Signal
Processing Sources sub-library under Signal Management in the Signal Processing Blockset
into the model. The Add (Sum) and Scope blocks are dragged from the Commonly Used

Blocks main Simulink Library, and the Scope 1 and Scope 2 blocks are conﬁgured* with four and
two inputs (axes) respectively from the Scope Parameters dialog box.

IJ_LII:)SF'

w L]
Sine Wawe 1

IJ_LPSF' P+ Scope 1
|‘I_I‘| |+

Sine Wave 2 Add 1
7
g

Sing Wawe 3 . Scope 2

|

Random
Source

Figure 11.62. Simulink model for Example 11.27
The DSP Sine Wave blocks are configured as follows:
DSP Sine Wave 1:

Amplitude: 1, Freq (Hz): 0.25, Phase: 0, Sample Time: 0.05, All other parameters in their
default state

lvvv

\
Y
|

b4

b4

Add 2

DSP Sine Wave 2:

Amplitude: 2, Freq (Hz): 0.75, Phase: pi/6, Sample Time: 0.05,  All other parameters in

their default state
DSP Sine Wave 3:

Amplitude: 5, Freq (Hz): 1.5, Phase: pi/3, Sample Time: 0.05, All other parameters in
their default state
The Random Source block is configured as follows:

Source type: Gaussian, Method: Ziggurat, Initial seed: [23341], Sample Time: 0.05

When the simulation command is executed, the Scope 1 block in the model of Figure 11.62, dis-

*  For a detailed discussion on configuration of the Scope block, please refer to Introduction to Simulink with Engineering

Applications, ISBN 0-9744239—7—1.
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plays the input and output waveforms shown in Figure 11.63, and the Scope 2 block displays the
input and output waveforms shown in Figure 11.64.

) Scope | B
&l LLL HARBRE BAF

R N R N W e W R S Y
0 2 4 E g

Figure 11.64. Input and output waveforms displayed in Scope 2 block of Figure 11.62

Next, we add an FDA Tool Digital Filter Design block as shown in Figure 11.65 to remove the
unwanted noise created by the Random Source block. The Block Parameters dialog box for the
FDA Tool Digital Filter Design block is configured as follows:

Response Type: Lowpass, Design Method: FIR, Window, Window: Rectangular, and all
other unlisted parameters in their default state. Of course, we can choose any other design
options. With those specifications, the Scope 2 block displays the waveforms shown in Figure
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11.66.
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Digital
Fiter Design

Random
Sournce

Figure 11.65. The model of Figure 11.62 with the addition of an FDA Tool Digital Filter Design block.

Figure 11.66. Input and output waveforms displayed in Scope 2 block of Figure 11.65
Figure 11.66 reveals that with the addition of the FDA Tool Digital Filter Design block, most of
the unwanted noise has been removed. However, we can remove the remaining noise with the

addition of an adaptive filter.” The Signal Processing Blockset contains blocks that implement the
Least-Mean-Square (LMS) block, the Fast Block LMS, and Recursive Least Squares (RLS)

*  An adaptive filter is a digitdl filter that performs digital signal processing and can adapt its performance based on the
input signal. All filters we’ve considered thus far are non—adaptive filter and their characteristics are defined by their trans-
fer function.

11-82  Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition
L-l-l'-_!) meopyright © Orchard Publications


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Digital Filter Design with Simulink

adaptive filter algorithms. For our example, we will add an LMS adaptive filter to the model of
Figure 11.65. Thus, from the Signal Processing Blockset, we click on the Filtering Library, then
on the Adaptive Filters sub-library, and we drag the LMS Filter block into our model which is
connected as shown in Figure 11.67 where the Wts (Weights) port of the LMS Filter block
which outputs the filter weights is left unconnected. The waveforms displayed by the Scope 3
block are shown in Figure 11.68 where last waveform indicates the output of the Error port
which is the difference between the desired signal of the LMS filter and its output.

|J_LIIZ)SF'
7

Sine Wawe 1

Yvy

—»
H—LPSP Ll Scope 1
P+

W >

Sine Wawe 2 Add 1

[ ]

L
H_LPSP FCa Tl -+ » »
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o gl > |
Add 2
—

Sine Wawe 3 Digital l
Filter Design
Output + Scope 3
- Input

Nomzlized Add 3
Fandom LMS Emor
Source .
—|Desirzd \its
LM3 Filter

Figure 11.67. Model for Example 11.27 with LMS Filter block
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Figure 11.68. Waveforms displayed by Scope 3 block in the model of Figure 11.67
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The error is never exactly zero and thus the adaptive filter continuously modifies the filter coeffi-
cients to provide a better approximation of the noise. We can view these coefficients as they
change with time by connecting a Vector Scope block to the Wts output port of the LMS filter
block as shown in Figure 11.69.

lJ—l.II'_)SF'

u [ ]
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[,
Digital
Randam ;
Souree Filter Design Ouﬁ:ut'—.’ Scope 3
| Input
Momalized Add 3
LMS Emar
| Diesired its . @
LM Fiter Time
Wector
Scope

Figure 11.69. Model for Example 11.27 with Vector Scope block

The Block Parameters dialog box for the Vector Scope block contains four tabs, and for the
model of Figure 11.69 these are configured as follows:

Scope Properties tab: Input domain: Time, Time display span (number of frames): 1

Display Properties tab: Select the following check boxes: Show grid, Frame Number, Com-
pact Display, and Open scope at start of simulation

Axis Properties tab: Minimum Y-limit: 0.1, Maximum Y-limit: 0.5, Y-axis title: Filter Weights
Line Properties tab: Line visibilities: on, Line style: —, Line markers: o, Line colors: [1 0 0]

Before execution of the simulation command, the configuration parameters are specified as fol-
lows:

From the Simulation drop menu, in the Solver pane, for the Stop time parameter, we enter inf.
From the Type list, we choose Fixed-step, and from the Solver list we choose discrete (no con-
tinuous states). We close the configuration parameters dialog box by clicking OK.

When the simulation command is issued, we observe that the Vector Scope window opens auto-
matically, and the filter coefficients change with time and eventually approach their steady-state
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values as shown in Figure 11.70.
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Figure 11.70. The filter coefficients displayed in the Vector Scope Window in the model of Figure 11.69

Next, we double—click on the Scope 3 block in the model of Figure 11.69, and after some time
we observe that the error decreases to zero as shown in Figure 11.71, and the output of the adap-

tive LMS filter is practically the same as the original input signal.

&=E3

50| 0LH hEE B A S

Original Signal
- _I.F'\,,-.,I j,-‘:".\ur:-.[ oV e e

Signal carrupted by unwanted Gauszian noize

Figure 11.71. Waveforms displayed in the Scope 3 in the model of Figure 11.69

Since for the Stop time parameter we have specified inf, the simulation time goes on forever, and
we observe that the waveforms in Figure 11.71 are updated continuously. To stop the simulation,
we must click on the Stop simulation icon which is indicated by a small black square immedi-
ately to the left of the Stop time field in the window of our model. The Stop simulation is active
only when the Stop time is specified as inf and the simulation command has been issued. To

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition ~ 11-85

Copyright © Orchard Publications .

i pn=sassem


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 11 Analog and Digital Filters

pause the simulation, we must click on the Pause simulation icon indicated by two small vertical
bars immediately to the left of the Stop simulation icon.
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11.7 Summary

e Analog filters are defined over a continuous range of frequencies. They are classified as low—
pass, high—pass, band-pass and band-elimination (stop-band).

e An all-pass or phase shift filter has a constant magnitude response but is phase varies with fre-
quency.

e A digital filter, in general, is a computational process, or algorithm that converts one sequence
of numbers representing the input signal into another sequence representing the output signal.

e A digital filter, besides filtering out unwanted bands of frequency, can perform functions of dif-
ferentiation, integration, and estimation.

e Analog filter functions have been used extensively as prototype models for designing digital fil-
ters.

e An analog filter can also be classified as passive or active. Passive filters consist of passive
devices such as resistors, capacitors and inductors. Active filters are, generally, operational
amplifiers with resistors and capacitors connected to them externally.

e If two frequencies w, and w, are such that w, = 2w,, we say that these frequencies are sepa-
rated by one octave, and if ®, = 10w,, they are separated by one decade.

e The analog low—pass filter is used as a basis. Using transformations, we can derive high-pass
and the other types of filters from a basic low—pass filter.

e In this chapter we discussed the Butterworth, Chebyshev Type I & II, and Cauer (elliptic) fil-
ters.

e The first step in the design of an analog low—pass filter is to derive a suitable magnitude—squared

function A*(®), and from it derive a G(s) function such that

A*(®) = G(s) - G(=s)|

s=jw
e The general form of the magnitude-square function A*(w) is

C(bk(nZk +b, lek_ 2

2k-2
2,0 +a_ 0 + ... +3a

+ ...+ by)

Al(o) =

where C is the DC gain, a and b are constant coefficients, and k is a positive integer denot-
ing the order of the filter.

e The magnitude-squared function of a Butterworth analog low-pass filter is
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1

Al) = —
(0/0¢ ) +1

where k is a positive integer indicating the order of the filter, and w,. is the cutoff (3 dB) fre-
quency.

e All Butterworth filters have the property that all poles of the transfer functions that describes
them, lie on a circumference of a circle of radius w., and they are 2n/2k radians apart. Thus,
if k = odd, the poles start at zero radians, and if k = even, they start at 2n/2k . But regard-
less whether k is odd or even, the poles are distributed in symmetry with respect to the jo
axis. For stability, we choose the poles of the left half of the s —plane to form G(s).

e The general form of any analog low—pass (Butterworth, Chebyshev, Elliptic, etc.) filter is

b,

2
s +...+a,s" +a;s+a

G(s)|,, =

e The MATLAB buttap and zp2tf functions are very useful functions in the design of Butter-
worth filters. The first returns the zeros, poles, and gain for an N - th order normalized proto-
type Butterworth analog low—pass filter. The resulting filter has N poles around the unit circle
in the left half plane, and no zeros. The second performs the zero-pole to transfer function
conversion.

e The Chebyshev Type I filters are based on approximations derived from the Chebyshev polyno-
mials C,(x) that constitute a set of orthogonal functions. The coefficients of these polynomials
are tabulated in math tables.

e We can use the MATLAB cheb1ap function to design a Chebyshev Type I analog low—pass
filter. Thus, the [z,p,k] = cheb1ap(N,Rp) statement where N denotes the order of the filter,

returns the zeros, poles, and gain of an N —th order normalized prototype Chebyshev Type I
analog low—pass filter with ripple Rp decibels in the pass band.

e The Chebyshev Type II, also known as Inverted Chebyshev filter, is characterized by the fol-
lowing magnitude-square approximation
e’ Cr(we/0)

2
A (w) = )
1 +e C(w/w)

and has the ripple in the stop-band as opposed to Chebyshev Type I which has the ripple in the
pass-band. The frequency o, defines the beginning of the stop band.

e The elliptic (Cauer) filters are characterized by the low—pass magnitude-squared function
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1

2
A(0) = ———
I +Ry(w/mc)

where R, (x) represents a rational elliptic function used with elliptic integrals. Elliptic filters
have ripple in both the pass-band and the stop-band.

e We can design elliptic low—pass filters with the MATLAB ellip function. The statement [b,a]
= ellip(N,Rp,Rs,Wn,’s’) where N is the order of the filter, designs an N —th order low—pass fil-
ter with ripple Rp decibels in the pass band, a stop band with ripple Rs decibels, Wn is the cut-
off frequency, and ’s’ is used to specify analog elliptic filters. If ’s’ is not included in the above
statement, MATLAB designs a digital filter.

e Transformation methods have been developed where a low-pass filter can be converted to
another type of filter simply by transforming the complex variable s. These transformations are
listed in Table 11.5 where .. is the cutoff frequency of a low—pass filter.

e We can use the MATLAB Ip2lp, Ip2hp, Ip2bp, and Ip2bs functions to transform a low—pass
filter with normalized cutoff frequency, to another low—pass filter with any other specified fre-
quency, or to a high—pass filter, or to a band-pass filter, or to a band-elimination filter respec-
tively

e We can use the MATLAB function bode(num,den) to generate both the magnitude and
phase responses of any transfer function describing the filter type.

e Digital filters are classified in terms of the duration of the impulse response, and in forms of
realization.

¢ An Infinite Impulse Response (IIR) digital filter has infinite number of samples in its impulse
response h[n]

e A Finite Impulse Response (FIR) digital filter has a finite number of samples in its impulse
response h[n]

e In a Recursive Realization digital filter the output is dependent on the input and the previous
values of the output. In a recursive digital filter, both the coefficients a; and b, are present.

e In a Non-Recursive Realization digital filter the output depends on present and past values of
the input only. In a non-recursive digital filter, only the coefficients a; are present, that is,

b1=0.

e Generally, IIR filters are implemented by recursive realization, whereas FIR filters are imple-
mented by non-recursive realization.

e Transformation methods are also available to map an analog prototype to an equivalent digital
filter. Three well known methods are the following:
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1. The Impulse Invariant Method that produces a digital filter whose impulse response consists
of the sampled values of the impulse response of an analog filter.

2. The Step Invariant Method that produces a digital filter whose step response consists of the
sampled values of the step response of an analog filter.

3. The Bilinear Transformation that uses the transformation

2.
TS

N
—_

S =

N
—_

+

e The analog frequency to digital frequency transformation results in a non-linear mapping; this
condition is known as warping.

e The effect of warping can be eliminated by pre-warping the analog filter prior to application of
the bilinear transformation.

e We can use the MATLAB freqz(b,a,N) function to plot the magnitude of G(z)

e An analog filter transfer function can be mapped to a digital filter transfer function directly
with the MATLAB bilinear(b,a,Fs) function.

e The MATLAB filter(b,a,X) function can be used to remove unwanted frequency components
from a function.

e We can use the MATLAB find(X) function to restrict the frequency range of the spectrum in
order to identify the frequency components of the signal f(t).

e The Digital Filter Design block is included in the Simulink Signal Processing Blockset and
requires the installation of the Simulink program to create models related to digital filter design
applications.
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11.8 Exercises

1. The op amp circuit below is a VCVS second-order high—pass filter whose transfer function is

Vouls) _ Ks
Vin(8) s+ (a/b)oes + (1/b)od

G(s) =

and for given values of a, b, and desired cutoff frequency ., we can calculate the values of

C,, C,, R, Ry, Ry, and R, to achieve the desired cutoff frequency o .

R
R, 4
l AN —
— + Vout
R, 1
e :
Yin ¢, G, =
1 A
= R,
For this circuit,
R, = 4b
Cl{a+ [Ja® +8b(K — 1)]}0%
Cl Rz(l)c
R R ke
3 - K— 19 *
and the gain K is

Using these relations, compute the appropriate values of the resistors to achieve the cutoff fre-
quency fc = 1 KHz. Choose the capacitors as C, = 10/f. uF and C, = C,. Plot |G(s)| ver-
sus frequency.

Solution using MATLAB is highly recommended.
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2. The op amp circuit below is a VCVS second-order band-pass filter whose transfer function is

G(s) = Vou(s) _ K[BW]s

Vin®) 4+ [BWIs+or

Rs

=&
§f°
N
2 e
B
=&

T
Let o, = center frequency, ®, = upper cutoff frequency, ®, = lower cutoff frequency,

Bandwidth BW = m, - ®,, and Quality Factor Q = w,/BW

We can calculate the values of C,, C,, Ry, R,, R;, and R, to achieve the desired centered fre-

quency o, and bandwidth BW . For this circuit,

R, = 29
C,0,K

Clwo{— 1+ J(K=1)7+ 8Q2}

1 ( 1 1 )
R = —_ 4 —
’ C%(Dg R, R,

Using these relations, compute the appropriate values of the resistors to achieve center fre-
quency f, = 1 KHz, Gain K = 10, and Q = 10.

Choose the capacitors as C; = C, = 0.1 uF. Plot |G(s)| versus frequency.

Solution using MATLAB is highly recommended.
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3. The op amp circuit below is a VCVS second-order band-elimination filter whose transfer
function is

\% 24 2
G(S) - Out(s) — 5 K(S +0‘)0) 5
Vin(3) 4 [BW]s + o)
R3
’\/\/\(/: —
C
v L L > Vout
in _T_
1 AW\ 1
— R, C3 R,
) L

Let ®, = center frequency, ®, = upper cutoff frequency, ®, = lower cutoff frequency,
Bandwidth BW = m, - ®,, Quality Factor Q = w,/BW, and gain K = 1

We can calculate the values of C,, C,, R,, R,, R;, and R, to achieve the desired centered fre-

quency o, and bandwidth BW . For this circuit,

Rl = 1
2m0,QC,
®,C,

R, = 2Q

C,0,(4Q° + 1)

The gain K must be unity, but Q can be up to 10. Using these relations, compute the appropri-
ate values of the resistors to achieve center frequency f, = 1 KHz, Gain K = 1 and Q = 10.

Choose the capacitorsas C, = C, = 0.1 uF and C; = 2C,. Plot |G(s)| versus frequency.
Solution using MATLAB is highly recommended.

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition ~ 11-93
Copyright © Orchard Publications

JITRSTTENE -V ]


http://mohandesyar.com/
http://mohandesyar.com/

WAWN MOHANDESYAR. COM
Chapter 11 Analog and Digital Filters

function is

G(s) =

4. The op amp circuit below is a MFB second-order all-pass filter or phase shift filter whose transfer

Vour(s)  K(s?—aws+ bmg)
Vin(s) -

s>+ am,s + boog
where the gain K = constant, (0 <K < 1), and the phase is given by

o(w) = —2tan71( %000

bmg - (1)2)
¢
I
2
MW\
R1 C1 R2
M ¢ —
Vin —
M + v
1 ks

The coefficients a and b can be found from

00 = 0(0) = ~2tan”'(

)
b-1
For arbitrary values of C, = C,, we can compute the resistances from

R, 2

an,C,

R, = L=KOR,
4K

R
R, =

" 1-K
For 0 < ¢, < 180°, we compute the coefficient a from

1-K
a

4K 2
- 2Ktan(¢0/2)[_1+A/l 4 tan (¢0/2)J
and for —180° < ¢,<0° , from
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1-K 4K 2
a = WI:_I_/\/I-Fl—K'tan (¢0/2)}

Using these relations, compute the appropriate values of the resistors to achieve a phase shift
0, = —90° at f, = 1 KHz with K = 0.75.

Choose the capacitors as C; = C, = 0.01 uF and plot phase versus frequency.

Solution using MATLAB is highly recommended.

. The op amp circuit below is also known as Bessel filter and has the same configuration as the
low—pass filter presented in Figure 4.20, Chapter 4, Page 4-15. This circuit achieves a rela-
tively constant time delay over a range 0 < ® < ,. The second-order transfer function of this
filter is

G(s) = voul®) _ Koy
V. (s) 2 2
in S +3(1)OS+3(DO
R2§ C,
R, R,
AMN —

Yl
]

Vout

where K is the gain and the time delay T, at o, = 2nf, is given as

T, = T(w,) = % seconds
0

We recognize the transfer function |G(s)| above as that of a low—pass filter where a = b = 3
and the substitution of ®, = .. Therefore, we can use a low—pass filter circuit such as that

above to achieve a constant delay T, by specifying the resistor and capacitor values of the cir-
cuit.

The resistor values are computed from

2K +1)
(aC, + Ja>C>—4bC,Cy(K — 1)) o,

1
bC,C,R,0;

R2= R1=

~| 7

R3=

Using these relations, compute the appropriate values of the resistors to achieve a time delay
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T, = 100 us with K = 2. Use capacitors C, = 0.01 uF and C, = 0.002 uF. Plot |G(s)| ver-

sus frequency.

Solution using MATLAB is highly recommended.

6. Derive the transfer function of a fourth-order Butterworth filter with w. = 1 rad/s.

7. Derive the magnitude-squared function for a third-order Chebyshev Type I low—pass filter
with 1.5 dB pass band ripple and cutoff frequency wc = 1 rad/s.

8. In Chapter 4, Exercise 5, Page 4-30, for the RC low-pass filter we derived the transfer function

1/RC

G(s) = —/RC_
©) = ST1/Re

Derive the equivalent digital filter transfer function by application of the bilinear transforma-
tion. Assume that RC = 1

9. Use MATLAB to derive the transfer function G(z) and plot |G(z)| versus o for a two-pole,
Chebyshev Type I high—pass digital filter with sampling period Tg = 0.25 s. The equivalent
analog filter cutoff frequency is wc = 4 rad/s and has 3 dB pass band ripple. Compute the

coefficients of the numerator and denominator and plot |G(z)| with and without pre-warping.
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11.9 Solutions to End-of-Chapter Exercises
1. We will use MATLAB for all computations.

% PART | - Find Resistor values for second order Butterworth filter, a=sqrt(2), b = 1
%

a=sqrt(2); b =1; C1=10/(-8); C2=C1; fc=1000; wc=2*pi*fc; K=2;
R2=(4*b)/(C1*sqrt(a”2+8*b*(K-1))*wc);

R1=b/(C1/2*R2*wc/2); R3=(K*R2)/(K-1); R4=K*R2; fprintf(' \n');...

fprintf('lR1 = %5.0f Ohms \t',R1); fprintf('R2 = %5.0f Ohms \t',R2);...

fprintf('R3 = %5.0f Ohms \t',R3); fprintf('R4 = %5.0f Ohms \t',R4)

R1=12582 Ohms R2=20132 Ohms R3=40263 Ohms R4=40263 Ohms

We choose standard resistors as close as possible to those found above. These are shown in the
MATLAB script below.

% PART Il - Plot with standard resistors R1=12.7 K, R2=20.0 K, R3=40.2 K, R4= R3

%

f=10:10:20000; w=2*pi*f; R1=12700; R2=20000; R3=40200; R4=R3; K=1+R4/R3;...
wc=(4*b)/(C1*sqrt(a”2+8*b*(K-1))*R2); s=w*j; Gw=(K.*s./2)./(s.2+a.*wc.*s./b+wc./2./b);...
semilogx(f,abs(Gw)); xlabel('Frequency, Hz log scale’), ylabel(‘|Vout/Vin| absolute values');...
title('2nd Order Butterworth High-Pass Filter Response'); grid

—
()]

—y

|[Vout/Vin| absolute values

Frequency, Hz log scale
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2. We will use MATLAB for all computations.

% PART | - Find Resistor values for second order band-pass filter f0 = 1 KHz

%

Q=10; K=10; C1=107(-7); C2=C1; f0=1000; wO=2*pi*f0; R1=(2*Q)/(C1*w0*K);...
R2=(2*Q)/(C1*w0*(-1+sqrt((K-1)"2+8*Q"2))); R3=(1/(C1/2*w072))*(1/R1+1/R2); R4=2*R3;...
R5=R4; fprintf(' \n"); fprintf('R1 = %5.0f Ohms \t',R1); fprintf('R2 = %5.0f Ohms \t',R2);...
fprintf('R3 = %5.0f Ohms \t',R3); fprintf('R4 = %5.0f Ohms \t',R4);...

fprintf('R5 = %5.0f Ohms \t',R5)

R1=3183 Ohms R2=1110 Ohms R3=3078 Ohms R4=6156 Ohms R5=6156 Ohms

We choose standard resistors as close as possible to those found above. These are shown in the
MATLAB script below.

%

% PART Il - Plot with standard resistors R1=3.16 K, R2=1.1 K, R3=3.09 K, R4=6.19 K,

% R5=R4

Y%

K=10; Q=10; f=10:10:10000; w=2*pi*f; R1=3160; R2=1100; R3=3090; R4=6190; R5=R4;...
w0=(2*Q)/(C1*R1*K); B=w0/Q; s=w*j; Gw=(K.*B.*s)./(s."2+B.*s+w0./2);...
semilogx(f,abs(Gw)); axis([100 10000 0 10]); xlabel('Frequency, Hz - log scale'),...
ylabel('|Vout/Vin| absolute values');...

title('2nd Order Butterworth Band-Pass Filter Response'); grid

10

|Vout/Vin| absolute values

Frequency, Hz - log scale
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3. We will use MATLAB for all computations.

% PART | - Find Resistor values for second order Butterworth band-elimination filter
% with f0 =1 KHz

%

Q=10; K=1; C1=107(-7); C2=C1; C3=2*C1; f0=1000; w0=2*pi*f0;...
R1=1/(2*'w0*Q*C1); R2=(2*Q)/(w0*C1); R3=(2*Q)/(C1*w0*(4*Q"2+1)); fprintf(' \n');...
fprintf('R1 = %5.0f Ohms \t',R1); fprintf('R2 = %5.0f Ohms \t',R2);...

fprintf('R3 = %5.0f Ohms \t',R3)

R1=80 Ohms R2=31831 Ohms R3=79 Ohms

We choose standard resistors as close as possible to those found above. These are shown in the
MATLAB script below.

%

% PART Il - Plot with standard resistors R1=80.6, R2=3.16 K, R3=78.7

%

K=1; Q=10; f=10:10:10000; w=2*pi*f; R1=80.6; R2=31600; R3=78.7;...

w0=1/(2*R1*Q*C1); B=w0/Q; s=w*}; Gw=(K.*(s./2+w0./2))./(s./2+B.*s+w0./2);...
semilogx(f,abs(Gw)); axis([100 10000 0 1]); xlabel('Frequency, Hz - log scale ');...
ylabel('|Vout/Vin| absolute values');...

title('2nd Order Butterworth Band-Elimination Filter Response'); grid

2nd Order Butterworth Band-Elimination Filter Response

|Vout/Vin| absolute values

Frequency, Hz - log scale

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition ~ 11-99
Copyright © Orchard Publications

JITRSTTENE -V ]


http://mohandesyar.com/
http://mohandesyar.com/

WAV MOHANDESYAR. COM
Chapter 11 Analog and Digital Filters

4. Let us first solve the relation

a

00 = (o) = 2tan”'( =)

for b in terms of ¢, and a so that we can derive its value from the MATLAB script below. We
rewrite the above relation as

tan_l( a ) = —%)

then,

btan(—%’) =a+ tan(—q;‘))

_a+tan(—¢,/2)
~ tan(—0y/2)

% MFB 2nd order all-pass filter, f0=1 KHz

% phase shift phi=—pi/2 and gain K=3/4. Gain must be 0<K<1

%

% PART | - Find Resistor, a and b values

%

phiO=-pi/2; K=0.75; C1=107(-8); C2=C1; f0=1000; w0=2*pi*f0;...
a=((1-K)/(2*K*tan(phi0/2)))*(-1-sqrt((1+4*K/(1-K))*(tan(phi0/2))*2));...
b=(a+tan(-phi0/2))/tan(-phi0/2); R2=2/(a*w0*C1); R1=(1-K)*R2/(4*K);...
R3=R2/K; R4=R2/(1-K); fprintf(' \n'); fprintf('R1 = %6.0f Ohms \t',R1);...
fprintf('R2 = %6.0f Ohms \t',R2); fprintf('R3 = %6.0f Ohms \t',R3);...
fprintf('R4 = %6.0f Ohms \t',R4); fprintf(' \n');...

fprintf('a = %5.3f \t', a); fprintf('b = %5.3f \t', b)

R1=3456 Ohms R2=41469 Ohms R3=55292 Ohms R4=165875 Ohms
a=0.768 b = 1.768

We choose standard resistors as close as possible to those found above. These are shown in the
MATLAB script below.

%

% PART Il - Plot with standard resistors R1=3.48 K, R2=41.2 K, R3=54.9 K, R4=165 K

%

K=3/4; a=0.768; b=1.768; C1=10/(-8); C2=C1; f=10:10:100000; w=2*pi*f;...

R1=3480; R2=41200; R3=54900; R4=165000; w0=2/(a*R2*C1); s=w*|;
Gw=(K.*(s.2-a.*w0.*s+b.*w0./2))./(s."2+a.*w0.*s+b.*w0./2);...
semilogx(f,angle(Gw).*180./pi); xlabel('Frequency, Hz - log scale');...

ylabel('Phase Angle in degrees'); title('2nd Order All-Pass Filter Phase Response'); grid
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The plot shown below is the phase (not magnitude) response.

200

150

100

50

-50

Phase Angle in degrees

-100

-150

-200

Frequency, Hz - log scale

5. We will use MATLAB for all computations.

% MFB 2nd order Bessel filter, TO=100 microseconds, K=2

% PART | - Find resistor values

T0=100*107(-6); K=2; C1=10/(-8); C2=2*10/(-9); a=3; b=3; w0=12/(13*T0);...
R2=(2*(K+1))/((a*C1+sqrt(ar2*C1/2-4*b*C1*C2*(K+1)))*w0); R1=R2/K;...
R3=1/(b*C1*C2*R2*w0/2); fprintf(' \n'); fprintf('R1 = %5.0f Ohms \t',R1);...
fprintf('R2 = %5.0f Ohms \t',R2); fprintf('R3 = %5.0f Ohms \t',R3)

R1 = 7486 Ohms R2 = 14971 Ohms R3 = 13065 Ohms

We choose standard resistors as close as possible to those found above. These are shown in the
MATLAB script below. Part II of the script is as follows:

%

% PART Il - Plot with standard resistors R1=7.5 K, R2=15.0 K, R3=13.0 K

%

K=2; a=3; b=3; C1=10/(-8); C2=2*10/(-9); f=1:10:100000; w=2"pi*f; R1=7500;...

R2=15000; R3=13000; w0=(2*(K+1))/((a*C1+sqrt(a*2*C1/2-4*b*C1*C2*(K+1)))*R2);...
s=w*j; Gw=(3."K.*w0./2)./(s."2+a.*w0.*s+b.*w0./2);...

semilogx(f,angle(Gw).*180./pi); xlabel('Frequency, Hz');...

ylabel('Phase Angle in degrees'); title('2nd Order Bessel Filter Response'); grid

The plot shown below is the phase (not magnitude) response. This filter has very good phase
response but poor magnitude response. The group delay (the slope at a particular frequency) is
practically flat at frequencies near DC.
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2nd Order Bessel Filter Response
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6. From (11.24), Page 11-14,

AX(w) = L.
(w/wc ) +1
and with w. = 1 rad/s and k = 4, we obtain
Az((n) _ 1
o +1
Then,
G(s) - G(=s) = —
s +1

We can use DeMoivre’s theorem to find the roots of s° + 1 but we will use MATLAB instead.

syms s; y=solve('s"8+1=0"); fprintf(' \n'); disp('s1 ="); disp(simple(y(1)));...
disp('s2 ="); disp(simple(y(2))); disp('s3 = "); disp(simple(y(3)));...

disp('s4 ="); disp(simple(y(4))); disp('s5 ="); disp(simple(y(5)));...
disp('s6 ="); disp(simple(y(6))); disp('s7 ="); disp(simple(y(7)));...
disp('s8 ="); disp(simple(y(8)))

sl = 1/2%2~(3/4)* (1+i)"~(1/2) s, = (1/2)-42° T+
S2 = —1/2%27(3/4)* (1+i)~(1/2) s, = —(1/2)-42% T+
S3 = 1/2%i*2~(3/4)* (1+1)~(1/2) sy = (1/2)j-42° /T4

sd = -1/2*%1*27°(3/4)*(1+1)"(1/2) Sy = —(1/2)j-i/273m/1+j

S5 = 1/2%1i%27(3/4)* (-1+1)~(1/2)  ss = (1/2)j-42° - /214
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S6 = —1/2%i*27(3/4)* (-1+i)~(1/2) S6=_(1/2)_]"i/;'m
s7 = 1/2%27(3/4)*(-1+1) " (1/2) s; = (1/2) - 423 T+
s8 = -1/2%2~(3/4)* (-1+1)"(1/2) sg = —(1/2)-42% - JCT+]

Since we are only interested in the poles of the left half of the s—plane, we choose the roots s,
s4, 8¢, and sg. To express the denominator in polynomial form we use the following MATLAB

script:

denGs=(s-s2)*(s-s4)*(s—s6)*(s—s8); r=vpa(denGs,4)
r = (s+.9240+.3827%)*(s+.3827-.9240%i)*(s+.9240-.3827*)*(s+.3827+.9240%)
expand(r)

ans =
Ss™4+2.6134*s"3+3.41492978*s72+2.614014906886*s

+1.0004706353613841

and thus
1

st 42615 +3418% +2.61s+1

G(s) =

7. From (11.49), Page 11-26,

Al(w) = —5* (1)
l+e Ci(w/m¢ )

and with - = 1 and k = 3, we find from (11.48), Page 11-26, that

2= c? = (40’ -30)
Also, from (11.56), Page 11-29, with 1.5 dB ripple,
2210 MO = 04125

and with these values (1) is written as

o

2
1+0.4125 - (40° - 30)

Al(o) =

To express the denominator in polynomial form, we use the following MATLAB script.

syms w; denA=1+0.4125"expand((4*wA3-3*w)"2);...
denA = 1+33/5*w/"6-99/10*w"4+297/80*w/2

and thus
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A'(0) = 6 4OC 2
6.60 —99mw +3.7125m" + 1
8.
G(s) = _1/RC
s+1/RC
and with RC = 1,
G(s) = ——
s+ 1
G(z) = G(S)‘ 5 g1
s="ITS.Z+1
o) | Ty(z+ 1) To(z+1) Tg(z+ 1)/ (Tg+2)
zZ) = = = =
2 71, 2@-D)+Ts@+1) (Tg+2)z+(Tg-2)  7+(T5-2)/(Tg+2)
Tg z+1

9. The approximation of (11.86), Page 11-54, with 0. = o, yields wc = ©, - Tg = 4x0.25 = 1.

However, using the exact relation of (11.85), Page 11-54, and solving for m; we find that

w, = 2tan” (0,Tg)/2 = 0.9273

and this value is not very close to unity. Therefore we will compute G,(z) with pre-warping
using the following MATLAB script.

% This script designs a 2-pole Chebyshev Type 1 high-pass digital filter with
% analog cutoff frequency wc=4 rads/sec, sampling period Ts=0.25 sec., with
% pass band % ripple of 3 dB.

%

N=2; % # of poles

Rp=3; % Pass-band ripple in dB
Ts=0.25; % Sampling period

wc=4; % Analog cutoff frequency

% Let wd be the discrete time radian frequency. This frequency is related to
% the continuous time radian frequency wc by wd=Ts*wc with no pre-warping.
% With prewarping it is related to wc by wdp=2*arctan(wc*Ts/2).

% We divide by pi to normalize the digital cutoff frequency.
wdp=2*atan(wc*Ts/2)/pi;

% To obtain the digital cutoff frequency without prewarping we use the relation
% wd=(wc*Ts)/pi;

[Nz,Dz]=cheby1(N,Rp,wdp,'high");

%

fprintf('The numerator N(z) coefficients in descending powers of z are: \n\n');
fprintf('%8.4f \t',[Nz]); fprintf(' \n');
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fprintf('The denominator D(z) coefficients in descending powers of z are: \n\n');
fprintf('%8.4f \t',[Dz]); fprintf(' \n');

%

fprintf('Press any key to see the plot \n');

pause;

%

w=0:2*pi/300:pi; Gz=freqz(Nz,Dz,w); plot(w,abs(Gz)); grid; xlabel('Frequency (rads/sec)');
ylabel('|H|"); title('High-Pass Digital Filter with pre-warping')

The numerator N(z) coefficients in descending powers of z are:
0.3914 -0.7829 0.3914

The denominator D(z) coefficients in descending powers of =z
are:

1.0000 -0.7153 0.4963
and thus the transfer function and the plot with pre-warping are as shown below.

0.3914z° — 0.7829z + 0.3914

GI(Z) =
72— 0.71537 + 0.4963

High--Pass Digital Filter with prewarping
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Next, we will compute G,(z) without pre-warping using the following MATLAB script:

N=2; % # of poles

Rp=3; % Pass band ripple in dB
Ts=0.25; % Sampling period

wc=4; % Analog cutoff frequency

wd=(wc*Ts)/pi;
[Nz,Dz]=cheby1(N,Rp,wd,high');
%

Signals and Systems with MATLAB ® Computing and Simulink ® Modeling, Third Edition  11-105
Copyright © Orchard Publications .

N e


http://mohandesyar.com/
http://mohandesyar.com/

VWAV MOHANDESYAR. COM

Chapter 11 Analog and Digital Filters

fprintf("'The numerator N(z) coefficients in descending powers of z are: \n\n');
fprintf('%8.4f \t',[Nz]); fprintf(' \n');

fprintf("'The denominator D(z) coefficients in descending powers of z are: \n\n');
fprintf('%8.4f \t',[Dz]); fprintf(' \n');

%

fprintf('Press any key to see the plot \n');

pause;

%

w=0:2*pi/300:pi; Gz=freqz(Nz,Dz,w); plot(w,abs(Gz)); grid; xlabel('Frequency (rads/sec)");
ylabel('|H|'); title('High-Pass Digital Filter without pre-warping')

The numerator N(z) coefficients in descending powers of z are:
0.3689 -0.7377 0.3689

The denominator D(z) coefficients in descending powers of =z
are:

1.0000 -0.6028 0.4814
and thus the transfer function and the plot without pre-warping are as shown below.

0.36892> — 0.7377z + 0.3689
72— 0.6028z + 0.4814

Gy(2) =

High-Pass Digital Filter without prewarping
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Introduction to MATLAB®

procedures for naming and saving the user generated files, comment lines, access to MAT-
LAB’s Editor / Debugger, finding the roots of a polynomial, and making plots. Several exam-
ples are provided with detailed explanations.

T his appendix serves as an introduction to the basic MATLAB commands and functions,

A.1 MATLAB® and Simulink®
MATLAB and Simulink are products of The MathWorks,™ Inc. These are two outstanding soft-

ware packages for scientific and engineering computations and are used in educational institu-
tions and in industries including automotive, aerospace, electronics, telecommunications, and
environmental applications. MATLAB enables us to solve many advanced numerical problems
rapidly and efficiently.

A.2 Command Window

To distinguish the screen displays from the user commands, important terms, and MATLAB
functions, we will use the following conventions:

Click: Click the left button of the mouse
Courier Font: Screen displays

Helvetica Font: User inputs at MATLAB’s command window prompt >> or EDU>>"
Helvetica Bold: MATLAB functions

Times Bold Italic: Important terms and facts, notes and file names

When we first start MATLAB, we see various help topics and other information. Initially, we are
interested in the command screen which can be selected from the Window drop menu. When the
command screen, we see the prompt >> or EDU>>. This prompt is displayed also after execution
of a command; MATLAB now waits for a new command from the user. It is highly recommended
that we use the Editor/Debugger to write our program, save it, and return to the command screen
to execute the program as explained below.

To use the Editor/Debugger:

1. From the File menu on the toolbar, we choose New and click on M—File. This takes us to the
Editor Window where we can type our script (list of statements) for a new file, or open a previ-
ously saved file. We must save our program with a file name which starts with a letter. Impor-

* EDU>> is the MATLAB prompt in the Student Version
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tant! MATLAB is case sensitive, that is, it distinguishes between upper— and lower—case let-
ters. Thus, t and T are two different letters in MATLAB language. The files that we create are
saved with the file name we use and the extension .m; for example, myfileO1.m. It is a good
practice to save the script in a file name that is descriptive of our script content. For instance,
if the script performs some matrix operations, we ought to name and save that file as
matricesO1.m or any other similar name. We should also use a floppy disk or an external drive
to backup our files.

2. Once the script is written and saved as an mfile, we may exit the Editor/Debugger window by
clicking on Exit Editor/Debugger of the File menu. MATLAB then returns to the command
window.

3. To execute a program, we type the file name without the .m extension at the >> prompt;
then, we press <enter> and observe the execution and the values obtained from it. If we have
saved our file in drive a or any other drive, we must make sure that it is added it to the desired
directory in MATLAB’s search path. The MATLAB User’s Guide provides more information

on this topic.

Henceforth, it will be understood that each input command is typed after the >> prompt and fol-
lowed by the <enter> key.

The command help matlab\iofun will display input/output information. To get help with other
MATLAB topics, we can type help followed by any topic from the displayed menu. For example,
to get information on graphics, we type help matlab\graphics. The MATLAB User’s Guide con-
tains numerous help topics.

To appreciate MATLAB’s capabilities, we type demo and we see the MATLAB Demos menu.
We can do this periodically to become familiar with them. Whenever we want to return to the
command window, we click on the Close button.

When we are done and want to leave MATLAB, we type quit or exit. But if we want to clear all
previous values, variables, and equations without exiting, we should use the command clear. This
command erases everything; it is like exiting MATLAB and starting it again. The command cle
clears the screen but MATLAB still remembers all values, variables and equations that we have
already used. In other words, if we want to clear all previously entered commands, leaving only
the >> prompt on the upper left of the screen, we use the cle command.

All text after the % (percent) symbol is interpreted as a comment line by MATLAB, and thus it is
ignored during the execution of a program. A comment can be typed on the same line as the func-
tion or command or as a separate line. For instance,

conv(p,q) % performs multiplication of polynomials p and q
% The next statement performs partial fraction expansion of p(x) / q(x)

are both correct.
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One of the most powerful features of MATLAB is the ability to do computations involving com-
plex numbers. We can use either i, or j to denote the imaginary part of a complex number, such as
3-4i or 3-47.For example, the statement

2=3-4;
displays
z = 3.0000-4.00001

In the above example, a multiplication (*) sign between 4 and j was not necessary because the
complex number consists of numerical constants. However, if the imaginary part is a function, or
variable such as cos(x), we must use the multiplication sign, that is, we must type cos(x)*j or
j*cos(x) for the imaginary part of the complex number.

A.3 Roots of Polynomials

In MATLAB, a polynomial is expressed as a row vector of the form [a, a | ... a, a, a,]. These

are the coefficients of the polynomial in descending order. We must include terms whose coeffi-
cients are zero.

We find the roots of any polynomial with the roots(p) function; p is a row vector containing the
polynomial coefficients in descending order.

Example A.1
Find the roots of the polynomial

pi(x) = x* — 10X’ +35x” — 50x + 24
Solution:

The roots are found with the following two statements where we have denoted the polynomial as
p1, and the roots as roots_ p1.

p1=[1 —10 35 -50 24] % Specify and display the coefficients of p1(x)

pl =
1 -10 35 -50 24

roots_ p1=roots(p1) % Find the roots of p1(x)
roots_pl =

4.0000

3.0000

2.0000

1.0000
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We observe that MATLAB displays the polynomial coefficients as a row vector, and the roots as a
column vector.

Example A.2
Find the roots of the polynomial

py(x) = X’ —7x" + 16X +25x + 52

Solution:

There is no cube term; therefore, we must enter zero as its coefficient. The roots are found with
the statements below, where we have defined the polynomial as p2, and the roots of this polyno-
mial as roots_ p2. The result indicates that this polynomial has three real roots, and two complex

roots. Of course, complex roots always occur in complex conjugate” paits.
p2=[1 -7 0 16 25 52]

p2 =
1 -7 0 16 25 52

roots_ p2=roots(p2)

roots_p2 =
6.5014
2.7428
-1.5711
-0.3366 + 1.32021i
-0.3366 - 1.32021

A.4 Polynomial Construction from Known Roots

We can compute the coefficients of a polynomial, from a given set of roots, with the poly(r) func-
tion where r is a row vector containing the roots.

Example A.3

It is known that the roots of a polynomial are 1, 2, 3, and 4. Compute the coefficients of this
polynomial.

* By definition, the conjugate of a complex number A = a+jb is A* = a—jb
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Solution:

We first define a row vector, say r3, with the given roots as elements of this vector; then, we find
the coefficients with the poly(r) function as shown below.

r3=[1 2 3 4] % Specify the roots of the polynomial

r3 =
1 2 3 4

poly_r3=poly(r3) % Find the polynomial coefficients

poly_r3 =
1 -10 35 -50 24

We observe that these are the coefficients of the polynomial p,(x) of Example A.1.

|
Example A.4

It is known that the roots of a polynomial are -1, -2, -3, 4 +j5, and 4 —j5. Find the coeffi-
cients of this polynomial.

Solution:

We form a row vector, say r4, with the given roots, and we find the polynomial coefficients with
the poly(r) function as shown below.

rd=[ -1 -2 -3 445j 4-5j]

rd =
Columns 1 through 4
-1.0000 -2.0000 -3.0000 -4.0000+ 5.00001
Column 5

-4.0000- 5.00001

poly_r4=poly(r4)

poly_r4d =
1 14 100 340 499 246

Therefore, the polynomial is

pa(x) = x°+ 14x" + 100X’ + 340x” + 499x + 246
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A.5 Evaluation of a Polynomial at Specified Values

The polyval(p,x) function evaluates a polynomial p(x) at some specified value of the indepen-
dent variable x.

Example A.5

Evaluate the polynomial

ps(x) = X037 + 5% —4x” +3x +2 (A.1)
at x = -3.
Solution:

p5=[1 -3 0 5 -4 3 2]; % These are the coefficients of the given polynomial

% The semicolon (;) after the right bracket suppresses the

% display of the row vector that contains the coefficients of p5.
%
val_minus3=polyval(p5, -3) % Evaluate p5 at x=—3; no semicolon is used here

% because we want the answer to be displayed

val minus3 =
1280

Other MATLAB functions used with polynomials are the following:
conv(a,b) — multiplies two polynomials a and b

[q,r]=deconv(c,d) —divides polynomial ¢ by polynomial d and displays the quotient q and
remainder r.

polyder(p) — produces the coefficients of the derivative of a polynomial p.
|
Example A.6
Let
P = X =3x +5x7 +7x +9
and

Py = 2x° - 8x" +4x" + 10x + 12

Compute the product p, - p, using the conv(a,b) function.
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Solution:

pi=[1 -3 05 7 9]; % The coefficients of p1

p2=[2 0 -8 0 4 10 12]; % The coefficients of p2

p1p2=conv(p1,p2) % Multiply p1 by p2 to compute coefficients of the product p1p2
plp2 =

2 -6 -8 34 18 -24 -74 -88 78 166 174 108
Therefore,
PPy = 2x ' —6x'0 - 8x” + 34x" + 18x’ - 24x°
~74x°-88x" + 78x” + 166x” + 174x + 108
———————————
Example A.7
Let
P = X7—3X5+5X3+7X+9
and

pa = 2x° = 8% +4x” + 10x + 12

Compute the quotient p;/p, using the [q,r]l=deconv(c,d) function.

Solution:

% It is permissible to write two or more statements in one line separated by semicolons
p3=[1 0 -3 0 5 7 9]; p4=[2 -8 0 0 4 10 12]; [qg,r]=deconv(p3,p4)

q =
0.5000
r =
0 4 -3 0 3 2 3
Therefore,

Example A.8
Let
ps = 2x° = 8x" +4x° + 10x + 12

Compute the derivative (;-d—xps using the polyder(p) function.
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Solution:
p5=[2 0 -8 0 4 10 12]; % The coefficients of p5
der_p5=polyder(p5) % Compute the coefficients of the derivative of p5
der_pb5 =
12 0 -32 0 8 10
Therefore,
d 5 3 2
P = 12x™ - 32x" +4x" +8x+ 10

A.6 Rational Polynomials
Rational Polynomials are those which can be expressed in ratio form, that is, as

n-1 n-2
X +...+bx+b
n-2 i (A.2)

2
X +...+tax+a,

n
Num(x) _ b x +b,_x

R(x) = Den(x)

m
a x +a,

where some of the terms in the numerator and/or denominator may be zero. We can find the roots
of the numerator and denominator with the roots(p) function as before.

As noted in the comment line of Example A.7, we can write MATLAB statements in one line, if
we separate them by commas or semicolons. Commas will display the results whereas semicolons
will suppress the display.

|
Example A.9
Let

R(x) = Pmum _ X =3x" +5x" 4 7x+9

Pden x6—4x4+2x2+5x+6

Express the numerator and denominator in factored form, using the roots(p) function.

Solution:
num=[1 -3 0 5 7 9];den=[1 0 -4 0 2 5 6]; % Do not display num and den coefficients
roots_nums=roots(num), roots_den=roots(den) % Display num and den roots
roots_num =
2.4186 + 1.07121 2.4186 - 1.07121 -1.1633
-0.3370 + 0.99611 -0.3370 - 0.99611
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roots_den =
1.6760 + 0.49221 1.6760 - 0.49221i -1.9304
-0.2108 + 0.98701 -0.2108 - 0.98701 -1.0000

As expected, the complex roots occur in complex conjugate pairs.
For the numerator, we have the factored form

= (x-2.4186 —j1.0712)(x-2.4186 +j1.0712)(x + 1.1633)
(x +0.3370 — j0.9961)(x + 0.3370 + j0.9961)

pnum

and for the denominator, we have

Paen = (X=1.6760 —10.4922)(x~1.6760 + j0.4922)(x + 1.9304)
(x +0.2108-j0.9870)(x + 0.2108 + j0.9870)(x + 1.0000)

We can also express the numerator and denominator of this rational function as a combination of
linear and quadratic factors. We recall that, in a quadratic equation of the form x> +bx+¢ = 0
whose roots are x, and x,, the negative sum of the roots is equal to the coefficient b of the x

term, that is, —(x, + x,) = b, while the product of the roots is equal to the constant term ¢, that
is, x, - x, = ¢. Accordingly, we form the coefficient b by addition of the complex conjugate roots

and this is done by inspection; then we multiply the complex conjugate roots to obtain the con-
stant term ¢ using MATLAB as follows:

(2.4186 + 1.0712i)*(2.4186 —1.0712i)
ans = 6.9971

(-0.3370+ 0.9961i)*(-0.3370-0.9961i)
ans = 1.1058

(1.6760+ 0.4922i)*(1.6760-0.4922i)
ans = 3.0512

(—0.2108+ 0.9870i)*(-0.2108-0.9870i)
ans = 1.0186

Thus,

R(x) = Doum _ (x” — 4.8372x + 6.9971)(x” + 0.6740x + 1.1058)(x + 1.1633)
Pden  (X°—3.3520x + 3.0512)(x” + 0.4216x + 1.0186)(x + 1.0000)(x + 1.9304)
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We can check this result of Example A.9 above with MATLAB’s Symbolic Math Toolbox which is
a collection of tools (functions) used in solving symbolic expressions. They are discussed in detail
in MATLAB’s Users Manual. For the present, our interest is in using the collect(s) function that
is used to multiply two or more symbolic expressions to obtain the result in polynomial form. We
must remember that the conv(p,q) function is used with numeric expressions only, that is, poly-
nomial coefficients.

Before using a symbolic expression, we must create one or more symbolic variables such as x, y, t,
and so on. For our example, we use the following script:

syms x % Define a symbolic variable and use collect(s) to express numerator in polynomial form
collect((x"2—-4.8372*x+6.9971)*(x"2+0.6740*x+1.1058)*(x+1.1633))

ans =
x"*5-29999/10000*x74-1323/3125000*x"3+7813277909/
1562500000*x72+1750276323053/250000000000*x+4500454743147/
500000000000

and if we simplify this, we find that is the same as the numerator of the given rational expression
in polynomial form. We can use the same procedure to verify the denominator.

A.7 Using MATLAB to Make Plots

Quite often, we want to plot a set of ordered pairs. This is a very easy task with the MATLAB
plot(x,y) command that plots y versus x, where x is the horizontal axis (abscissa) and y is the ver-
tical axis (ordinate).

Example A.10

Consider the electric circuit of Figure A.1, where the radian frequency o (radians/second) of the
applied voltage was varied from 300 to 3000 in steps of 100 radians/second, while the amplitude
was held constant.

R,

(A)
O

|

Figure A.1. Electric circuit for Example A.10

Y
/1
@)
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The ammeter readings were then recorded for each frequency. The magnitude of the impedance
|Z| was computed as |Z| = |[V/A| and the data were tabulated on Table A.1.

TABLE A.1 Table for Example A.10

© (rads/s) |Z| Ohms || ® (rads/s) |Z| Ohms
300 39.339 1700 90.603
400 52.589 1800 81.088
500 71.184 1900 73.588
600 97.665 2000 67.513
700 140.437 2100 62.481
800 222.182 2200 58.240
900 436.056 2300 54.611
1000 1014.938 2400 51.428
1100 469.83 2500 48.717
1200 266.032 2600 46.286
1300 187.052 2700 44.122
1400 145.751 2800 42.182
1500 120.353 2900 40.432
1600 103.111 3000 38.845

Plot the magnitude of the impedance, that is, | Z| versus radian frequency o.
Solution:

We cannot type ® (omega) in the MATLAB Command prompt, so we will use the English letter
w instead.

If a statement, or a row vector is too long to fit in one line, it can be continued to the next line by
typing three or more periods, then pressing <enter> to start a new line, and continue to enter
data. This is illustrated below for the data of w and z. Also, as mentioned before, we use the semi-
colon (;) to suppress the display of numbers that we do not care to see on the screen.

The data are entered as follows:

w=[300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900....
2000 2100 2200 2300 2400 2500 2600 2700 2800 2900 3000];

%

z=[39.339 52.789 71.104 97.665 140.437 222.182 436.056....

1014.938 469.830 266.032 187.052 145.751 120.353 103.111....

90.603 81.088 73.588 67.513 62.481 58.240 54.611 51.468....

48.717 46.286 44.122 42.182 40.432 38.845];

Of course, if we want to see the values of w or z or both, we simply type w or z, and we press
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<enter>. To plot z (y—axis) versus w (x—axis), we use the plot(x,y) command. For this example,

we use plot(w,z). When this command is executed, MATLAB displays the plot on MATLAB’s
graph screen and MATLAB denotes this plot as Figure 1. This plot is shown in Figure A.2.

1200

1000 - b

800 - b

600 - b

400 b

200 b

0 1 1 1 1 1
0 500 1000 1500 2000 2500 3000

Figure A.2. Plot of impedance |z| versus frequency o for Example A.10

This plot is referred to as the magnitude frequency response of the circuit.

To return to the command window, we press any key, or from the Window pull-down menu, we
select MATLAB Command Window. To see the graph again, we click on the Window pull-down
menu, and we choose Figure 1.

We can make the above, or any plot, more presentable with the following commands:

grid on: This command adds grid lines to the plot. The grid off command removes the grid. The

command grid toggles them, that is, changes from off to on or vice versa. The default” is off.

box off: This command removes the box (the solid lines which enclose the plot), and box on
restores the box. The command box toggles them. The default is on.

title(‘string’): This command adds a line of the text string (label) at the top of the plot.
xlabel(‘string’) and ylabel(‘string’) are used to label the x— and y—axis respectively.

The magnitude frequency response is usually represented with the x—axis in a logarithmic scale.
We can use the semilogx(x,y) command which is similar to the plot(x,y) command, except that
the x—axis is represented as a log scale, and the y—axis as a linear scale. Likewise, the semil-
ogy(x,y) command is similar to the plot(x,y) command, except that the y—axis is represented as a

*  Adefault is a particular value for a variable that is assigned automatically by an operating system and remains

in effect unless canceled or overridden by the operator.
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log scale, and the x—axis as a linear scale. The loglog(x,y) command uses logarithmic scales for
both axes.

Throughout this text it will be understood that log is the common (base 10) logarithm, and In is
the natural (base e) logarithm. We must remember, however, the function log(x) in MATLAB is
the natural logarithm, whereas the common logarithm is expressed as log10(x), and the logarithm
to the base 2 as log2(x).

Let us now redraw the plot with the above options by adding the following statements:

semilogx(w,z); grid; % Replaces the plot(w,z) command
title('Magnitude of Impedance vs. Radian Frequency');
xlabel('w in rads/sec'); ylabel('|Z| in Ohms')

After execution of these commands, the plot is as shown in Figure A.3.

If the y—axis represents power, voltage or current, the x—axis of the frequency response is more
often shown in a logarithmic scale, and the y—axis in dB (decibels).

Magnitude of Impedance vs. Radian Frequency

1200

1000

800

600

|Z] in Ohms

400

200

w in rads/sec

Figure A.3. Modified frequency response plot of Figure A.2.

To display the voltage v in a dB scale on the y—axis, we add the relation dB=20*log10(v), and we
replace the semilogx(w,z) command with semilogx(w,dB).

The command gtext(‘string’) switches to the current Figure Window, and displays a cross—hair
that can be moved around with the mouse. For instance, we can use the command gtext(‘Imped-
ance |Z| versus Frequency’), and this will place a cross—hair in the Figure window. Then, using

*  With the latest MATLAB Versions 6 and 7 (Student Editions 13 and 14), we can add text, lines and arrows directly into
the graph using the tools provided on the Figure Window. For advanced MATLAB graphics, please refer to The Math-
Works Using MATLAB Graphics documentation.
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the mouse, we can move the cross—hair to the position where we want our label to begin, and we
press <enter>.

The command text(x,y, string’) is similar to gtext(‘string’). It places a label on a plot in some
specific location specified by x and y, and string is the label which we want to place at that loca-
tion. We will illustrate its use with the following example which plots a 3—phase sinusoidal wave-
form.

The first line of the script below has the form
linspace(first_value, last_value, number_of_values)

This function specifies the number of data points but not the increments between data points. An
alternate function is

x=first: increment: last
and this specifies the increments between points but not the number of data points.
The script for the 3—phase plot is as follows:

x=linspace(0, 2*pi, 60); % piis a built—in function in MATLAB;

% we could have used x=0:0.02*pi:2*pi or x = (0: 0.02: 2)*pi instead;

y=sin(x); u=sin(x+2*pi/3); v=sin(x+4*pi/3);

plot(x,y,x,u,x,v); % The x—axis must be specified for each function

grid on, box on, % turn grid and axes box on

text(0.75, 0.65, 'sin(x)'); text(2.85, 0.65, 'sin(x+2*pi/3)"); text(4.95, 0.65, 'sin(x+4*pi/3)")

These three waveforms are shown on the same plot of Figure A 4.

1

sin(x+4*pi/3)

0.5

-0.5

Figure A.4. Three—phase waveforms
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In our previous examples, we did not specify line styles, markers, and colors for our plots. How-
ever, MATLAB allows us to specify various line types, plot symbols, and colors. These, or a com-
bination of these, can be added with the plot(x,y,s) command, where s is a character string con-
taining one or more characters shown on the three columns of Table A.2. MATLAB has no
default color; it starts with blue and cycles through the first seven colors listed in Table A.2 for
each additional line in the plot. Also, there is no default marker; no markers are drawn unless
they are selected. The default line is the solid line. But with the latest MATLAB versions, we can
select the line color, line width, and other options directly from the Figure Window.

TABLE A.2 Styles, colors, and markets used in MATLAB

Symbol Color Symbol Marker Symbol Line Style
b blue . point - solid line
g green o circle : dotted line
T red X x—mark - dash—dot line
c cyan + plus —_ dashed line
m magenta * star
y yellow s square
k black d diamond
w white v triangle down

A triangle up
< triangle left
> triangle right
p pentagram
h hexagram

For example, plot(x,y,'m*:') plots a magenta dotted line with a star at each data point, and
plot(x,y,'rs') plots a red square at each data point, but does not draw any line because no line was
selected. If we want to connect the data points with a solid line, we must type plot(x,y,'rs-'). For
additional information we can type help plot in MATLAB’s command screen.

The plots we have discussed thus far are two—dimensional, that is, they are drawn on two axes.
MATLARB has also a three-dimensional (three—axes) capability and this is discussed next.

The plot3(x,y,z) command plots a line in 3-space through the points whose coordinates are the
elements of x, y and z, where x, y and z are three vectors of the same length.

The general format is plot3(X4,Y1,21,S1,X2,Y2,22,52,X3,Y3,23,S3,-..) Where X, Y, and z,, are vectors
or matrices, and s, are strings specifying color, marker symbol, or line style. These strings are the
same as those of the two—dimensional plots.
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Example A.11
Plot the function

z=—2x3+x+3y2—1 (A.3)
Solution:

We arbitrarily choose the interval (length) shown on the script below.

x=-10: 0.5: 10; % Length of vector x
y=X; % Length of vector y must be same as x
2= —2.°XA3+x+3.7'y N2-1; % Vector z is function of both x and y*

plot3(x,y,z); grid

The three—dimensional plot is shown in Figure A.5.
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Figure A.5. Three dimensional plot for Example A.11

In a two—dimensional plot, we can set the limits of the x— and y—axes with the axis([xmin xmax
ymin ymax]) command. Likewise, in a three-dimensional plot we can set the limits of all three
axes with the axis([xmin xmax ymin ymax zmin zmax]) command. It must be placed after the
plot(x,y) or plot3(x,y,z) commands, or on the same line without first executing the plot com-
mand. This must be done for each plot. The three-dimensional text(x,y,z,’string’) command will
place string beginning at the co—ordinate (x,y,z) on the plot.

For three—dimensional plots, grid on and box off are the default states.

* This statement uses the so called dot multiplication, dot division, and dot exponentiation where the multiplication, division,
and exponential operators are preceded by a dot. These important operations will be explained in Section A.9.
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We can also use the mesh(x,y,z) command with two vector arguments. These must be defined as
length(x) = n and length(y) = m where [m, n] = size(Z). In this case, the vertices of the mesh

lines are the triples {x(j), y(i), Z(i, j) } . We observe that X corresponds to the columns of Z, and y
corresponds to the rows.

To produce a mesh plot of a function of two variables, say z = f(x, y) , we must first generate the
X and Y matrices that consist of repeated rows and columns over the range of the variables x and
y. We can generate the matrices X and Y with the [X,Y]=meshgrid(x,y) function that creates the
matrix X whose rows are copies of the vector X, and the matrix Y whose columns are copies of the
vector Y.

Example A.12

The volume V of a right circular cone of radius r and height h is given by

- %mzh (A.4)

Plot the volume of the cone as r and h vary on the intervals 0 <r<4 and 0 <h<6 meters.
Solution:

The volume of the cone is a function of both the radius r and the height h, that is,
V = f(r,h)

The three—dimensional plot is created with the following MATLAB script where, as in the previ-
ous example, in the second line we have used the dot multiplication, dot division, and dot expo-
nentiation. This will be explained in Section A.9.

[R,H]=meshgrid(0: 4, 0: 6); % Creates R and H matrices from vectors r and h;...
V=(pi .* R.A2.*H) ./ 3; mesh(R, H, V);...

xlabel('x—axis, radius r (meters)'); ylabel('y—axis, altitude h (meters)");...
zlabel('z—axis, volume (cubic meters)'); title('Volume of Right Circular Cone'); box on

The three—dimensional plot of Figure A.6 shows how the volume of the cone increases as the
radius and height are increased.

The plots of Figure A.5 and A.6 are rudimentary; MATLAB can generate very sophisticated
three-dimensional plots. The MATLAB User’s Manual and the Using MATLAB Graphics Man-

ual contain numerous examples.
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Volume of Right Circular Cone
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Figure A.6. Volume of a right circular cone.

A.8 Subplots

MATLAB can display up to four windows of different plots on the Figure window using the com-
mand subplot(m,n,p). This command divides the window into an m x n matrix of plotting areas
and chooses the pth area to be active. No spaces or commas are required between the three inte-
gers m, n and p. The possible combinations are shown in Figure A.7.

We will illustrate the use of the subplot(m,n,p) command following the discussion on multiplica-
tion, division and exponentiation that follows.
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Figure A.7. Possible subplot arrangements in MATLAB

A.9 Multiplication, Division, and Exponentiation

MATLAB recognizes two types of multiplication, division, and exponentiation. These are the
matrix multiplication, division, and exponentiation, and the element—by—element multiplication,
division, and exponentiation. They are explained in the following paragraphs.
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Multiplication, Division, and Exponentiation

In Section A.2, the arrays [a b ¢ ...], such a those that contained the coefficients of polynomi-
als, consisted of one row and multiple columns, and thus are called row vectors. If an array has
one column and multiple rows, it is called a column vector. We recall that the elements of a row
vector are separated by spaces. To distinguish between row and column vectors, the elements of a
column vector must be separated by semicolons. An easier way to co