
(1) ÍÜµ¿õ ¢�Àä�

�õÀÖõ .1 x

ø ©¤�Þª �� �Î��¤ ¤¢ ¢Àä ô�úÔõ �î ÝþÀþ¢ .Ýþ¢Âî ´±½¬ üÖ�Ö� ¢�Àä� ö�õ�Â�� �µªÁð �bÆÜ� ø¢ ¤¢

ßØ�ó .¢�� ¢øÀ½õ Ý�õ�÷üõ ´±·õ ý�þ�ð ¢�Àä� ¥øÂõ� �»÷� �� ´Æ¿÷ ø Àõ� ÀþÀ� �û´�Þî ýÂ�ðù¥�À÷�

�� Ã�÷ üÔ�õ ¢�Àä� ø �þ�ð ¢�Àä� �î üÞÆì �� ¢Âî ��¹þ� �¤ ¢Àä ô�úÔõ �b ã¨�� üÞÜä �b �Â¹� �¤øÂ®

.¢�ªüõ ùÀ÷��¡ ,R ,üÖ�Ö� ¢�Àä� �bä�Þ¹õ ¥øÂõ� ,Ý�û�Ôõ ßþ� �bä�Þ¹õ ø À÷Àª �µ¡��ª \¢Àä" ö���ä

ô�Üãõ ´Èðüõ �¨ ��¤¢ ��¢�ãõ Û� ñøÁ±õ ý¢��õ Ýû¢Ã÷�ª öÂì ¤¢ �î üþ�ûÇª�î üÏ ¤¢

.¢¥�¨üõ ÛÌãõ ¤��¢ �¤ �ûÇª�î ßþ� �î ´¨� üþ�ûüµ¨�î ©�¿µ¨¢ ¥��û üÖ�Ö� ¢Àä ô�úÔõ �î Àª

� � x°Æ�Â� 3 ��¤¢ �b ó¢�ãõ Âû .Ý��îüõ ü¨¤Â� ö��î� �¤ á�®�õ ßþ� ,¾þ¤�� ý¥�¨¥�� üîÀ÷� � �

:´ª�÷ Âþ¥ �¤�¬ �� x3 �b ÜÞ� °þÂ® Â� ö¢Âî Ý�ÆÖ� ¥� Å� ö���üõ �¤ üÖ�Ö� °þ�Â®

x3 + ax2 + bx+ c = 0 (1)

�� (1) �ó¢�ãõ ,x = t� a
3
Ý�û¢ ¤�Âì Âð� .¢Âî éÁ� �¤ ôø¢ �b �¤¢ �b ÜÞ� ö���üõ ù¢�¨ ü�þÃÚþ�� ×þ ��

ÛØª

t3 + pt+ q = 0 (2)

�b ó¢�ãõ Ý��îüõ Çª�î ñ�� .À�µÆû c ø b ,a °þ�Â® °Æ�Â� üþ�û�¤�±ä p; q ö� ¤¢ �î Àþ�üõ ¤¢
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Ýþ¤�¢ ,t = u+ v Ý�Æþ��� Âð� .Ý��î Û� �¤ (2)

(u+ v)3 + p(u+ v) + q = 0

u3 + v3 + (3uv + p)(u+ v) + q = 0

(3)

ý�Â� .Àþ�üõ ´¨¢�� (2) ý�Â� t = u+ v ���� ×þ ,À�î ëÀ¬ �ó¢�ãõ ßþ� ¤¢ �î u; v �ø¥ Âû ý�Â�

¤�Ñµ÷� �î ´¨� ñ�ú¹õ ø¢ �� �ó¢�ãõ ×þ (3) �î Ý��îüõ ùÀû�Èõ ´Æ¿÷ ü�ø¥ ß��� ö¢¤ø� ´¨¢��

.Àª�� �µª�¢ ���� ´þ�ú÷ü� �f �Þãõ Ýþ¤�¢

:Ý�û¢üõ ¤�Âì .Ý�¨Â� üÊ¿Èõ ���� �� Ý��îüõ üã¨ ,u; v ö��õ ÂÚþ¢ �bÎ��¤ ×þ ö¢øÃê� ��

uv = � p

3
�þ 3uv + p = 0 (4)

:À�þ�üõ ¤¢ Âþ¥ ù�Úµ¨¢ �¤�¬ �� (4) ø (3) �¤�¬ ßþ� ¤¢ �î8><
>:

u3 + v3 = �q

u3v3 = � p3

27

(5)

�î Ý�Æþ��� ôø¢ ��¤¢ �ó¢�ãõ ×þ Ý�÷���üõ v3 ø u3 ´�Þî ø¢ �Â®Û¬�� ø á�Þ¹õ ßµª�¢ �� ñ��

:À�ª�� v3 ø u3 Çþ�û�Èþ¤

z2 + qz � p3

27
= 0 (6)

Å�

z =
�q �

q
q2 + 4

27
q3

2

(2) ���� ,t = u + v ¥� ù¢�Ôµ¨� �� ø �ú÷� °ãî ßµêÂð �� Å� ,À�µÆû v3 ø u3 Âþ¢�Öõ z ���� ø¢

:Àþ�üõ ´¨¢��

t =
3

vuut�q +
q
q2 + 4

27
p3

2
+

3

vuut�q �
q
q2 + 4

27
p3

2
(7)

üóø ,´¨� 3 ��¤¢ ��¢�ãõ Û� Ûõ�î ¤�µ¨¢ �fÂû�Ò ´¨� éøÂãõ 1�÷�¢¤�î ñ�õÂê �� �î ñ�õÂê ßþ�

:¢¥�¨üõ �õÂ� �¤ ÛØÈõ ø¢ ö� ¥� üÜÞä ùb¢�Ôµ¨� ø ë�ê �¤�±ä ¢¤�õ ¤¢ ´ì¢ üÞî
©ø¤ ø ñ�õÂê ßþ� ¢�ªüõ �µÔð �î üþ��ó�µþ� À�ÞÈ÷�¢ (1501-1576) Girolamo Cardano �÷�¢¤�î �õ� øÂ��1
üÔ¿õ �� ÝÆì �� (1499-1557) Niccol�o Tartaglia ��ó��¤�� �ó�Ø�÷ ýÂÚþ¢ üþ��ó�µþ� ö�À�®�þ¤ ¥� âì�ø ¤¢ �¤ ë�ê Û�

.´¨� ù¢Âî ´ê�þ ¤¢ ö� ßµª�Àû�Ú÷
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.Àª�� �µª�¢ ���� ø¢ �þ ×þ ,º�û ´¨� ßØÞõ ,ax2 + bx + c = 0 ,ôø¢ ��¤¢ �b ó¢�ãõ ×þ (1

��¢�ãõ .´¨� ���� ø¢ ¢��ø ö�Øõ� ÂÚ÷��� x= �b�
p

b2�4ac

2
ü�ãþ ,���� ñ�õÂê ¤¢ � ¢��ø

�¤ ���� ×þ ÍÖê �fÂû�Ò (7) ñ�õÂê üóø À�ª�� �µª�¢ üÖ�Ö� ���� �¨ �� ´¨� ßØÞõ 3 ��¤¢

¤¢ (2) ý�Â� t = � ���� ×þ �f ·õ Âð� �î �Âþ¥ ´Æ�÷ üÜØÈõ ßþ� ÛÞä ¤¢ .Àû¢üõ ´¨¢��

:Ý�Æþ��� Ý�÷���üõ ,Àª�� ´¨¢

t3 + pt+ q = (t � �)(t2 +At +B)

ÂÑ÷ �� ñ�� ßþ� �� .Àª À�û��¡ �À�� ÂÚþ¢ üó�Þµ�� ý�û���� t2 +At + B = 0 ü¨¤Â� �� ø

Âþ¥ ñ�·õ .´Æ�÷ ¤�¢¤�¡Â� ôø¢ ��¤¢ ��¢�ãõ Û� ñ�õÂê ���Èõ üµ�õ�Þä ¥� (7) ñ�õÂê À¨¤üõ

:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

t3 � 3t+ 2 = 0

��� �b ó¢�ãõ ý�û���� Å� ,´ª�÷ (t� 1)2(t+ 2) �¤�¬ �� ö���üõ �¤ t3 �3t+ 2 �¤�±ä

:Ýþ¤�¢ q = 2 ø p = �3 �� ���� �� ,ÝþÂ�ð ¤�î�� �¤ �÷�¢¤�î ñ�õÂê Âð� ñ�� .1;1;�2 ¥� À��¤�±ä

t =
3
p
�1+

3
p
�1 = �2

.¢�ªüõ Û¬�� �û���� ¥� üØþ ÍÖê ø

ö���ä ��
p�1 ÛØª �� üþ��ª� ßµêÂþÁ� ø ¢Àä ô�úÔõ �b ã¨�� �� Â¹�õ �î �¤ ýÂ�ýÀ� ÛØÈõ (2

:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ �b ó¢�ãõ .Ý��îüõ ¼þÂÈ� ñ�·õ ×þ Âî£ �� Àª \¢Àä"

t3 � 6t+ 4 = 0 (8)

ýÂ�ð¤�µî�ê �¤ (t� 2) �ÜÞ� ö���üõ Å� ,À�îüõ ëÀ¬ �ó¢�ãõ ßþ� ¤¢ t = 2 �î À��î ùÀû�Èõ

:Ýþ¤�¢ ø ¢Âî

t3 � 6t + 4 = (t� 2)(t2 + 2t� 2)
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:À�þ�üõ ´¨¢�� (8) �ó¢�ãõ ý�û���� �b �Üî t2 + 2t � 2 = 0 ö¢�¢ ¤�Âì ��

t = 2 ; �1�
p
3

:Ýþ¤�¢ (7) ñ�õÂê ¥� ÂÚþ¢ üêÂÏ ¥�

t =
3

s
�4+

p
�16

2
+

3

s
�4�

p
�16

2

:´ª�¢ Ý�û��¡ Ý��î �¬�¡ 4
p
�1 ��

p�16 Âð�

t =
3

q
�2+ 2

p
�1+

3

q
�2� 2

p
�1 (9)

í�ØÈõ ü�ãõ ÂÑ÷ ¥� ùø�ä �� ø ´Æ�÷ ùÀª Âî£ ���� �¨ ¥� ×þ º�û Âû�Ò ¤¢ �¤�±ä ßþ�

��� µ õ Ýû¢Ã ÷�ª öÂì ö�÷�À �®� þ¤ .Ý þ�ùÀÈ÷ Ûþ� ì üþ� �ãõ
p�1 ý�Â � ö� � î� � � î �Â þ¥ ´¨�

Ûì�À� �þ ¢¤�¢ ü�ãõ
p�1 À��î ­Âê .Àª Û¨�µõ Âþ¥ ý¤�¬ �b ±¨�½õ �� ö���üõ �î À÷Àª

¢�½�� Â���� �î À��î ���� �¤�¬ ßþ� ¤¢ .¢�¢ ô�¹÷� �¤ ýÂ±� ý¢�ä ��±¨�½õ ö� �� ö���üõ

:(a+ b)3 = a3 + 3a2b+ 3ab2 + b3

(1+
p
�1)3 = 1+ 3

p
�1� 3�

p
�1

= �2+ 2
p�1

:¢�ªüõ ù¢�¨ Âþ¥ �¤�¬ �� (9) Å� ,(1�
p
�1)3 = �2�

p
�1 Ýþ¤�¢ �fú��Èõ ø

t = 1+
p
�1+ 1�

p
�1 = 2

���ÜÞä ¢Àä ×þ �¤�¬ �� ö� �� Âð� ,Ý�µÆ�÷ Ûþ�ì üþ��ãõ
p�1 ý�Â� �î ßþ� ÝèÂ�Üä ü�ãþ

À�÷�õ ýÂþ¢�Öõ ¢�¡ ��µî ¤¢ �÷�¢¤�î !¢¤ø� Ý�û��¡ ´¨¢�� �¤ �ó¢�ãõ ���� ,Ý�û¢ ô�¹÷� ýÂ±�

���Èõ ýÂ±� ¤�µê¤ ßØ�ó ø À�µÆ�÷ ¢Àä ¢�¡ À�� Âû �î ¢Âîüõ ¢�ÀÞÜì \ý¥�¹õ ¢�Àä�" �¤
p�1

¢�Àä� ßµêÂþÁ� �î ö��»Þû ,À�¨¤ ¢�Àä� ¢¤�õ ¤¢ üÖþ�Ö� �� ö���üõ �ú÷� ×Þî �� ø À÷¤�¢ ¢�Àä�

.À�îüõ Â�¤��Þû ´±·õ Âþ¢�Öõ ü¨¤Â� ý�Â� �¤ ù�¤ Â±� ¤¢ üÔ�õ
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üþ��ãõ Â�±ã� ø ´ê�þ ���®�þ¤ ¤¢ �¤ ¢�¡ ý�� �f¹þ¤À� ö� ñ�·õ� ø
p�1 ô�úÔõ öÂì �¨ �� ø¢ üÏ

¤�³¨�î ý¦øÂ÷ ��Æõ À÷¢�¢ ���¤�
p�1 ý�Â� ü¨À�û ýÂ�±ã� �î ý¢�Âê� ß�óø� .Àª ���¤� ö� ý�Â� üÖ�ì¢

«��¡ ø ¢Àä �÷�ð ßþ� Õ�ì¢ ø âõ�� ü¨¤Â� üóø À÷¢�� 3ö�ð¤� Â�ø¤ ö�¦ üÆ�þ�¨ ¤�À��Æ� ø 2Û¨ø

¢�Àä�" �� ¢¤�¡Â� ý¥øÂõ� ©ø¤ .5À�¨¤ ñ�Þî �� 4§øb�ð ü÷�Þó� ï¤Ã� ö�À�®�þ¤ ¤��� ¤¢ �ú÷� ýÂ±�

��¤¢ ��¢�ãõ Û� ,ùÀ�þ� ý�ûÇ¿� ¤¢ ÍÜµ¿õ ¢�Àä� ü¨¤Â� ¥� Å� .´¨� §øb�ð ©ø¤ \ÍÜµ¿õ

¤¢ Âð� Ýþ¢Âî ���¤� 3 ��¤¢ ��¢�ãõ Û� ý�Â� �î üªø¤ ¢�¢ Ý�û��¡ ö�È÷ ù¢Âî ü¨¤Â� �f¢À¹õ �¤ 3

.¢�ªüõ Â¹�õ �ó¢�ãõ ý�û���� ��Üî ßµê�þ �� ø ´¨� Ûõ�î üªø¤ ,¢Â�ð ô�¹÷� ÍÜµ¿õ ¢�Àä� ���¤��

ÍÜµ¿õ ¢�Àä� üêÂãõ .2 x

xy ü��Êµ¿õ �b½Ô¬ ñ�� .Ýþ�ù¢�¢ ¤�Âì ´¨�¤ Í¡ ×þ ¯�Ö÷ �� ×þ �� ×þ ÂÒ��� ¤¢ �¤ üÖ�Ö� ¢�Àä�

üÖ�Ö� ¢Àä ü�ãþ ,Ý��îüõ ´�±·� üÖ�Ö� ¢�Àä� ù�Úþ�� ö���ä �� �¤ ö� ¤¢ x ¤�½õ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

¢Àä ô�úÔõ ¥� üÞ�Þã� �� �½Ô¬ ô�Þ� �� Í¡ ßþ� ¥� ¤Áð �� .Ý�û¢üõ Çþ�Þ÷ (x;0) �b ÎÖ÷ �� �¤ x

¥� z0 = (x0; y0) ø z = (x; y) �b ÎÖ÷ ø¢ ý�Â� .´¨� üÖ�Ö� ¢�Àä� ùÀ÷Â�ðÂ� ¤¢ �î À�¨¤ Ý�û��¡ üÖ�Ö�

ü�ãþ ,\üÖ�Ö� ¢�Àä�" �� Âð� �î ¢Âî Ý�û��¡ ÓþÂã� ý¤�Ï �¤ �Â®Û¬�� ø á�Þ¹õ ô�úÔõ �½Ô¬

(x+ x0;0)ü�ãþ ,üó�Þãõ �Â®Û¬�� ø á�Þ¹õ ô�úÔõ ö�Þû ,¢�ª ¢øÀ½õ (x0 ;0) ø (x;0)ý�û�ø¥

.Àû¢ ´¨¢�� �¤ (xx0 ;0) ø

:Ý��îüõ ÓþÂã� z0 = (x0; y0) ø z = (x; y)ý�Â� âÞ� (1-2)

z + z0 = (x+ x0; y + y0)

Caspar Wessel2

Jean Robert Argand3

Carl Friedrich Gauss4

:À��î �ã��Âõ Âþ¥ ��µî 3 ÛÊê �� ÍÜµ¿õ ¢Àä ô�úÔõ ñ�½� ü¿þ¤�� Â�¨ �ãó�Îõ ý�Â�5
Ebbinghaus, H. D., et al Numbers, Springer 1991.
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ø À�û¢üõ Û�ØÈ� �¤ á�®�� ý¥��µõ ×þ §�b¤ ¤�ú� z+ z0 ø z0 ,z ,0 = (0;0) ¯�Ö÷ °��Â� ßþÀ�

.(1 ÛØª) ´¨� ��Êµ¿õ �bÀ±õ ¥� âÏ�¨ ý�û¤�¢Â� ý�Â� ý¤�¢Â� âÞ� ö�Þû ¯�Ö÷ âÞ� ÛÞä

x

y

O

z

z0

z + z0

âÞ�«��¡ (1-1-2)

.z + z0 = z0 + z (üþ�¹���) ýÂþÁ� Ëþ�ã� (1-1-2)

.z + (z0 + z00) = (z + z0) + z00 ýÂþÁ�´îÂª (2-1-2)

�î ´¨� üðÄþø ßþ� ý�¤�¢ (�ÎÖ÷ ßþ� ÍÖê ø) 0 = (0;0) �ÎÖ÷ Â��ü� ÂÊ�ä (3-1-2)

z + 0 = 0+ z = z

�¤�¬ �� z üÔ�õ �þ ��þÂì ,z = (x; y)ý�Â� ��þÂì ÂÊ�ä (4-1-2)

�z = (�x;�y)

:�î ´¨� üðÄþø ßþ� ý�¤�¢ (�ÎÖ÷ �÷�Úþ) ø ¢�ªüõ ÓþÂã�

z + (�z) = (�z) + z = 0

¢Àä �î ,�Ôó�b õ Âû ý�Â� ÂÒ��µõ üðÄþø �î À÷�ªüõ �¹�µ÷ ßþ� ¥� üð¢�¨ �� �Þû ÂîÁó�ë�ê «��¡

.´¨� ¤�ÂìÂ� ,´¨� üÖ�Ö�

ÂÑ ÷ � � ßû£ ¥� ¤ø¢ ¥� è� ¤¢ z0 = (x0; y0) ø z = (x; y) �Â®Û¬�� ÓþÂã � �Â® (1-2)

�î á�Þ¹õ é�¡ Â� �î À��î ���� ´Æ¿÷ .Àª Àû��¡ ßªø¤ ö� ´�ä�®�õ �f¹þ¤À� üóø À�¨¤ Àû��¡
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¤ø¢ �î Àª Àû��¡ ü¬��¡ ¥øÂ� ßÞÌµõ �Â®Û¬�� ý�Â� üÔþÂã� ß��� ,Àª ÓþÂã� �Ôó�b õ �� �Ôó�b õ

�î ¢�ªüõ �¹�µ÷ ,Ý��î ÓþÂã� (xx0 ; yy0) �¤�¬ �� �¤ z � z0 Âð� .´¨� üÖ�Ö� ¢�Àä� §�÷�bõ «��¡ ¥�

«��¡ é�¡ �î ,¢�ªüõ ÂÔ¬ ,ÂÔ¬ Â�è ÂÊ�ä ø¢ �Â®Û¬�� ü�ãþ ,(1;0) � (0;1) = (0;0)

¢�Àä� �Â®«��¡ �� Â���±ª ¢Âî Ý�û��¡ ÓþÂã� �î ü�Â®Û¬��«��¡ .´¨� üÖ�Ö� ¢�Àä� ýÂ±�

(x;0) � (x0;0)�Â®Û¬�� ü�ãþ ,¢�� Àû��¡ ¤�ð¥�¨ üÖ�Ö� ¢�Àä� �Â®Û¬�� �� ø ´¨� üÖ�Ö�

.¢�ªüõ (xx0 ;0) Â��Â�

�½Ô¬ ¤¢ ý��ÎÖ÷ zz0 .Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ z � z0 ,z0 = (x0; y0) ø z = (x; y)ý�Â�

Âð� Å� .´¨� �bÀ±õ ¥� z0 ø z Û¬��ê �Â®Û¬�� Â��Â� ��Êµ¿õ �bÀ±õ ¥� ö� �b Ü¬�ê �î ¢�� Àû��¡

.´ª�¢ Àû��¡ ¤�Âì 0 ÃîÂõ �� rr0 á�ãª ùbÂþ�¢ ýø¤ z � z0 ,Àª�� r0 ø r °��Â� �� �bÀ±õ ¥� z0 ø z �b Ü¬�ê

zz0

z

z0

�
�0

� + �0

r

r0

rr0
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z

y

x

r

�

ø z 6= 0 Ý��îüõ ­Âê ñ�� .zz0 = 0 �fõøÃó �¹�µ÷ ¤¢ ø Àª Àû��¡ ÂÔ¬ r0 �þ r ,Àª�� ÂÔ¬ z0 �þ z Âð�

ø ÝþÂ�ðüõ z �� 0 Û¬�ø Í¡Ý�÷ �� x ¤�½õ ´±·õ Í¡Ý�÷ ¥� �b þø�¥ Â��Â� �¤ ��¤�¬ ßþ� ¤¢ .z0 6= 0

0 ñ�� rr0 á�ãª ùbÂþ�¢ ýø¤ �ÎÖ÷ ö� �¤ zz0 ö��î� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ z0 ý�Â� �¤ �0 °��Â� ß�Þû ��

.Àª�� � + �0 Â��Â� ö� Ûõ�� á�ãª �� x ¤�½õ ´±·õ �Þ�÷ ¥� �b þø�¥ �î ÝþÂ�ðüõ

�Â®«��¡ (1-2-2)

.z � z0 = z0 � z (üþ�¹���) ýÂþÁ�Ëþ�ã� (1-1-2-2)

.z � (z0 � z00) = (z � z0) � z00 ýÂþÁ�´îÂª (2-1-2-2)

�î ´¨� üðÄþø ßþ� ý�¤�¢ (�ÎÖ÷ ßþ� ÍÖê ø) (1;0) �bÎÖ÷ Â��ü� ÂÊ�ä (3-1-2-2)

z � (1;0) = (1;0) � z = z

�î ¢¤�¢ ¢��ø z0 (¢Âê �� ÂÊ½�õ) ýÂÊ�ä z 6= 0 Âû ý�Â� §�Øãõ ÂÊ�ä (4-1-2-2)

z � z0 = z0 � z = (1;0)

ø r = 1 Ýþ¤�¢ (1;0) ¢¤�õ ¤¢ ,(3-1-2-2) ý�Â� .´¨� ´¨�¤Â¨ �f õ�î ñø� ´�¬�¡ ø¢ ��±��

,r ü�ãþ ,0 ¥� z �Ü¬�ê ,z 6= 0 Âð� ,ü�Â® §�Øãõ ÂÊ�ä ý�Â� ùÂ¡��� .¢�ªüõ �¹�µ÷ ÝØ� ø � = 0

À�îüõ ëÀ¬ Íþ�Âª ¤¢ �î ´¨� ý��ÎÖ÷ �÷�Úþ (��) �b þø�¥ ø r�1 �Ü¬�ê �� z0 ù�Ú÷� ,´¨� ÂÔ¬�÷
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(3 ÛØª)

1

z

z�1

�

��

r

1

r

ùÀ÷��¡ z �b ÎÖ÷ ü±Îì ��Êµ¿õ ((Óó�) 2 ÛØª) Àª ù¢�¢ ´±Æ÷ z = (x; y) �b ÎÖ÷ �� �î (r; �) �ø¥

ö¢øÃê� �� ,´Æ�÷ �÷�Úþ � üóø ¢�ªüõ ß��ã� ¢Âê �� ÂÊ½�õ ¤�Ï �� ,�bÀ±õ ¥� �Ü¬�ê ,r �Ôó�b õ .À÷�ªüõ

(z ÕÜÎõ ¤Àì) jzj �� �¤ r .Àþ�üõ ´¨¢�� ÂÚþ¢ ñ�±ì Û��ì ¤�ÀÖõ ×þ ,� �� (2�) ¼�½¬ �ÂÌõ Âû

¥� âÏ�¨ Í¡Ý�÷ ×þ ýø¤ ¯�Ö÷ �b Þû ý�Â� �î À��î ���� .À�û¢üõ Çþ�Þ÷ arg(z) �� üû�ð �¤ � ø

,x < 0 ,(x;0) ¯�Ö÷ arg(z) = � ;y > 0 ,(0; y) ¯�Ö÷ arg(z) = �
2
�f ·õ .´¨� Â ��Â � arg(z) ,0

.À�û¢üõ Çþ�Þ÷ �¤ y < 0 �� (0; y) ¯�Ö÷ arg(z) = 3�
2

,ýÂ±� «��¡ Û�ÞØ� ý�Â� .Àª �¬�¡ �Â® ø âÞ� «��¡ (1-2-2) ø (1-1-2) ¤¢

:Àþ�üõ Âþ¥ ¤¢ �î ´¨� �ÂÎõ Ã�÷ � ø + �bÎ��¤

:Ýþ¤�¢ z; z0; z00 ý�Â� üÈ¿� ö�÷�ì (3-2)

z � (z0 + z00) = (z � z00) + (z � z00)

(z + z0) � z00 = (z � z00) + (z � z00)

.Ý��îüõ ü¨¤Â� �¤ �Ñ½ó ßþ� �� ùÀõ� ´¨¢�� ¸þ�µ÷ üÌã� ,üÈ¿� ö�÷�ì ��±�� ¥� Û±ì

,ù¢�¢ Çþ�Þ ÷ C �� �¤ ë�ê �Â® ø âÞ� ÛÞä � � �½Ô¬ ¯�Ö÷ �ä�Þ¹õ ý¤�Áð¢�Þ÷ (4-2)

���� .¢�ªüõ ùÀ÷��¡ ÍÜµ¿õ ¢Àä ×þ (x; y) �ø¥ Âû °��Â� ßþ� �� .Ý�õ�÷üõ ÍÜµ¿õ ¢�Àä� �ä�Þ¹õ

Çþ�Þ÷ (x;0) �� �¤ R Â¬��ä Âð� ü�ãþ ,´¨� C ù�Úµ¨¢Âþ¥ ×þ ö� ñ�Þãõ �Â® ø âÞ� �� R�î À��î

¤¢ .´¨� üØþ ÍÜµ¿õ ¢Àä �þ üÖ�Ö� ¢Àä ö���ä �� ,üÖ�Ö� ¢Àä ø¢ �Â®Û¬�� ø á�Þ¹õ ,Ý�û¢
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Ýþ¤�¢ ,À�ª� � ´õ�ä Ýû x0 ø x Âð� �î À� �î ���� ,z0 = (x0;0) ø z = (x;0)�Â®Û¬�� ¢¤�õ

ö�� ø arg(z � z0) = 0 ´ó�� ø¢ Âû ¤¢ Å� ,arg(z) = arg(z0) = � � þ arg(z) = arg(z0) = 0

,À�ª�� ´õ�ãó� ÓÜµ¿õ x0 ø x �î üµó�� ¤¢ .(x;0) � (x0;0) = (xx0;0) Å� ,xx0 = jzz0j ,xx0 > 0

jzjjz0j = �xx0 Â��Â� 0 ¥� ö� �b Ü¬�ê �î ´¨� arg = � �� �ÎÖ÷ �÷�Úþ xx0 ø xx0 < 0 ,arg(zz0) = �

.(x;0) � (x0;0) = (xx0;0) �f¢À¹õ Å� ,Àª��üõ

ö�� .´¨� (�1) ý�Â� ¤Á� ¢��ø �½Ô¬ ¯�Ö÷ ý�Â� �Â® ø âÞ� ÓþÂã� ý¤�ê �¹�µ÷ ßþÂ�¥¤��

üêÂÏ ¥� .Àª�� 1 Àþ�� �bÀ±õ ¥� ö� üó�Þµ�� ¤Á� Âû �Ü¬�ê ,´¨� À��ø Â��Â� �bÀ±õ ¥� (�1;0) �Ü¬�ê

:À÷¤�¢ �¤ ÂÑ÷ ¢¤�õ üðÄþø (0;�1) ø (0;1) �bÎÖ÷ ø¢ �fÖ�ì¢ ø ,arg(�1;0) = � ÂÚþ¢

(0;1) � (0;1) = (�1;0)

(0;�1) � (0;�1) = (�1;0)

.À�µÆû ((�1;0) �þ) (�1)ý�û¤Á� �i ø (0;�1) = �i Å� ,À�û¢üõ Çþ�Þ÷ i �� �¤ (0;1) �bÎÖ÷

.�i ø �1 ü�ãþ ,´¨� ô¤�ú� �bÈþ¤ ¤�ú� ý�¤�¢ ((1;0) �þ) 1 ¢Àä �î ßþ� �¹�µ÷

¤�Ï �� �î Âþ¥ �b ÎÖ÷ n �î ¢�ªüõ �¹�µ÷ �Â® ÓþÂã� ¥� .´¨� ô� n �bÈþ¤ ný�¤�¢ 1 üÜî ¤�Ï ��

:À�ª��üõ 1 ô� n ý�û�Èþ¤ À÷�ùÀª âþ¥�� À��ø ùbÂþ�¢ ýø¤ �Ü¬�Ôó� ýø�Æµõ

(1;0); (cos
2�

n
; sin

2�

n
); (cos

4�

n
; sin

4�

n
); : : : ; (cos

(n� 1)2�

n
; sin

(n� 1)2�

n
)

.À÷�ùÀª ù¢�¢ Çþ�Þ÷ 1 ÝµÈû ý�û�Èþ¤ (�) 4 ÛØª ¤¢ ø 1 ô�¨ ý�û�Èþ¤ (Óó�) 4 ÛØª ¤¢

�

4
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(1;0)

2�

3

:¥� À��¤�±ä 1 ô�¨ ý�û�Èþ¤ �î À��î ���� ýÀã� ý�ûá��¤� ´ú�

(1;0)

(�1
2
;

p
3

2
) = (cos

2�

3
; sin

2�

3
)

(�1
2
;�

p
3

2
) = (cos

4�

3
; sin

4�

3
)
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